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1 Statement

©m(X,Y): modular polynomial

om(i(E), §(E')) = II (7(E) = 5(Ey))
[E{—E']:isog. of deg=m
= II (i(r) = (A7)

A€ESLy (Z)\Ma(Z):det(A)=m

€ Z[j, ']

T =V (pm) C S = A% X A%

000, Al x AL O j-invariant 0 0 O, elliptic curve 000 0000 O stack O coarse moduli
scheme 0 0 0O.

00000 divisor 300000000

(Tm1 ’ TTYL27 Tm\g) = log(ﬁZ[]M]/]/((pml ’ gme? <pmd))

ooog.

00 1.1 (000 (Gross-Keating)) (i) divisor Tp,,, Ty, Tms O intersect properly <= my, mo, ms
0000 represent 0 0O positive definite binery D000 /Z000000.

(i) 000D, intersection Ty, NTny N T, 0 SO0000000000000D00O0000.
{[E,E']|lp < 4m1mom30 0000000, F, 00 supersingular elliptic curve 000 }
(iii)

(TmlaTm27Tm3) = Z n(p)log(p).

p<4dmimoms



gd
n) =33 0@ I #@)

Q UA(Q),l#p
goo

° ZQD,ZDD positive definite ternary0 000 QU , 00000 (my,mg,ms) 00
0,000001#p0000 Q®zQ, 0 dsotropic00 0000000000

e ,(Q)0 Q®Z, 0000000000 invariant (O universal deformation ring 0 O
00 divisor00OODODO)

e 3(Q)0 Q7,0 Mx(Z;),det) 00 0O local density O normalize0 0 0 0O
e A(Q)0O QO determinant 0 normalize 10 00O

gobgooooog.

2 quadratic spacel 0 0

RO (unitary 0) 00000, 20 zero-divisor 00D O0OO0OO.

00 2.1 ROO quadratic space (M,Q)00,00 R-O00 (of rankn) MO map Q : M — RO
go,000ogoooog.

o Q(rz) =r*Q(x) (x € M, r € R)

(r+vy)—Q(z) — Q(y) O M x M — R: symmetric bilinear map 0000 (00O

O

o (r.y) =

0 2.2 e m=1,2340000000, unary, binary, ternary, quaternary quadratic space [
od.

e M O basis z1,...,2, 0 ixO OO,

Q(tlxl + ...+ tnxn) =

(w5, )t7 + Z(% zj)tit;

1 P>

INgE
N |

K2

gooo. ooo (xz,xz) € 2R, (mi,mj) € R.

e By = 3((zi,25));,; 0000,

1
BQ S Sme(R) = {(bl,]) S M”(R)| agoooo, bi,i € R, b@j S iR}

ROOO #£20000, (M,Q) 00 orthogonal basis 00 O.

p#2000, Z, 0O quadratic space O O orthogonal basis 00000000000, p=2
000000000000 (QOOooDbooo).

o0 2.3 e (M,Q) 0 non-gedenerate (regular 0000 )00, det(Bg) #000000. 00
O M — Hompg(M, R) O injectivity 0 O O.



o (M,Q) 0 isotropic0 0, Q) =0000 2£00000000. 00000 200000
000, (M,Q)0 anisotropic 0 O 0O.

o (My,Q1) — (M3,Q5): isometry 00, f: My — Ms : R-linear injection 0 Q20 f = @1
googon. surjective U isometry 0 DO D, 00000000 isometricOUOOOO,
(Mi,Q1) ~ (M2,Q2)000.

e det(Q) := det(Bg) mod (R*)* € R/(R*)*> (00D, basis 00000000000 (RX)?
ooo).

e A(Q) := idet((z;,z;)) mod (R*)? € R/(R*)%. 000, (M,Q)0 rank n0O0O00DOO,
A(Q) = 27" 1det(Q).

o (M,Qun), (N,Qn) : quadratic space, 0 00O

Ry (M) := tIsometry (M, Qar), (N, Qn))

000, NOOODO M O representation number 00 0 O .

3 local density

(M,Qun), (N,Qn) : Z, OO regular quadratic space, rank=m, n
0000 basisOOOO,00 Bg,,,Bg,0OOO.r>0000

Apr (M, N) : = t{X € My (Zp/p"Zy) | 'XBqy X — Bq,, € p"Sym,,(Z,)}
=MH{o: M/p"M — N/p"N | @n(o(z)) = Qu(z) mod p"}

m(m+1)
2

oooo, (ph) “mA-(M,N)O r00000000000000000. 000

ap(M,N) := lim 27mn (pr)™ 5

T—00

T A (M, N)
0000,000 MONOOOO localdensity DOD. (00000000 «,(Q)0000)

g 3.1 e 1J00UIDOODIDOOODUOOUIOUOOOD,D0O00OO0OO (Arithmetic of
quadratic forms) 0 000 0 0 normalization 000 0. 00000000 € p"Sym,,(Z,)0
(00000)000000€ep (2-Sym),(Z,))0(000)000000,p=2000000
ooo.ooo,

ap(M,N) =a, " (M,N)if p#2

m(m+1)

as(M,N)=2"= ay"(M,N)

e o,(M,N)#000, M — N :isometry, 10 0000000000O00OCO.
00 3.2 Q00000000000 Z0O0O quadratic space 1000 O

Bi(Q) == 5 - u(Q @ Zy, (Ma(Zy), det))



4 00000 Gross-Keating invariant

Z, 0000 n 0O regular quadratic space (M,Q)0000.
O basisy = {¢b1,...,1,} 000, 0000 QOODOD By = (by;(¢); 000D0. 0OO,

Y1 <y <<y, }

SW) =l m) €201 yy” T )

S = UuS(¥)
Oo0ood. Sgoooooooooo.ooo,
(Y1, y9n) < (21,...,2n) © k00l< kOO0 y=2000000000000, gy < 2k

0000.000000SO000000000, (M,Q)0 regularity00 SO0000000OO
O00ooOoOooo.ooooog (ey...,a,) 0, (M,Q)0 Gross-Keating invariant 0 0 O .

O 4.1 e p#200 (M,Q) O diagonalizable OO0 . 000, M O basis ¢1,...,¥, O,
Q(r1hy + -+ Tpthy) = Ayt + - + @22, ord,y(ag) < ... < ordy(ay)
0000oooOoo.oooa, (M,Q) 0 Gross-Keating invariant (aq, .. .,a,) O
a; = ordy(a;)

000O00OO00o0d. p=20000, Z, O diagonalizable 0 0 O quadratic space 0 0 00O
000,000000000000.

e 000, a1 =minyepord,(Q(m)) 00000000000, a; > 0.

en=3000,a=as=a3(2) 000, (M,Q) 0 isotropic0000000DODO.

5 Uooobobod

0000 (i), (¢4) D00000. modular polynomial O closed fiber 000 COO O OO moduli
0000000o0oU0o0O0. 00000 () Doooooo.
0000 () 00,000 divisor Ty, , Tiny, Ty O proper 000000000, 0000000

(Tm17Tm23Tm3) = Z Z (Tm17Tm2?Tm3)[E,E’]
p<4dmimams [E,E']:ss./F,

Doo000o0oooooooo.

jg = j(E), jer = j(E") €F, 000, jg, j 00000 W =W(F,) 00 lift000. 000
0oQ

(p,j = e, 3" = i) € Wlj, 5]

00 W[,4100000 Ro:=WI[}j—jg,j —jr]] 000 (S xzSpec(W) O, O (jg,jr) 00
ooooooo).



00, pair (E, E') O universal deformation ring 0 R 00O O, universal elliptic curve O (E,E’)
good.oooooo,oo

(A,m)OW DO Artin000, 000 F,) — (Set)
A= {[(&,4), (€7,4)]}
O prorepresent U OO . OO0, 0000000000O.
e £ AODO elliptic curve.
e i:Ex,F,2FED kOO ellipticcurve 000 (£,4¢000).
e [(£,1),(&,¢))00D0O0O0ODOODO.

elliptic curve 0 kO smooth projective 0 00 O, deformation 0 unobstructed 0 , F 00 universal
deformation ring 0 W O dim]ple(E, (Q}E/FP)V) =10000000000. 00000, W-O
O R=W[tt]]O00OO.

00, E O universal deformation ring 0000000 o€ Aut(F) 00 0000ODO.

o.[€,i] =[€,0 0]
000, j(E)0 constant 000000, Aut(E) = {+1}. 00000000000, ROOO
(Aut(E)/{=1}) x (Aut(E")/{+1})

O freeaction 00O 0O0O0O.
00d, SO coarsemoduli0 000000, (E,E),z0 SO R-O00000.O000,WOO
goooo
Ry — R

gboooo.oooo,

00 5.1 ([Katz-Mazur|, 8.2.3) 000000

Ry & R(Aut(E)/{£1})x (Aut(E")/{+1})

gooog.

000 Ry— RO finiteO OO, 0000 regular local 0 OO flat. OO0,
1 1 )
ug = §ﬁAut(E), Up = §ﬂAut(E)

o000, RO RROODODDwrgup 0O0DOOOOODO.
o000 ROOOOOO,0000DO

(Tm1 ) ng ) ng)[E,E’] = log lgW (RO/(WWH ) Pmas Pmg ))

= log( lgyw (R/(@my > Pma» Pms))-

UgUug:

obo,000o0o0ooon.



00 5.2 (00 A, ARGOS seminar 000 Ch.4, Lemma 4.1) ROOO0O ¢, 000000

oooo.
‘Pm:HQDm,f
f

000,00
{f:E — E'| degree=m O isogeny}/+1
000, ¢ ,00000000000 RODO.

OROOOOO (pmy)0, fO R/I0D isogeny EQR/I —E ®R/I0 Lit000000000
I00000000.0 (0000000 710 £0 lifting locus 000

gboooo,obo0obooooboobooooboooooan.

(Tm17Tm27Tm3)[E’E/] :10g Z
(f1.f2.f3)
0o (f17f27f3) ggd

3
H({f : E — E'O degree m; O isogeny}/{£1})

i=1

000,10 fi:E—E (i=1,2,3) 000 E®zR/J - F @z R/JOLft 000000000
JOooooooooo.
ooo,

ap(f1, f2, f3) = lgw (R/I)
O000. 00,700 quadratic space Q O,
Q(x1, w2, w3) 1= deg(w1 fi + x2fo + 23 f3)

O0000. 000 quadratic space (Hom(E, E’),deg) O sub-quadratic space O, OO O (i) O
0, (000 divisor 0 proper 000000000000 O0OO) QO positive definite O ternary
quadratic space OO0 O0O0O0DOO.

oooo,

00 5.3 (00 B, ARGOS seminar U 0O Ch.13, Theorem 1.1) (i) a,(f1, f2, f3)0 Qp :=
Q®zZ,00000000000.000,000 @ O000.

(i) Qp O Gross-Keating invariant 0 (a1,a2,a3) 0000, ,(Q) 0000000 0ODOO.

e a1 =ay(2)000,

ajtap—2
2

a;—1
ap(@Q) =Y (i+1)(a1+ax+az—30)p'+ > (a1 +1)(2a1 +az +as — 4)p’
1=0 i1=a1
1 a a
a1;- (ag—ag-i-l)p 1;2



00,1;7é0,2(2)|:]|:||:|,

ajtag—1
ar1—1 2

a,(Q) = Z (i +1)(ay +az + a3 — 3i)p' + Z (a1 +1)(2a;1 + as + az — 4i)p’

=0 i=ay

0

000,000000QO00000000000000. %,
oo,

hifn00000QOOD0OOO

t{Q — (Hom(E, E'),deg)0 isometry }/{£1} x {+1} x {£1}
1

= gRHom(E,E’)(Q)'

00 Riom(e,e)(Q) 0 QO Hom(E, E') 0000 representation number.
Ooo,E, E'O pr 0 O supersingular elliptic curve 0000 O,

Hom(E,E") ® Q, = D, := (Q, O O division quaternion algebra)
Hom(E, E') @ Q; = Ma(Qu) (I # p)

O00.00000, Q®Q,0 anisotropic 00 Q® Q; O isotropic 0 0 00, Rgom(r,5)(Q) =0
000.000,Q00000 QUOO0OD diag(Q) O (my,ma,m;) 000000000 D0D
oo. oood

(Tml ) Tm27 ng) = Z log(p) . % Z Z QP(Q)M'

p<4dmimamg [E,E’]/Fp:ss. Q uptp
oo ZQ O,
7Z 0 0 positive definite [0 ternary quadratic space @ O ,
Q ® Q, O anisotropic, [ #p 00000 Q ®Q; O isotropic 0 O,
dlag(Q) = (m13m27m3) goon
ogoood.

000,0000000000 (ké)000.

00 5.4 (00 C, ARGOS seminar 000 Ch.5, Corollary 4.4) 00000 QOOO,

Z RHom(E,E’)(Q) —4 H 6[(@)

UpUg:
[E.E) 3, :s5. 1A(Q),lI#p

055 00A B, CO0000OOOOOOOO.

e J0ADODODOO. 1-00 formal group O deformation theory DO0 (FOOOO0OOO
formal completion £ O height 2 0 formal group 00 O, dimg, (HX(E,F,))=1000. O
00000 lifting locus O divisor OO0 ODOO0O).



6

e 00 CO geometric 00000 O, classical. DO {p,oo} 00000 QOO quaternion

algebra, Op 00 00O maximal order 0000, 000

(F, O O supersingular elliptic curve 0000 ) = DX\ (D ® Ay)*/(Op @ Z)*
~(Op00000000)

000o00.00,0p0, DO Zlattice DO OO SO(D)(Ay)-orbit (i.e. Op O genus) O
0000,00 SO(D)(Q)-000 (i.e. Op O proper class) 000 F, 00 supersingular
elliptic curve E, ' 0000 Hom(E,E')000000 (D00 DO ZlattieeOOODOO).
0000000, ugur O $SO(Hom(E,E'))000000. O0O0DO0O0ODOO,00000
goooo.

Riom(e,5(Q) R.(Q)
> upum 4%%@@)’

[E,El}/ﬁp:SS.
00 [L)0000000 SO(D)(Q)-000000. 00000, quadratic space O lattice O
representation number 0 O O O Minkowski-Siegel 0 0 O 0 O, local density 00O OO O .

00 BDO arithmetic 000000, 00000.00 ROOODOOOOOODDODOOO
oboo,0000000000000.

— Frac(W)ODDOODO M’ 0000 A 00, G =E0Q formal group 0000 lift F’
O0,Enda(F)0Q, 00000 LOorder O, 00000000, 000000000.
0 AD000, A4 =A/(~)""t000. 0000, f €Endg (G) = Op, O isogeny
FFeA —-F A 0lift00000000R0000OO0.

o op, 00000,00000 filtration 0 O OO .
Endy (F')=0,C--- C O, +1'Op, CO, +1"'Op, C--- C Op, = Endz (G)

Keating O lifting theorem (Compositio Math. 67 (1988) 211-239, ARGOS seminar O 0 O
Ch. 11, Theorem 2.1) D000, f € Endg (G) DO D filtration 000000000000
0,000 A 001ft00000000. 00000 filtration0000,00000 QO
Gross-Keating invariant 0 0 000000000, 00 BOOO.

Siegel Eisenstein0 00000000 O0OOO

weight 2 0 Siegel Eisenstein (0 [

E(r,s) := det(y)? Z det(cr + d) 2| det(cr +d)|~*
(c,d)

oooo. oo,

T € h3:={r =241y € Symy(C) | z,y € M3(R), y O positive definite}

0 SiegelDODODOO0O, (¢,d) O

* ok 0 Is\, 0 13
{(O *>}\Sp6<Z>={geGL6<z>|g<_13 0) g—(_13 0)}



13 0
0000 (3()DDDDDDDD.EU@ﬂ]EmﬁmDD
C

E(r,s)= Y oT,y,9)q",
TeSymy (Z)
00 7=x+iy € bz, ¢7 == exp2miTr(T7), 000 .

00 6.1 (Kudla, ARGOS seminar J 00 Ch.16, Theorem 2.2, Corollary 2.3) D000
xkeROODOOD,000 ())0000000 my,me,mz 000,

(T, Tings Ting) = K Z CI(T)
T

0D00.000,Y,07T e Symj(Z) 0, positive definite 0 0000 0 =(my,ma,mz) 0000
nooooo,

C/(T) = (%C(T7 Y, S))|s:0

o,b0o00y00booo.

O00O000. HO 7,00 hyperbolic planed0 0 0O. OO0, Z; OO binary quadratic space O,
Qz,y) =2zy000000. 0000, H2= (My(Z),det) 00 0.
Z,; 0 O ternary quadratic space @, 000,000 fo,(T) €Q[T]0,

fo,(77) = au(Qu, H**7)

gbogogoooobgoboao. bab,

- sz(T)
Fo,(T) :=
(T) (1—12T)(1 - 12X?)
ooo.oooo,
ﬁl(Q):FQz(l)
000.000,F,(T)0 QUOO0D000000000000000000 (Katsurada, Amer.
J. Math. 121 (1999) 415-452).
00000000, Z, 00 regular ternary quadratic space (M, Q,) 00O
(g, (1))
ar- @\t VIT=
oodooobD,000dno BOOOO ap(Qp)DDDDD (hooooooooo.ooo

(@) = (5 Fa, (T)lr=1.

OoooDoooooo,0o00!(0Db00 FQZ(T)DDD T=1000000000000000
gb.oboago FQL(T)[I Siegel Eisenstein 0000000000 O0O00ODOCOOO0OOOO
gobogo,0bogboobgon.



7 Theorem D [ Statement: local density (I [ [J

00 7.1 (i) Q: Z,00 regular, anisotropic ternary0 000, D,: Q, 00 quaternion division
algebra, Nrd O reduced norm 00 00O,

ap(@. (Op, Nrd)) = 2(p+ 1)(1 + %)

(i) T: Z, 00O regular, isotropic ternary 0000, (a1,a2,a3): T O Gross-Keating invariant
oooo,

® a; Zaps mod 200,

a;1—1 L(ai+az—1)
Bo(T)=2(> (i+1p'+ > (ar+1)p").
i=0 i=ay

oalzagmonDDDD,éDDDDDDDDD.

— p#£20000, T O orthogonal basis {t1,¢2,93} 0 T(¢;) =wp® 000000
000, € := (),

P
—- p=20000,000007T00000000000 ée{+1}00000.
ooog,
- £=1000,
a1 —1 (ai+az—2) .
. 7 i ajtag
ﬁp(T)=2(Z(l+1)p+ Z (a1 +1)p") + (a1 +1)(az —az + 1)p 2 .
=0 i=ay
- £=-1000,
ar—1 L(ai+az—2) N
. i i a1tas
Bo(M)=2(>_(i+1p'+ > (aa+1)p)+(@+1p = .
i=0 i=ai

8 Hilbert symbol

00 814a,beQ000,a=up™b=uvp" (u,v€Z;)00000, Hilbert symbol (a,b), 0
gooooooo.

e p£2000.
p—1 U v

(a,b)p = (—1)’""‘7(;)"(5)’”»

00 (40000000 (000 a,beZy 00 (a,b),=1000).
ep=2000.

)

(a,b)g 1= (— 1)) Fnw () tme(o)
2

00 e(u):= %1 wlu) = =1,

10



00 82 QX1fi+ - +Xnfn) = X{+- +a, X2 0 Qp 00 regular quadratic space 0 0,

d=aj- - an,

€p = H(aiv a;j)p

>3]

000.0000,Q0 dsotropic00000000000C0O,000000000O0D00OO0.
(i) n=200 —de (Q))?

(i) n=300 (~1,—d), = ¢

(ii)) n=400 0d¢ (Q)*000 ¢ = (—1,-1),0

(iv) n>5
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