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Abstract. Let p be a rational prime and N a positive integer
which is prime to p. Let W be the p-adic weight space for GL2,Q.
Let CN be the p-adic Coleman-Mazur eigencurve of tame level N .
In this paper, we prove that any irreducible component of CN which
is of finite degree over W is in fact finite over W.

Combined with an argument of Chenevier and a conjecture of
Coleman-Mazur-Buzzard-Kilford (which has been proven in special
cases, and for general quaternionic eigencurves) this shows that the
only finite degree components of the eigencurve are the ordinary
components.

1. Introduction

Let p be a rational prime. Let Q̄p be an algebraic closure of Qp and
Cp the p-adic completion of Q̄p. For any element a ∈ Cp, we denote
its p-adic valuation by vp(a), which we normalize as vp(p) = 1, and its
p-adic absolute value by |a|p = p−vp(a). Let W be the weight space for
GL2,Q over Qp satisfying

W(Cp) = Homcont.(Z×
p ,O×

Cp
).

For any positive integer N which is prime to p, we have a reduced
rigid analytic curve CN overW , the Coleman-Mazur eigencurve, which
parametrizes the overconvergent eigenforms of tame level N and finite
slope [CM, Buz]. Though it plays an important role in number theory,
the global geometry of CN is not well understood. However, with re-
cent groundbreaking works including [DL, LWX], we are now gradually
revealing what CN looks like globally.

Let C be an irreducible component of CN . We know by Hida theory
that C is finite overW if it is in the ordinary locus CordN . Conversely, Ch-
enevier proved that if C is finite overW , then a conjecture of Coleman-
Mazur-Buzzard-Kilford (see [LWX, Conjecture 1.2]), claiming that the
slopes should tend to zero near the boundary of W , implies that C is
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in CordN [Che4, Chapitre 1, §3.7]. Note that the conjecture is now known
to be true in many cases [BK, LWX, Roe].

An irreducible component C of CN is said to be of finite degree if
the degree of any fiber of the weight map C →W is finite (we do not
impose the requirement that the map C → W is quasi-compact, so
this is a more general notion than a component which is quasi-finite
over the weight space). Otherwise, it is said to be of infinite degree.
In [Che4, loc. cit.], Chenevier predicts that any irreducible component
of finite degree should be finite over W , and that this should follow
from the properness of CN in the sense of Buzzard-Calegari [BC]. The
latter property means that any morphism from the punctured closed
unit disc to CN extends to the puncture, and Diao-Liu proved that CN
is proper in this sense, at least when the morphism is defined over a
finite extension of Qp [DL, Theorem 1.1]. In short, what Chenevier
expected can be viewed as a version of ‘quasi-finite plus proper implies
finite’.
The problem is that this properness is a quite different notion from

the properness in the usual sense in rigid analytic geometry. In fact,
since CN is finite over W ×Gm and thus it is partially proper over W ,
the weight map CN →W is proper in the usual sense if and only if it is
quasi-compact. However, since the slopes of classical cuspforms of level
Γ1(Np) and weight k can be arbitrarily large as k increases, the map
CN → W is never quasi-compact. Moreover, the partial properness
over W does not necessarily imply the properness in the above sense;
for example, the natural open immersion from the punctured open
unit disc A(0, 1) to any of the connected components of W is partially
proper, while A(0, 1) does not have the extension property as above.
In this paper, we nonetheless prove that Chenevier’s prediction is true,
as follows.

Theorem 1.1. Let C be an irreducible component of the eigencurve
CN which is of finite degree. Then C is finite over W.

By combining the theorem with known cases of the Coleman-Mazur-
Buzzard-Kilford conjecture, we also prove that irreducible components
of eigencurves of finite degree are in the ordinary loci in many cases
(see §6), which gives a partial answer to a question raised by Coleman-
Mazur [CM, p. 5].

We end this introduction by sketching the proof of Theorem 1.1.
We may assume that C is a non-Eisenstein component. If C contains
classical oldforms as a Zariski dense subset, then we will relate C to
an irreducible component of the eigencurve of a smaller tame level via
degeneracy maps (Lemma 4.7). By an induction on the tame level,
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this will reduce ourselves to the case where C contains enough classical
newforms.

In this case, we will show that the projection to a spectral curve
induces a ‘generic isomorphism’ from C to a Fredholm hypersurface
Y of finite degree (Lemma 5.1). A similar result for N = 1 is stated
in [CM, Corollary 7.6.2], while what we will prove is slightly weaker:
there exists a finite set F0 ⊆ Y , discrete subsets E ⊆ Y \ F0 and
E ′ ⊆ (Y \F0)\E such that C → Y is isomorphic over ((Y \F0)\E)\E ′.

By the p-adic Riemann existence theorem [Lüt, Ram], for any x ∈ W
in the component to which C is mapped, there exists a sufficiently
small closed punctured disc D× centered at x such that the covering
Y |D× → D× is of Kummer type over Cp. Namely, it is isomorphic over
Cp to the direct sum of finitely many punctured closed discs centered
at the origin and the projection from each connected component to D×

is given by the map z 7→ x+ zm with some positive integer m. Since Y
is a Fredholm hypersurface over W , we can descend this isomorphism
to a finite extension of Qp (Proposition 2.3).

Hence ((Y \F0) \E) \E ′ is locally isomorphic to a punctured closed
disc minus a discrete subset minus a discrete subset, and the above
‘generic isomorphism’ gives a section from it to C. Now Diao-Liu’s
properness of the eigencurve enables us to fill the holes of discrete
subsets and extend the section to the whole closed disc, which is enough
to show the finiteness of C (Lemma 2.1).
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supported by JSPS KAKENHI Grant Number 26400016 and J.N. was
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2. Fredholm hypersurfaces

Let K/Qp be a finite extension in Q̄p. Consider the formal power
series ringOK [[w]] and putW0 = Spf(OK [[w]])

rig. Let Y be a Fredholm
hypersurface in W0 × A1 [CM, §1.3] and µ : Y → W0 the natural
projection. By [Buz, §4, Theorem and Lemma 4.1], the map µ is locally
quasi-finite flat, and thus Y is equidimensional of dimension one. We
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denote the parameter for A1 by T . Let

Q(T ) = 1 + a1(w)T + · · ·+ an(w)T
n + · · ·

be the Fredholm power series with coefficients in OK [[w]] defining Y .
Note that, by the Weierstrass preparation theorem, every non-zero
an(w) has only finitely many zeros in W0. If an(w) ̸= 0 for infinitely
many n, then the set∪

m≥1

∩
n≥m

{x ∈ W0 | an(x) = 0}

is countable and there exists x ∈ W0 such that µ−1(x) is an infinite
set. In this case, we say Y is of infinite degree. Otherwise, there exists
an integer n satisfying am(w) = 0 for any m > n and an(w) ̸= 0. Then,
for any x ∈ W0, the degree of the fiber µ−1(x) is bounded by n. In this
case, we say Y is of finite degree. In the finite degree case, put

(2.1) B = OK [[w]][U ]/(Un + a1(w)U
n−1 + · · ·+ an(w))

and X = Spf(B)rig, which is the projective closure of Y over W0.
Then X is finite flat over W0 and Y is identified with the Zariski open
subspace X[1/U ] of X via U = T−1. Note that Y is the complement of
a subset of the zeros of an(w) in X. In both finite and infinite degree
cases, the image of Y in W0 is the complement of a finite set.

Lemma 2.1. Let D be an admissible affinoid open subset of W0 and
put Y |D = Y ×W0 D. Suppose that there exist a K-affinoid variety S
which is finite over D and a morphism f : S → Y |D over D such that
Y |D \ f(S) is a finite set. Then Y |D is finite over D.

Proof. Let T be the parameter of A1 as above. This defines a rigid
analytic function T |Y |D on Y |D. Since S is affinoid, the pull-back of
T |Y |D to S is bounded and the supremum semi-norm of T |Y |D on the
subset f(S) ⊆ Y |D is also bounded. Since the complement of f(S) is
a finite set, T |Y |D is bounded on Y |D. This means that the natural
closed immersion Y |D → D × A1 factors through D ×B[0, r] with the
closed ball B[0, r] of some radius r centered at the origin. Thus Y |D is
affinoid.
Since Y |D \ f(S) is a finite set and Y |D is equidimensional of di-

mension one, f(S) is a Zariski open subset of Y |D which meets every
irreducible component of it. By [Con1, Lemma 2.2.3], we see that
f(S) ⊆ Y |D is Zariski dense. Consider the nilreduction (Y |D)red of
Y |D. Then the affinoid map O((Y |D)red) → O(Sred) is an injection.
Since O(Sred) is finite over O(D), so is O((Y |D)red). Hence (Y |D)red
and Y |D are finite over D. □
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Lemma 2.2. Suppose that Y is of finite degree and reduced. Then there
exists a finite subset F of W0 such that the map Y \µ−1(F )→W0 \F
is finite etale.

Proof. Let B be as in (2.1) and I the discriminant ideal of the finite
locally free map A = OK [[w]]→ B. Then I is a locally principal ideal
of A. Since A is a UFD, the ideal I is principal. By the Weierstrass
preparation theorem, it is enough to show I ⊗OK

K ̸= 0 in the ring
A⊗OK

K. Note that for any prime ideal q of B ⊗OK
K above (0), the

ring (B ⊗OK
K)/q is a finite extension of A⊗OK

K and thus contains
infinitely many maximal ideals. From [deJ, Lemma 7.1.9] and the
assumption, we see that Spec(B ⊗OK

K) is reduced outside a finite
set of closed points. This implies that the map Spec(B ⊗OK

K) →
Spec(A⊗OK

K) is etale over the generic point of the target. Hence we
obtain I ⊗OK

K ̸= 0. □
For any quasi-separated rigid analytic variety X over K and any

extension L/K of complete valuation fields, we write XL = X⊗̂KL.

Proposition 2.3. Suppose that Y is of finite degree and reduced. Let
x be any element of W0(K). Then there exists a closed disc D of suffi-
ciently small radius in |K×|p centered at x such that D is an admissible
open subset of W0 and, for the punctured disc D× = D \{x} and some
finite extension L/K, the covering YL|D×

L
→ D×

L is of Kummer type.

Namely, there exists an isomorphism⨿
i=1,...,M

D×
i,L → YL|D×

L

over D×
L , where Di,L is a closed disc of some radius over L centered at

the origin O, D×
i,L = Di,L \ {O} and the map D×

i,L → D×
L is the finite

flat surjection defined by z 7→ x+ zmi for some positive integer mi.

Proof. Let X be the projective closure of Y as above. Note that X \Y
is a finite set. By Lemma 2.2, after shrinking the radius of D, we
may assume Y |D× = X|D× and the map µ : Y |D× → D× is finite
etale. Then, the p-adic Riemann existence theorem (see [Lüt, Proof of
Corollary 2.9] and [Ram, §2.4]) implies that, after shrinking the radius
of D further, the restriction YCp |D×

Cp
is isomorphic to the disjoint union⨿

i=1,...,M

D×
i,Cp

of punctured discs D×
i,Cp

for closed discs Di,Cp of some radii centered

at the origin and, on the component Y ×
Cp,i

of YCp |D×
Cp

corresponding
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to D×
i,Cp

, the map µCp : Y ×
Cp,i
→ D×

Cp
is identified with the finite flat

surjectionD×
i,Cp
→ D×

Cp
defined by z 7→ x+zmi for some positive integer

mi. In particular, after replacing K with a finite extension, we may
assume that Di,Cp is the base extension of a closed disc Di over K with
radius in |K×|p. Then D×

i,Cp
is also the base extension to Cp of the

punctured disc D×
i over K. It now remains to show that the maps

D×
i,Cp
→ YCp |D×

Cp
are defined over a finite extension L of K. To do this,

we use the following lemma:

Lemma 2.4. The integral closure of the Tate algebra K⟨t⟩ in Cp⟨t⟩ is∪
L/K

L⟨t⟩,

where the union is taken over the set of finite extensions L/K in Cp.

Proof. Any element of the set of the lemma is integral over K⟨t⟩. Con-
versely, let f be a root in Cp⟨t⟩ of a monic polynomial over K⟨t⟩. Then
the absolute Galois group Gal(Q̄p/K) acts continuously on the finite
set of roots in Cp⟨t⟩ of this polynomial, and thus the action factors
through the quotient by a subgroup Gal(Q̄p/L) with some finite exten-

sion L/K. This yields f ∈ Cp⟨t⟩Gal(Q̄p/L) = L⟨t⟩. □
As promised, we now show that the map D×

i,Cp
→ YCp|D×

Cp
is defined

over a finite extension L of K. Indeed, consider the composite

D×
i,Cp
→ YCp |D×

Cp
→ XCp|DCp

.

Since x ∈ W0(K), we can write D = Sp(K⟨u⟩) and Di = Sp(K⟨t⟩) so
that the map D×

i,Cp
→ D×

Cp
is given by u 7→ tmi . Since the inclusion

DCp →W0
Cp

is defined over K, we have

XCp |DCp
= Sp

(
Cp⟨u⟩[U ]/(Un + b1(u)U

n−1 + · · ·+ bn(u))
)

with the image bi(u) ∈ K⟨u⟩ of ai(w). Since XCp|DCp
is affinoid, the

function U is bounded on XCp|DCp
. Thus the pull-back f(t) ∈ O(D×

i,Cp
)

of U by the above composite is also bounded, and hence it is an element
of the subring O(Di,Cp) = Cp⟨t⟩. Since it is a root of the equation

Un + b1(t
mi)Un−1 + · · ·+ bn(t

mi) = 0,

Lemma 2.4 implies f(t) ∈ L⟨t⟩ with some finite extension L/K. This
means that the map D×

i,Cp
→ YCp|D×

Cp
is defined over L. Therefore, by

[Con2, Theorem A.2.4], we obtain an isomorphism⨿
i=1,...,M

D×
i,L → YL|D×

L
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over D×
L as in the proposition. □

3. Eigencurves and their properness

Let DN be the Coleman-Mazur-Buzzard eigencurve of tame level N
over the weight space W , which is constructed from the full Hecke
algebra

H = Zp[Tl (l ∤ pN), Ul (l | pN), ⟨l⟩N (l | N)]

acting on the space of overconvergent modular forms of tame level N ,
via the eigenvariety machine [Buz]. We denote by XN the subset of DN

consisting of points corresponding to classical normalized eigenforms
of level Γ1(Npm) for some positive integer m and of finite slope. We
also denote by X0

N the subset of XN consisting of cuspidal eigenforms.
By a similar argument to [Che2, Proof of Proposition 3.5], we see that
the subset XN is Zariski dense in DN .

We say an overconvergent modular form is cuspidal-overconvergent
if the constant term of its Fourier expansion vanishes at any cusp lying
over ∞ ∈ X0(p) [Bel, Definition 2.1]. By considering the action of H
on the space of cuspidal-overconvergent modular forms, we obtain the
cuspidal eigencurve D0

N . From [Bel, Corollary 2.6], we see that X0
N is

Zariski dense in D0
N . We denote by Xnc

N the subset of XN consisting of
non-cuspidal-overconvergent forms.

For any α ∈ H, we denote by Zα the spectral curve for the operator
αUp [CM, §6.1]. Then the arguments in [CM, §7.3] are valid also for our
case: we can define the isomorphism ρβ,α in the proof of [CM, Propo-
sition 7.3.5] over each admissible affinoid open subset of W and glue
them as in the proof of [Buz, Lemma 5.6]. Thus, for any α ∈ 1 + pH,
we have a finite map πα : DN → Zα. Note that, for any α ∈ 1+pH and
any x ∈ W , every eigenvalue of αUp appearing in the space of overcon-
vergent modular forms of weight x is an element of OCp . This implies
that the characteristic power series P (T ) of αUp has coefficients with
absolute values bounded by one, and on each connected component
Spf(Zp[[w]])

rig of W , the power series P (T ) is an element of the ring
Zp[[w]]{{T}}.
We also have another construction of the nilreduction DN,red of DN

via Galois deformations, as follows. Let ΣpN be the set of places of Q
consisting of ∞ and the prime factors of pN . We denote by GQ,ΣpN

the Galois group of the maximal algebraic extension of Q unramified
outside ΣpN . For any p-modular representation V̄ of tame level N
[CM, §5.1], we denote by RV̄ the universal deformation ring of the
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determinant of V̄ [Che5, Proposition 3.7] and put

XV̄ = Spf(RV̄ )
rig, XN =

⨿
V̄

XV̄ ,

where the disjoint union is taken over the set of isomorphism classes of
such V̄ . By restricting the determinant of the universal pseudocharac-
ter on the generic fiber to the inertia subgroup at p and using local class
field theory, we have a homomorphism Z×

p → O(XN)
×. By twisting it

as in [CM, §5.1], we obtain a natural projection XN →W .
On the other hand, we have an injection

XN → XN ×Gm ×
∏
l|N

A1, f 7→ (ρf , ap(f)
−1, (al(f))l),

where ρf is the p-adic pseudocharacter of GQ,ΣpN
attached to f and

al(f) is the eigenvalue of the Hecke operator Ul acting on f . Then we
denote by CN the Zariski closure of XN in the right-hand side. From
the definition, the rigid analytic variety CN is reduced. Since we have
a pseudocharacter of GQ,ΣpN

over DN,red such that its specialization at
f is equal to ρf for any f ∈ XN , we have a natural map

DN,red → XN ×Gm ×
∏
l|N

A1,

which factors through CN by the Zariski density of XN ⊆ DN,red. Then,
by a similar argument to [Che3, Proof of Lemma 2.4], we see that the
natural map

DN,red → XN ×W ×Gm ×
∏
l|N

A1

is a closed immersion and the map DN,red → CN is an isomorphism
over W . By [Buz, Lemma 5.8], CN is equidimensional of dimension
one. Similarly, we have the cuspidal part C0N ⊆ CN obtained as the
Zariski closure of the image of X0

N and an isomorphism D0
N,red ≃ C0N .

Definition 3.1. LetK/Qp be an extension of complete valuation fields.
Let DK be the closed unit disc over K centered at the origin O and
put D×

K = DK \{O}. Let X be a rigid analytic variety over K. We say
X is Buzzard-Calegari proper at K-algebraic points if, for any finite
extension L/K, any morphismD×

L → XL over L extends to a morphism
DL → XL.

Recall that an analytic subset of a rigid analytic variety X is said to
be discrete if it is equidimensional of dimension zero. Note that any
analytic subset of a discrete subset of X is also discrete, and an analytic
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subset of X is discrete if and only if every irreducible component of it
is discrete.

Lemma 3.2. Let X be an irreducible rigid analytic variety of dimen-
sion one. Then any analytic subset F ⊊ X is discrete.

Proof. Replacing F with any irreducible component of it, we may as-
sume that F is irreducible. If F is of dimension one, then [Con1,
Corollary 2.2.7] yields X = F , which contradicts X ̸= F . □
Lemma 3.3. Let φ : X → Y be a finite morphism of rigid analytic
varieties. Let E ⊆ X and F ⊆ Y be discrete subsets. Then the analytic
subsets φ(E) and φ−1(F ) are both discrete.

Proof. We give E, F , φ(E) and φ−1(F ) the reduced structures. The
induced map φE : E → φ(E) is finite surjective and both sides are
reduced. For any admissible affinoid open subset V = Sp(A) of φ(E),
we denote by B the affinoid ring of φ−1

E (V ). Over V , the map φE is
given by a finite injection A → B. Since B is of dimension zero, so
is A and φ(E) is discrete. Since φ(φ−1(F )) ⊆ F is discrete, the same
reasoning implies that φ−1(F ) is discrete. □

Let F be any discrete subset of D×
K . In the sequel, we will need to

take a special type of covering of D×
K separating the points in F , as

follows. Take an admissible covering D×
K =

∪
j∈Z≥0

Uj consisting of

Uj = {y ∈ DK | ρ′j ≤ |y|p ≤ ρj}
with some positive real numbers ρj, ρ

′
j ∈ |K×|p satisfying

ρ′j < ρj+1 < ρ′j−1 < ρj

for any j. Since Uj is affinoid and F is discrete, the set F ∩Uj is finite
and for some finite Galois extension Kj/K, every element of

(F ∩ Uj)Kj
= {yj,1, . . . , yj,nj

}
is Kj-rational. For some sufficiently small positive real number rj ∈
|K×

j |p, the closed discs

Dj,k = {y ∈ DKj
| |y − yj,k|p ≤ rj}

are admissible open subsets of Uj,Kj
which are disjoint to each other.

For any positive real number sj ∈ |K×
j |p satisfying sj < rj, put

Vj = {y ∈ Uj,Kj
| |y − yj,k|p ≥ sj for any k},

which is an admissible affinoid open subset of DKj
. Then

Uj,Kj
=

∪
k=1,...,nj

Dj,k ∪ Vj
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is an admissible covering. We will refer to any covering of this type as
a covering of D×

K adapted to the discrete subset F .

Lemma 3.4. Let K/Qp be an extension of complete valuation fields
and X a separated rigid analytic variety over K. Then X is Buzzard-
Calegari proper at K-algebraic points if and only if for any finite exten-
sion L/K and any discrete subset F of D×

L , any morphism φ : D×
L\F →

XL over L extends to a morphism DL → XL.

Proof. Suppose that X is Buzzard-Calegari proper atK-algebraic points.
We may assume L = K. Take a covering of D×

K adapted to the discrete
subset F as above. By assumption, each morphism

D×
j,k = Dj,k \ {yj,k} → XKj

induced by φ extends to a morphism Dj,k → XKj
. By gluing, we obtain

a morphism φ̄j : Uj,Kj
→ X .

For any element σ ∈ Gal(Kj/K), consider the induced map σ∗ :
Uj,Kj

→ Uj,Kj
. Since the restriction of φ̄j to the admissible open subset

Uj,Kj
\{yj,1, . . . , yj,nj

} is the base extension of φ|Uj\F∩Uj
to Kj, we have

φ̄j ◦ σ∗ = φ̄j on this subset. Since this subset is Zariski dense and
X is separated, the equality φ̄j ◦ σ∗ = φ̄j holds on Uj,Kj

. By the
descent of morphisms [Con3, Corollary 4.2.5], we obtain morphisms
Uj → X . Since they coincide with each other on a Zariski dense subset
of Uj ∩Uj+1 and X is separated, they glue to define a morphism D×

K →
X . Again by assumption, it extends to a morphism DK → X . □
Theorem 3.5. ([DL, Theorem 1.1]) The eigencurve CN is Buzzard-
Calegari proper at Qp-algebraic points.

Remark 3.6. Theorem 3.5 is equivalent to the following statement:
Suppose that we have a commutative diagram

D×
K

//

��

CN,K

��
DK

//WK

for some finite extension K/Qp, where D×
K → DK is the natural inclu-

sion and CN,K →WK is the weight map. Then there exists a morphism
DK → CN,K which makes the diagram with this map added also com-
mutative. This equivalence follows from the fact that the composite
D×

K → CN,K →WK automatically extends to DK (see for example [DL,
Lemma 2.1]).

Remark 3.7. Originally, Buzzard-Calegari named the above property
in the case of K = Cp the properness of the eigencurve CN,Cp , and
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proved the case of N = 1 and p = 2 [BC, Theorem 8.1]. Theorem 3.5
follows from the conjectural properness of CN,Cp in this sense. However,
the authors do not know if they are equivalent.

4. Old and new components

In this section, we define several types of irreducible components
of the eigencurve, including old and new components, and investigate
their properties.

Lemma 4.1. Let φ : X → Y be any finite morphism of rigid analytic
varieties.

(1) Let C be any irreducible component of Y such that φ−1(C)→ C
is surjective. Suppose that Y is reduced. Then there exists an
irreducible component C ′ of X satisfying φ(C ′) = C. Moreover,
if C is equidimensional of dimension d, then so is C ′.

(2) Let C be any irreducible component of X . Suppose that Y and
C are both equidimensional of dimension d. Then the image
φ(C) is an irreducible component of Y.

Proof. Let us prove (1). By [Con1, Lemma 2.2.1, 3], we can find a
non-empty admissible open subset U of Y which is contained in C.
By [Con1, Lemma 2.2.3], the Zariski closure of U is C. We may
assume that U is affinoid. Since φ−1(U) is non-empty and quasi-
compact, [Con1, Paragraph below Definition 2.2.2] implies that there
exist finitely many irreducible components X1, · · · , Xr of X satisfy-
ing φ−1(U) ⊆

∪r
i=1Xi. Thus we obtain U ⊆

∪r
i=1 φ(Xi) and C ⊆∪r

i=1 φ(Xi), where every φ(Xi) is an irreducible analytic subset of Y .
Since C is irreducible, we have C ⊆ φ(Xi) for some i and [Con1, Lemma
2.2.3] implies C = φ(Xi).

Suppose moreover that C is equidimensional of dimension d. We
consider on C and C ′ = Xi the reduced structures. Then the induced
map φ : C ′ → C is finite surjective and, over each admissible affinoid
open subset V ⊂ C, the map φ is defined by a finite injection of affinoid
algebras O(V ) → O(φ−1(V )). Thus the latter ring is of dimension d.
Since dim(OC′,x) is the same for any x ∈ C ′ [Con1, p. 496], we see that
C ′ is equidimensional of dimension d.

As for (2), we have a finite surjection C → φ(C), where we give both
sides the reduced structures. As in the last part of the proof of (1), we
see that φ(C) is an irreducible analytic subset which is equidimensional
of dimension d. Thus [Con1, Corollary 2.2.7] implies that φ(C) is an
irreducible component of Y . □
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For any integer k ≥ 2 and any character ε : (Z/pZ)× → C×
p , the

continuous homomorphism Z×
p → C×

p defined by t 7→ tkε(t mod p)
gives a point xk,ε of W . We denote the set of such points by WN,p.
Then WN,p is a very Zariski dense subset of W . Namely, for any
admissible open subset V of W , the intersection V ∩WN,p is Zariski
dense in V . Let Z1 be the spectral curve for the operator Up. Let Z

>
N,p

be the subset of Z1 consisting of points (x, a) ∈ Z1 ⊆ W×A1 satisfying
x = xk,ε ∈WN,p and vp(a) > −(k − 1)/2.

Lemma 4.2. Let Y be any irreducible component of Z1 and y = (x, a)
any element of Y satisfying x = xk,ε ∈ WN,p. Put s = −vp(a). Let
G be any discrete subset of Y . Let U be any member of the canonical
admissible covering of Z1 containing y. Then, for any sufficiently large
integer M , there exists an element y′ = (xk′,ε, a

′) ∈ (Y ∩ U ∩ Z>
N,p) \G

satisfying s = −vp(a′) and k′ = k+ t(p−1)pM for some positive integer
t with p ∤ t.
Proof. We denote the projection Z1 →W by µ. LetW0 = Spf(Zp[[w]])

rig

be the component of W to which C is mapped. Put p = |2|−1
p p and

xk = (1 + p)k. Note that the point x ∈ W0 is defined by w = xk.
Take a closed disc D centered at xk of radius p

−r for a sufficiently large
positive integer r so that D is an admissible open subset of V = µ(U).
The affinoid ring O(D) can be identified with the Tate algebra Qp⟨W ⟩
by W = (w − xk)/p

r. Replacing U with U |D, we may assume V = D.
Note that U is finite over D, and by [Che1, Proposition 6.3.2], it is

the Fredholm hypersurface defined by a polynomial factor of the char-
acteristic power series of the Up-action on the space of overconvergent
modular forms over D. The intersection Y ∩U is a union of irreducible
components of U , and hence it is again a Fredholm hypersurface defined
by a polynomial, which we denote by

Q(T ) = 1 + a1T + · · ·+ anT
n, ai ∈ O(D).

Since µ : U → D is finite and D is irreducible, we have µ(Y ∩U) = D.
We denote by Qk(T ) the specialization of Q(T ) at w = xk. Then a is
a root of Qk(T ) of p-adic valuation −s.

Let (ms, λs) be the right endpoint of the segment of slope s in the
Newton polygon of Qk(T ). Note that, for any positive integers M and
t with p ∤ t, we have

vp((1 + p)p
M t − 1) = M + vp(p).

We also note that, for any f(W ) ∈ Qp⟨W ⟩ and R > 0, there exists
R′ > 0 such that

c ∈ Cp, vp(c) > R′ ⇒ vp(f(c)− f(0)) > R.
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Thus there exists an integer M ′ such that, if an integer k′ satisfies
k ≡ k′ mod (p− 1)pM for some M > M ′, then we have

min{vp(al(xk)), λs} = min{vp(al(xk′)), λs}
for any l ≤ ms and vp(al(xk′)) > λs + (l−ms)s for any l > ms. Hence
the Newton polygons of Qk(T ) and Qk′(T ) coincide with each other on
the segments of slopes no more than s.

For any integer M > max{r,M ′}, we put

D′ = {w ∈ D | |w − xk|p = p−(M+vp(p))}.
Since U ′ = Y ∩U ∩ (D′×B[0, ps]) is affinoid and G is a discrete subset
of Y , the intersection U ′∩G is a finite set. Thus we can find an integer
k′ > 2s + 1 of the form k′ = k + t(p − 1)pM with t > 0 and p ∤ t such
that xk′ is contained in the set

D′ \ µ(U ′ ∩G).

Since Qk′(T ) has roots of p-adic valuation −s, we can take y′ ∈ Y ∩ U
in the fiber of xk′ corresponding to such a root. Since y′ ∈ U ′, the
choice of xk′ implies y′ /∈ G. This concludes the proof. □

Let π1 : CN → Z1 be the projection to the spectral curve Z1. We
denote by XN,p the subset of XN consisting of eigenforms of level
Γ1(Np). By Coleman’s classicality theorem [Col1, Theorem 1.1], we
have π−1

1 (Z>
N,p) ⊆ XN,p.

Corollary 4.3. Let C be any irreducible component of the eigencurve
CN . Then C ∩ π−1

1 (Z>
N,p) is Zariski dense in C.

Proof. Let Y be the image of C by the map π1 with the reduced struc-
ture. Since π1 is finite, Y is irreducible. By Lemma 4.1 (2), it is an
irreducible component of Z1.
First we claim that Y ∩ Z>

N,p is Zariski dense in Y . Indeed, suppose
that there exists an analytic subset F ⊊ Y containing Y ∩ Z>

N,p. Since
Y is irreducible and of dimension one, Lemma 3.2 implies that F is
discrete. Let U be any member of the canonical admissible covering of
Z1 such that its image V by the projection µ : Z1 → W is connected.
Then the intersection U ∩ F is a finite set. On the other hand, since
V is an admissible open subset of W , we have V ∩WN,p ̸= ∅. Since
µ(Y ∩U) = V , Lemma 4.2 implies that Y ∩U ∩ Z>

N,p is an infinite set,
which is the contradiction.

Now suppose that there exists an analytic subset E ⊊ C containing
C ∩ π−1

1 (Z>
N,p). Then E is discrete and so is π1(E). Since π1(C ∩

π−1
1 (Z>

N,p)) = Y ∩ Z>
N,p, we have π1(E) = Y . Since Y is of dimension

one, this is the contradiction and the corollary follows. □
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Let q be a prime dividing N . Put N = N0q
m with q ∤ N0 and

M = q−1N . We denote by Xq-old
N the subset of XN consisting of classical

normalized cuspidal eigenforms which are q-old.

Definition 4.4. Let C be any irreducible component of the eigencurve
CN and κ : C →W the weight map.

(1) We say C is of finite degree if deg(κ−1(x)) is finite for any
x ∈ W . Otherwise, we say C is of infinite degree.

(2) We say C is Eisenstein if C ∩Xnc
N is Zariski dense in C. Other-

wise, we say C is cuspidal.
(3) Suppose that C is a cuspidal component. We say C is q-old if

C∩Xq-old
N is Zariski dense in C, and C is N -new if it is not q-old

for any prime q | N .

Let C → Y be a finite surjection to a Fredholm hypersurface over a
component W0 of W . Then C is of finite degree if and only if so is Y .
Indeed, if Y is of infinite degree, then there exists x ∈ W0 such that
the fiber of Y →W at x is an infinite set, which implies that C is not
of finite degree. In particular, if C is of infinite degree, then some fiber
of κ : C →W is an infinite set.

Lemma 4.5. Let C be any Eisenstein component of CN . Then C is in
the ordinary locus CordN . In particular, C is finite over W.

Proof. We claim that C∩π−1
1 (Z>

N,p)∩Xnc
N is Zariski dense in C. Suppose

the contrary. Then, since C is irreducible, Corollary 4.3 implies that
the complement (C ∩ π−1

1 (Z>
N,p)) \ Xnc

N is Zariski dense in C. This
complement consists of classical cuspidal-overconvergent eigenforms.
Since the cuspidal eigencurve C0N is a closed subvariety of CN such
that the set C0N(Cp) is in a natural bijection with the set of cuspidal-
overconvergent eigenforms, we have C ⊆ C0N . This contradicts the
assumption that C is Eisenstein.

Any element of π−1
1 (Z>

N,p)∩Xnc
N corresponds to an Eisenstein series f

of level Γ1(Np) and weight k ≥ 2. Note that the slope of an Eisenstein
series of weight k is either 0, k − 1 or +∞ [DS, Proposition 5.2.3 and
p. 207]. Since the slope of f is less than (k − 1)/2, it is ordinary and
thus we obtain π−1

1 (Z>
N,p)∩Xnc

N ⊆ CordN . Since CordN is a closed subvariety

of CN , this implies C ⊆ CordN . □
Lemma 4.6. Let C be any cuspidal component of CN . Then C is
contained in the cuspidal eigencurve C0N . Moreover, the Zariski closure
of C ∩ (XN \ X0

N) is a discrete subset of C.

Proof. If C is cuspidal, then C ∩Xnc
N is not Zariski dense in C. On the

other hand, C ∩ XN is Zariski dense in C by Corollary 4.3. Since C is
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irreducible, these imply that C ∩ (XN \Xnc
N ) is Zariski dense in C. The

latter subset consists of cuspidal-overconvergent eigenforms and thus
lies in C0N . Hence we obtain C ⊆ C0N . Moreover, since X0

N is Zariski
dense in C0N , [Con1, Theorem 2.2.4, 3] yields C ∩ X0

N ̸= ∅. Since the
Galois representation attached to any Eisenstein series is reducible,
[Che5, §4.2] implies that for any cuspidal component C, the Zariski
closure of C ∩ (XN \X0

N) is a discrete subset of C. This concludes the
proof. □
Lemma 4.7. Let C be any irreducible component of CN which is q-
old. Then there exist an irreducible component C ′ of CM and finite
surjections over W

C ′ ← C ′′ → C

from a rigid analytic variety C ′′.

Proof. Let κ(q) be the image of q ∈ Z×
p by the restriction of the uni-

versal character
Z×

p → O(W)× → O(CM)×.

We denote by C̃M the closed subvariety of CM × A1 defined by{
U2 − TqU + q−1κ(q)⟨q⟩M (q ∤ M)
U2 − UqU (q |M),

where U is the parameter of A1. The first projection π′ : C̃M → CM is
finite flat. Put X̃0

M = (π′)−1(X0
M).

Consider the diagram

C̃M // CM × A1 j // XM ×Gm ×
∏

l|N0
A1 × A1

π

��
CN // XN ×Gm ×

∏
l|N0

A1 × A1,

where the last A1’s on the rightmost entries are the q-parts, the map j
is given by

j(f, u) = (ρf , ap(f)
−1, (al(f))l|N0 , u),

the other horizontal arrows are the natural closed immersions and the
map π is induced by the natural map GQ,ΣpN

→ GQ,ΣpM
. Note that the

morphism XM → XN is over W .
From [Miy, Corollary 4.6.20] we see that, for any element g ∈ X0

M ,

the subset of f ∈ Xq-old
N satisfying al(f) = al(g) for any prime l ̸= q is

in bijection with the fiber (π′)−1(g) via the map f 7→ aq(f). Moreover,

every element of Xq-old
N is obtained in this way from some g ∈ X0

M .

This means (π ◦ j)(X̃0
M) = Xq-old

N . Let C̃ be the Zariski closure of X̃0
M
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in C̃M . We give C and C̃ the reduced structures. Then π induces a
morphism C̃ → CN , which we also denote by π. Since CM and CN are
finite over W × Gm, the morphism π : C̃ → CN is also finite and, by
the assumption that C is q-old, the map π−1(C)→ C is surjective.

Now Lemma 4.1 (1) shows that there exists an irreducible component
C ′′ of C̃ which is equidimensional of dimension one satisfying π(C ′′) =
C. From Lemma 4.1 (2), we see that C ′ = π′(C ′′) is an irreducible
component of CM . This concludes the proof. □
Lemma 4.8. Let C be any irreducible component of CN which is N-
new. Let f be an element of C of integral weight k ≥ 2, level Γ1(Np)
and slope s. Then, for any sufficiently large integer M , there exists a
classical N-new eigenform g ∈ C ∩ XN of integral weight k′ > 2s + 1,
level Γ1(Np) and slope s satisfying k ≡ k′ mod (p− 1)pM .

Proof. By assumption, for any prime q | N there exists an analytic
subset Fq of C satisfying

C ∩ Xq-old
N ⊆ Fq ⊊ C.

By Lemme 3.2, Fq is discrete. Moreover, by Lemma 4.6 we have a dis-
crete subset E of C which contains all points corresponding to classical
Eisenstein series. Hence F = E ∪

∪
q|N Fq is also a discrete subset of

C.
Let Y be the image of C by the map π1 : CN → Z1 with the reduced

structure. Then π1(F ) is a discrete subset of Y . By Lemma 4.2, for
any sufficiently large integer M we can find an element y′ = (xk′,ε, a

′) ∈
(Y ∩ Z>

N,p) \ π1(F ) satisfying s = −vp(a′) and k ≡ k′ mod (p − 1)pM .
By the classicality theorem, any point g ∈ C above y′ is a classical
eigenform of level Γ1(Np). Since y′ /∈ π1(F ), the eigenform g is N -new.
This concludes the proof. □

5. Proof of the main theorem

In this section, we prove Theorem 1.1. Let W0 = Spf(Zp[[w]])
rig be

the component of W containing the image of C for the weight map
κ : CN → W . Since every Eisenstein component is finite over W , we
may assume that C is cuspidal.

First we assume that C is N -new. In this case, we begin with follow-
ing the proof of [CM, Lemma 7.4.3]: Since the image κ(C) only omits
finitely many points of W0, there exists f ∈ C of some integral weight
≥ 2 and level Γ1(Np). By Lemma 4.8, we can find an N -new classical
eigenform g ∈ C of weight k, level Γ1(Np) and slope s < (k − 1)/2.

We denote by Mk(Γ1(Np))≤s the space of classical modular forms of
weight k, level Γ1(Np) and slope no more than s. By the classicality
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theorem, it is equal to the space of overconvergent modular forms sat-
isfying the same conditions. By the choice of s, the operator Up acts
semi-simply on Mk(Γ1(Np))≤s. Then, as in the proof of [CM, Sub-
lemma 6.2.3], there exists α ∈ 1 + pH such that the αUp-eigenspace
of Mk(Γ1(Np))≤s containing g does not contain eigenforms other than
g. Furthermore, the generalized αUp-eigenspace of Mk(Γ1(Np))≤s con-
taining g is one-dimensional; otherwise its N -old part or Eisenstein
part would be a non-trivial H-stable subspace and thus contain an
eigenform other than g. Consider the projection πα : CN → Zα to the
spectral curve for αUp. Then the image πα(g) ∈ Zα gives a simple root
of the characteristic power series of αUp specialized at weight k. This
means that πα maps C onto an irreducible component Y of Zα without
multiplicity. Note that Y is also of finite degree.

Let F be any finite subset ofW0 such that the map µ : Y \µ−1(F )→
W0 \ F is finite.

Lemma 5.1. There exists a discrete subset E of Y \ µ−1(F ) such that
the map

C|(Y \µ−1(F ))\E → (Y \ µ−1(F )) \ E
induced by πα is generically isomorphic. Namely, there exists a discrete
subset E ′ of (Y \ µ−1(F )) \ E such that the map

C|((Y \µ−1(F ))\E)\E′ → ((Y \ µ−1(F )) \ E) \ E ′

is an isomorphism.

Proof. We denote by P (T ) the characteristic power series of αUp over
W0 and by

Q(T ) = 1 + a1(w)T + · · ·+ an(w)T
n

the irreducible factor of P (T ) defining Y . In the ring of entire series
Zp[[w]]{{T}} over Zp[[w]], we can write P (T ) = Q(T )H(T ), where
Q(T ) and H(T ) have no common factor. For any admissible affinoid
open subset W ⊆ W0, we denote the restriction of Q(T ) to W by
QW (T ). For any x ∈ W0, we denote the specialization of Q(T ) at x
by Qx(T ), and similarly for H(T ). Note that if W is an admissible
affinoid open subset of W0 \F , then the element an(w) is invertible on
W .

Put E0 =
∪

Y ′ ̸=Y Y ∩ Y ′, where Y ′ runs over the set of irreducible

components of Zα other than Y . By [Con1, Corollary 2.2.7], each Y ∩Y ′

is a discrete subset of Y . On each admissible affinoid open subset U
of Y , the intersection U ∩ E0 is a discrete subset since U meets only
finitely many Y ′’s. Thus E0 is also a discrete subset of Y .
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Lemma 5.2. The subset G = {x ∈ W0 \ F | (Qx(T ), Hx(T )) ̸= 1} of
W0 \ F is discrete.

Proof. It is enough to show that for any admissible affinoid open subset
W of W0 \ F , the intersection W ∩ G is a discrete subset of W . We
claim that W ∩G = µ(Y |W ∩ E0). Indeed, take x ∈ W ∩G. We have
(Qx(T ), Hx(T )) ̸= 1 in the ring K(x){{T}}, where K(x) is the residue
field of x. From [Con1, Lemma 4.1.1 (1)], we see that the natural maps

K(x)[T ]/(Qx(T ))

**UUU
UUUU

UUUU
UUUU

UU

��
K(x){{T}}/(Qx(T )) // K(x)⟨pmT ⟩/(Qx(T ))

are isomorphic for any sufficiently large m. Therefore, the natural map

K(x){{T}}/(Qx(T ), Hx(T ))→ K(x)⟨pmT ⟩/(Qx(T ), Hx(T ))

is also an isomorphism for any sufficiently large m. Thus, for the
closed ball B[0, pm] ⊆ A1 of sufficiently large radius pm centered at
the origin, there exists y ∈ (W × B[0, pm]) ∩ Y with µ(y) = x such
that y is also contained in the analytic subset of W0 × A1 defined by
H(T ). By [Con1, Theorem 4.3.2], the latter is the union of irreducible
components of Zα|W0 other than Y . This implies y ∈ E0 and x ∈
µ(Y |W ∩ E0). Conversely, take y ∈ Y ∩ E0 satisfying x = µ(y) ∈ W .
Then y ∈ W ×B[0, pm] for a sufficiently large m. The point y defines a
maximal ideal of the ring K(x)⟨pmT ⟩/(Qx(T ), Hx(T )). Hence we have
(Qx(T ), Hx(T )) ̸= 1 in the subring K(x){{T}} of K(x)⟨pmT ⟩ and the
claim follows. Since µ : Y |W → W is finite, µ(Y |W ∩ E0) is a discrete
subset of W . □

Put E = µ−1(G). Since the map µ : Y \ µ−1(F )→W0 \ F is finite,
the subset E of Y \ µ−1(F ) is discrete.
Consider any admissible affinoid open subset W of (W0 \ F ) \ G.

It is also an admissible affinoid open subset of W0. Put Q̃W (T ) =
an(w)

−1QW (T ). From the definition of the resultant (see [Col2, §A3]),
we see that Res(Q̃W , HW )x = Res(Q̃x, Hx) for any x ∈ W , where Q̃x

is the specialization of Q̃W at x. By [Col2, Lemma A3.7], we have
(QW (T ), HW (T )) = 1. Thus the factor QW (T ) gives an admissible
affinoid open subset V of Zα|W which is a member of its canonical
admissible covering (see for example [Che1, Proposition 6.3.2]). In
fact, we have V = Y |W , since V is a clopen subset of Zα|W defined by
QW (T ).

Since Y is without multiplicity, V is reduced. Since the proof of
[CM, Proposition 7.1.3] is valid also in our situation, the projection
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DN |V → V = Y |W is generically isomorphic. Note thatDN |V and V are
finite flat of the same degree overW and the locus where this projection
is not isomorphic is the analytic subset defined by the determinant of
the injection O(V )→ O(DN |V ). By gluing, we obtain a discrete subset
E ′ of (Y \ µ−1(F )) \ E such that the map

DN |((Y \µ−1(F ))\E)\E′ → ((Y \ µ−1(F )) \ E) \ E ′

is an isomorphism.
Since C is an irreducible component of DN,red ≃ CN , we have the

commutative diagram

DN |((Y \µ−1(F ))\E)\E′
∼ // ((Y \ µ−1(F )) \ E) \ E ′

C|((Y \µ−1(F ))\E)\E′ ,

44iiiiiiiiiiiiiiiii

OO

where the vertical arrow is the natural closed immersion and the oblique
arrow is a surjection between reduced rigid analytic varieties. Hence
the oblique arrow is an isomorphism. □

Let K/Qp be any finite extension and take any x ∈ W0(K). By
Proposition 2.3, there exists a closed disc D of sufficiently small radius
in |K×|p centered at x such that D is an admissible open subset ofW0,
D× = D \ {x} ⊆ W0 \ F and for some finite extension L/K, we have
an isomorphism ⨿

i=1,...,M

D×
i,L → YL|D×

L

over D×
L , where Di,L is a closed disc of some radius over L centered at

the origin O, D×
i,L = Di,L \ {O} and the map D×

i,L → D×
L is given by

z 7→ x+ zmi for some positive integer mi.
Consider any component Y ×

L,i ≃ D×
i,L of YL|D×

L
. By Lemma 5.1, there

exist discrete subsets Ei ⊆ D×
i,L and E ′

i ⊆ D×
i,L \ Ei such that the map

πα,L : CL → YL induces an isomorphism

CL|(D×
i,L\Ei)\E′

i
≃ (D×

i,L \ Ei) \ E ′
i.

Thus we have a section

si : (D
×
i,L \ Ei) \ E ′

i → CL

of πα,L.
We take a covering of D×

i,L adapted to the discrete subset Ei, as
in the proof of Lemma 3.4. Namely, we take an admissible covering
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D×
i,L =

∪
j∈Z≥0

Ui,j consisting of

Ui,j = {y ∈ Di,L | ρ′i,j ≤ |y|p ≤ ρi,j}

for some positive real numbers ρi,j, ρ
′
i,j ∈ |L×|p. Take a finite Galois

extension Li,j/L such that every element of

(Ei ∩ Ui,j)Li,j
= {yi,j,1, . . . , yi,j,ni,j

}

is Li,j-rational. Take mutually disjoint sufficiently small closed discs

Di,j,k = {y ∈ Di,Li,j
| |y − yi,j,k|p ≤ ri,j}

with ri,j ∈ |L×
i,j|p and put

Vi,j = {y ∈ Ui,j,Li,j
| |y − yi,j,k|p ≥ si,j for any k}

for some si,j ∈ |L×
i,j|p satisfying si,j < ri,j.

On each small punctured disc D×
i,j,k = Di,j,k \ {yi,j,k}, the subset

E ′
i ∩D×

i,j,k is discrete. By Lemma 3.4 and Theorem 3.5, the morphism

si restricted toD×
i,j,k\(E ′

i∩D×
i,j,k) extends to a morphism gi,j,k : Di,j,k →

CN,Li,j
. Since the set D×

i,j,k \ (E ′
i ∩ D×

i,j,k) is Zariski dense in Di,j,k, we
have gi,j,k(Di,j,k) ⊆ CLi,j

and since Di,j,k is reduced, it really factors
through Di,j,k → CLi,j

.
On each admissible affinoid open subset Vi,j, the intersection E ′

i∩Vi,j

is finite. Thus, again taking a sufficiently small closed disc centered at
each element of E ′

i ∩ Vi,j and applying Theorem 3.5 as in the proof of
Lemma 3.4, we obtain an extension Vi,j → CLi,j

of the section si.
These extended maps coincide with each other on a Zariski dense

subset of Di,j,k∩Vi,j. Thus, by gluing and the Galois descent as before,
they define morphisms Ui,j → CL, which also glue to yield a morphism
D×

i,L → CL. Again by Theorem 3.5, it extends to a morphism gi :

Di,L → CL such that its restriction to (D×
i,L \ Ei) \ E ′

i is equal to the
section si. Taking the direct sum of gi’s, we obtain a morphism

g : S =
⨿

i=1,...,M

Di,L → CL.

On the i-th component Di,L of S, the composite

hi = κ ◦ gi : Di,L → CL →W0
L

coincides with the map z 7→ x+zmi on (D×
i,L \Ei)\E ′

i. Since Di,L is re-

duced andW0
L is separated, the Zariski density of (D×

i,L\Ei)\E ′
i ⊆ Di,L

implies that hi itself coincides with this map. Thus it factors through
DL ⊆ W0

L and we obtain a morphism g : S → CL|DL
. Moreover, S is
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finite over DL. Similarly, since (D×
i,L \ Ei) \ E ′

i ⊆ D×
i,L is also Zariski

dense, we see that the composite

D×
i,L ⊆ Di,L → CL → YL

induces the isomorphism D×
i,L ≃ Y ×

L,i. Therefore, the image of the
composite

πα,L ◦ g : S → CL|DL
→ YL|DL

is the complement in YL|DL
of a finite subset of the fiber over x. By

Lemma 2.1, the map YL|DL
→ DL is finite. Hence we conclude that the

map Y → W0 is finite. Since C is finite over Y , the theorem follows
for N -new components and the case N = 1.

Now we proceed by induction on N . Suppose that the theorem
is proved for any tame level less than N . To show the theorem for
the case of tame level N , we may assume that C is q-old for some
prime q | N . Put M = q−1N . Lemma 4.7 implies that there exist an
irreducible component C ′ of CM and a rigid analytic variety C ′′ with
finite surjections

C ′ ← C ′′ → C

over W . Since C is of finite degree, C ′′ is also of finite degree over
W . Thus C ′ is also of finite degree. By the induction hypothesis, C ′ is
finite over W and so is C ′′. Let Y be the image of C by the projection
π1 : CN → Z1 with the reduced structure. Note that Y is also of finite
degree. Since the composite C ′′ → C → Y is surjective, Lemma 2.1
implies that Y is finite over W . Thus C is also finite over W . This
concludes the proof of Theorem 1.1. □

6. Application

Chenevier proved that an irreducible component of an eigencurve
which is finite over the weight space is in the ordinary locus if we know
that the slopes tend to zero near the boundary of the weight space
([Che4, §3.7]. See also [LWX, Proposition 3.24]). The latter claim
on the boundary behavior is a conjecture of Coleman-Mazur-Buzzard-
Kilford (see [LWX, Conjecture 1.2]), and it is shown for the case of
N = 1, p = 2 [BK, Theorem A] and for quaternionic eigencurves
[LWX, Theorem 1.3]. Moreover, for the case of N = 1 and p = 3,
it is also shown on the even component of the weight space, namely
the component where the weight characters κ satisfy κ(−1) = 1 [Roe,
Theorem 1.1]. Thus, by combining Theorem 1.1 with those results (and
for quaternionic eigencurves, also with the p-adic Jacquet-Langlands
correspondence [Che2]), we obtain the following corollaries.
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Corollary 6.1. For N = 1 and p = 2, the only irreducible component
of the eigencurve C1 of finite degree is the Eisenstein component.

Corollary 6.2. For N = 1 and p = 3, the only irreducible component
of the eigencurve C1 of finite degree over the even component of the
weight space is the Eisenstein component.

Corollary 6.3. Let D be a quaternion algebra over Q of discriminant
d satisfying (Np, d) = 1. Let CDN be the eigencurve of tame level N for
overconvergent modular forms on D×. Then every irreducible compo-
nent of CDN of finite degree is ordinary.
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