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Abstract. Let p > 2 be a rational prime, k be a perfect field of char-
acteristic p and K be a finite totally ramified extension of the fractional
field of the Witt ring of k. Let G and H be finite flat commutative group
schemes killed by p over OK and k[[u]], respectively. In this paper, we
show the ramification subgroups of G and H in the sense of Abbes-Saito
are naturally isomorphic to each other when they are associated to the
same Kisin module.

1. Introduction

Let p be a rational prime, k be a perfect field of characteristic p, W =
W (k) be the Witt ring of k and K be a finite totally ramified extension of
Frac(W ) of degree e. Let φ denote the Frobenius endomorphism of W . We
fix once and for all an algebraic closure K̄ of K, a uniformizer π of K and
a system of its p-power roots (πn)n∈Z≥0

in K̄ with π0 = π and πn = πp
n+1.

Put Kn = K(πn) and K∞ = ∪nKn. By the theory of norm fields ([27]),
there exist a complete discrete valuation field X ' k((u)) of characteristic p
with residue field k and an isomorphism of groups

Gal(K̄/K∞) ' Gal(X sep/X ),

where X sep is a separable closure of X . A striking feature of this isomorphism
is its compatibility with the upper ramification subgroups of both sides up
to a shift by the Herbrand function of K∞/K ([27, Corollaire 3.3.6]).

On the other hand, Breuil ([8]) introduced linear algebraic data over a
ring S, which are now called as Breuil modules, and proved a classification
of finite flat (commutative) group schemes over OK via these data for p > 2.
Based on his works, Kisin ([20]) simplified this classification by replacing
Breuil’s data by φ-modules over W [[u]], which are referred as Kisin modules.
Let us consider the case where finite flat group schemes are killed by p.
Put S1 = k[[u]], which is isomorphic to the k-algebra OX . We let φ also
denote the absolute Frobenius endomorphism of the ring S1. For a non-
negative integer r, let Modr,φ

/S1
be the category of free S1-modules M of

finite rank endowed with a φ-semilinear map φM : M → M such that the
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cokernel of the map 1⊗ φM : S1 ⊗φ,S1 M→M is killed by uer. Then there
exists an anti-equivalence of categories G(−) from Mod1,φ

/S1
to the category

of finite flat group schemes over OK killed by p. It is well-known that we
also have an anti-equivalence H(−) from Modr,φ

/S1
to a category of finite flat

generically etale group schemes over OX killed by their Verschiebung ([16]).
Hence a correspondence between finite flat group schemes over OK and OX
is obtained, and if finite flat group schemes G over OK and H over OX
are in correspondence, then their generic fiber Galois modules G(OK̄) and
H(OX sep) are also in correspondence via the theory of norm fields. Namely,
for an object M of Mod1,φ

/S1
, we have an isomorphism

G(M)(OK̄)|Gal(K̄/K∞) → H(M)(OX sep)

of Gal(K̄/K∞)-modules ([20, Proposition 1.1.13]). From this, we can show
that the Galois modules G(M)(OK̄) andH(M)(OX sep) have exactly the same
greatest upper ramification jump in the classical sense (see also [1]).

Besides the classical ramification theory of their generic fibers, finite flat
group schemes over a complete discrete valuation ring have their own rami-
fication theory, the fact which was discovered by Abbes-Saito ([3], [4]) and
Abbes-Mokrane ([2]). Such a finite flat group scheme G has filtrations of
upper ramification subgroups {Gj}j∈Q>0 ([2]) and lower ramification sub-
groups {Gi}i∈Q≥0

([17], [14]), as in the classical ramification theory of local
fields. For simplicity, let K be a complete discrete valuation field as above
and consider a finite flat group scheme G over OK . Then, using the upper
ramification filtration of G, we can bound the classical greatest upper rami-
fication jump of the generic fiber Gal(K̄/K)-module G(OK̄) ([17]) and also
describe completely the semi-simplification of the restriction to the inertia
subgroup of this Galois module ([19]). Moreover, the canonical subgroup
of a possibly higher dimensional abelian scheme A over OK is found in the
upper ramification filtration of A[pn] ([2], [25], [26]), while the canonical
subgroup is also found in the Harder-Narasimhan filtration of A[pn] defined
by Fargues ([13], [14]).

In this paper, we establish the following correspondence of the ramifica-
tion filtrations between finite flat group schemes over OK and OX which
is similar to that of the classical ramification jumps of their generic fiber
Galois modules stated above.

Theorem 1.1. Let p > 2 be a rational prime and K and X be as before.
Let M be an object of the category Mod1,φ

/S1
. Then the natural Gal(K̄/K∞)-

equivariant isomorphism

G(M)(OK̄)|Gal(K̄/K∞) → H(M)(OX sep)

induces isomorphisms of the upper and the lower ramification subgroups

G(M)j(OK̄)|Gal(K̄/K∞) → H(M)j(OX sep),

G(M)i(OK̄)|Gal(K̄/K∞) → H(M)i(OX sep)
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for any j ∈ Q>0 and i ∈ Q≥0.

This theorem enables us to reduce the study of ramification of finite flat
group schemes over OK killed by p to the case where the base is a complete
discrete valuation ring of equal characteristic. This makes many calcula-
tions of ramification of finite flat group schemes over OK , for example as in
[19, Section 5], much easier. We remark that, for the Harder-Narasimhan
filtration, such a correspondence of filtrations of G(M) and H(M) follows
easily from the definition.

A key idea to prove the theorem is to switch from the upper ramification
filtration to the lower ramification filtration via Cartier duality, which the
author learned from works of Tian ([25]) and Fargues ([14]). Let G be a finite
flat group scheme over OK killed by p and G∨ be its Cartier dual. Then
they showed that the upper ramification subgroup Gj(OK̄) is the orthogonal
subgroup of the lower ramification subgroup (G∨)i(OK̄) for some i via the
natural pairing

G(OK̄)× G∨(OK̄)→ µp(OK̄).
We prove a version of this theorem for the group scheme H(M) over OX .
Since we are in characteristic p, usual Cartier dual does not preserve the
generic etaleness of finite flat group schemes. Instead, we use a duality
theory of Caruso ([11]) and Liu ([21]) for Breuil modules and Kisin modules.
This requires us to check compatibilities of various duality theories, though
it is straightforward to carry out. Thus we reduce ourselves to prove the
correspondence of the lower ramification subgroups of G(M) and H(M).
This is a consequence of the fact that, after the base changes from K and X
to the extensions generated by p-th roots of their uniformizers π and u, the
schemes G(M) modulo πe and H(M) modulo ue become isomorphic to each
other, not as group schemes but as pointed schemes. We prove this fact by
using Breuil’s explicit computation of the affine algebra of a finite flat group
scheme over OK killed by p in terms of its corresponding Breuil module ([8,
Section 3]), after showing that his classification of finite flat group schemes
is compatible with the base change from K to Kn.

As a byproduct of the proof of the main theorem, we also prove a de-
scription of the semi-simplification of H(M)(OX sep) via the upper ramifica-
tion filtration, as follows. Let IX be the inertia subgroup of Gal(X sep/X ),
θj : IX → F̄×

p be the fundamental character of level j ([24, Subsection 1.7])
and F(j) be the finite field generated by its image. Put

H(M)j+(OX sep) =
∪
j′>j

H(M)j′(OX sep)

and set the j-th graded piece of the upper ramification filtration of H(M)
to be

grjH(M)•(OX sep) = H(M)j(OX sep)/H(M)j+(OX sep).
Then we prove in Subsection 3.3 the following theorem, which is a version
of [19, Theorem 1.1] for an equal characteristic local field.
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Theorem 1.2. Let M be an object of Modr,φ
/S1

and j be a positive ratio-
nal number. Then the action of IX on the j-th graded piece of the upper
ramification filtration of H(M) is tame. Moreover, there exists an action
of F(j) on this graded piece such that we have an IX -equivariant F(j)-linear
isomorphism

grjH(M)•(OX sep) ' F(j)(θj)⊕n,

where n is the dimension of the graded piece over F(j) and F(j)(θj) is the
one-dimensional F(j)-vector space on which IX acts via the character θj :
IX → F×

(j).

Acknowledgments. The author would like to thank Victor Abrashkin,
Toshiro Hiranouchi and Yuichiro Taguchi for stimulating discussions, and
Xavier Caruso for kindly answering his questions on the paper [11].

2. Review of Cartier duality theory of Caruso and Liu

Let p > 2 be a rational prime and K be a complete discrete valuation
field of mixed characteristic (0, p) with perfect residue field k, as in Section
1. It is well-known that finite flat group schemes over OK killed by some
p-power are classified by linear algebraic data, Breuil modules ([8]) or Kisin
modules ([20]). For these data, corresponding notions of duality to Cartier
duality for finite flat group schemes are introduced by Caruso ([10], [11])
and Liu ([21]), which play key roles in the integral p-adic Hodge theory (see
for example [22], [23]). In this section, we recall the definitions of these data
and their theories of Cartier duality.

2.1. Breuil and Kisin modules. Let E(u) ∈W [u] be the Eisenstein poly-
nomial of the uniformizer π over W . Put F (u) = p−1(ue − E(u)). This
defines units in the rings S = W [[u]] and S1 = k[[u]]. The φ-semilinear
continuous ring endomorphisms of these rings defined by u 7→ up are also
denoted by φ. Let r be a non-negative integer. Then a Kisin module over
S1 of E-height ≤ r is a free S1-module M of finite rank endowed with
a φ-semilinear map φM : M → M such that the cokernel of the map
1 ⊗ φM : S1 ⊗φ,S1 M → M is killed by E(u)r. We write φM also as φ
if there is no risk of confusion. A morphism of Kisin modules over S1 is
an S1-linear map which is compatible with φ’s of the source and the tar-
get. The category of Kisin modules over S1 of E-height ≤ r is denoted by
Modr,φ

/S1
.

For r < p−1, we have another category Modr,φ
/S1

of Breuil modules defined
as follows. Let S be the p-adic completion of the divided power envelope
W [u]DP of W [u] with respect to the ideal (E(u)) and the compatibility
condition with the canonical divided power structure on pW . The ring
S has a natural filtration FiliS defined as the closure in S of the ideal
generated by E(u)j/j! for integers j ≥ i. The φ-semilinear continuous ring
homomorphism S → S defined by u 7→ up is also denoted by φ. For 0 ≤ i ≤
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p− 1, we have φ(FiliS) ⊆ piS and put φi = p−iφ|FiliS . These filtration and
φi’s induce a similar structure on the ring Sn = S/pnS. Put c = φ1(E(u)) ∈
S×. Then we let ′Modr,φ

/S denote the category of S-modules M endowed
with an S-submodule FilrM containing (FilrS)M and a φ-semilinear map
φr,M : FilrM → M satisfying φr,M(srm) = c−rφr(sr)φr,M(E(u)rm) for
any sr ∈ FilrS and m ∈ M. A morphism of this category is defined to be
a homomorphism of S-modules compatible with Filr’s and φr’s. We drop
the subscript M of φr,M if no confusion may occur. Note that we have
φr((FilpS)M) = 0 if pM = 0. An object M of this category is said as
a Breuil module over S1 of weight ≤ r if M is a free S1-module of finite
rank and the image φr,M(FilrM) generates the S-module M. The full
subcategory of ′Modr,φ

/S of Breuil modules over S1 of weight ≤ r is denoted

by Modr,φ
/S1

. Both of the categories Modr,φ
/S1

and Modr,φ
/S1

have obvious notions
of exact sequences.

The category Modr,φ
/S1

is equivalent to a simpler category Modr,φ

/S̃1
defined

as follows. Put S̃1 = k[u]/(uep). The natural map k[u] → S1 induces an
isomorphism S̃1 → S1/FilpS1 and we regard S̃1 as an S-algebra by this iso-
morphism. Define Filr, φ and φr of S̃1 to be those induced from S1. In par-
ticular, FilrS̃1 = uerS̃1 and φr(uer) = cr. We let Modr,φ

/S̃1
denote the category

of free S̃1-modules M̃ of finite rank endowed with an S̃1-submodule FilrM̃
containing (FilrS̃1)M̃ and a φ-semilinear map φr,M̃ : FilrM̃ → M̃ such that
the image φr,M̃(FilrM̃) generates the S̃1-module M̃. Then we can show that

the functor T0 : Modr,φ
/S1
→ Modr,φ

/S̃1
defined by M 7→ M/(FilpS1)M is an

equivalence of categories, just as in the proof of [6, Proposition 2.2.2.1].
The categories Modr,φ

/S1
and Modr,φ

/S1
for r < p − 1 are in fact equivalent.

We define an exact functorMS : Modr,φ
/S1
→ Modr,φ

/S1
by puttingMS(M) =

S ⊗φ,S M with

FilrMS(M) = Ker(S ⊗φ,S M
1⊗φ→ (S1/FilrS1)⊗S M),

φr : FilrMS(M)
1⊗φ→ FilrS1 ⊗S M

φr⊗1→ S1 ⊗φ,S1 M =MS(M).

Then the functorMS is an equivalence of categories ([12, Theorem 2.3.1]).

2.2. Cartier duality theory for Breuil and Kisin modules. The cat-
egory Modr,φ

/S1
has a natural notion of duality ([21, Section 3.1]). For an

object M of Modr,φ
/S1

, put M∨ = HomS(M,S1). Choose a basis e1, . . . , ed
of the free S1-module M and let e∨1 , . . . , e

∨
d denote its dual basis. Define a

matrix A ∈Md(S1) by

φM(e1, . . . , ed) = (e1, . . . , ed)A.
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Since the matrix (−E(u)/F (u))r(tA)−1 is contained in Md(S1), we can de-
fine a φ-semilinear map φM∨ : M∨ →M∨ by

φM∨(e∨1 , . . . , e
∨
d ) = (e∨1 , . . . , e

∨
d )(−E(u)/F (u))r(tA)−1.

Then the map φM∨ is independent of the choice of a basis e1, . . . , ed and with
this map, the S1-module M∨ is an object of Modr,φ

/S1
. The correspondence

M 7→M∨ defines a contravariant functor from Modr,φ
/S1

to itself. This functor
is an anti-equivalence of categories, since we have a natural isomorphism
of the double duality M → (M∨)∨ of Modr,φ

/S1
. Note that here we adopt

a slightly different normalization from that of [21] where the representing
matrix of φM∨ is defined to be (pE(u)/E(0))r(tA)−1.

For 0 ≤ r ≤ p−2, a notion of duality was also introduced for the category
Modr,φ

/S1
([10], [11], [22]). Let M be an object of Modr,φ

/S1
. Put M∨ =

HomS(M, S1) and FilrM∨ = {f ∈ M∨ | f(FilrM) ⊆ FilrS1}. For an
element f ∈ FilrM∨, we define φr,M∨(f) to be the unique S-linear map
g :M→ S1 which makes the following diagram commutative.

FilrM
φr //

f
��

M
g

��
FilrS1

φr

// S1

Since φr(FilrM) generates the S1-module M, such a map g is unique if it
exists. We can show the existence of g just as in [11, Section 2.1] using an
adapted basis of M over S1 ([7, Définition 2.2.1.4]). This duality defines
a contravariant functor from Modr,φ

/S1
to itself. Choose an adapted basis

e1, . . . , ed ofM such that

FilrM = ur1S1e1 ⊕ · · · ⊕ urdS1ed + (FilpS)M
for some ri satisfying 0 ≤ ri ≤ er. Let e∨1 , . . . , e

∨
d be its dual basis. Let

G ∈ GLd(S1) be the matrix defined by

φr(ur1e1, . . . , u
rded) = (e1, . . . , ed)G.

Since the map

(k[u]/(uep))[Y1, Y2, . . .]/(Y
p
1 , Y

p
2 , . . .)→ S1

which sends Yi to the image of E(u)pi
/pi is an isomorphism of k-algebras,

we have

FilrM∨ = uer−r1S1e
∨
1 ⊕ · · · ⊕ uer−rdS1e

∨
d + (FilpS)M∨,

φr(uer−r1e∨1 , . . . , u
er−rde∨d ) = (e∨1 , . . . , e

∨
d )cr(tG)−1.

From this wee see that the natural map M → (M∨)∨ is also an isomor-
phism of Modr,φ

/S1
and the duality functor from Modr,φ

/S1
to itself is an anti-

equivalence of categories.
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Lemma 2.1. Let M be an object of Modr,φ
/S1

. Then we have an isomor-

phism τM :MS(M∨)→MS(M)∨ of the category Modr,φ
/S1

such that T0(τM)
coincides with the natural isomorphism

S̃1 ⊗φ,S1 HomS1(M,S1)→ S̃1 ⊗S1 HomS1(S1 ⊗φ,S M, S1).

These isomorphisms define a natural isomorphism of functors

τ :MS((−)∨)→MS(−)∨.

Proof. Since T0 is an equivalence of categories, we only have to check that
the natural isomorphism of the lemma is compatible with Filr’s and φr’s of
both sides. For this, choose a basis e1, . . . , ed of M over S1 and let e∨1 , . . . , e

∨
d

denote its dual basis of M∨. PutM =MS(M) = S⊗φ,SM. Let us consider
its basis 1⊗ e1, . . . , 1⊗ ed and the dual basis (1⊗ e1)∨, . . . , (1⊗ ed)∨ ofM∨.
Let A ∈Md(S1) be the matrix defined by

φ(e1, . . . , ed) = (e1, . . . , ed)A.

By definition, there exists a matrix B ∈ Md(S1) such that AB = BA =
E(u)rI, where I is the identity matrix. Since the map φM∨ is given by

φM∨(e∨1 , . . . , e
∨
d ) = (e∨1 , . . . , e

∨
d )(−F (u))−rtB,

we can write Filr and φr ofMS(M∨) as

FilrMS(M∨) = SpanS((1⊗ e∨1 , . . . , 1⊗ e∨d )tA) + (FilpS)MS(M∨),

φr((1⊗ e∨1 , . . . , 1⊗ e∨d )tA) = (1⊗ e∨1 , . . . , 1⊗ e∨d )crφ(−F (u))−r.

On the other hand, we have

FilrM = SpanS((1⊗ e1, . . . , 1⊗ ed)B) + (FilpS)M,

φr((1⊗ e1, . . . , 1⊗ ed)B) = (1⊗ e1, . . . , 1⊗ ed)cr,
and from this we see that

FilrM∨ = SpanS(((1⊗ e1)∨, . . . , (1⊗ ed)∨)tA) + (FilpS)M∨,

φr(((1⊗ e1)∨, . . . , (1⊗ ed)∨)tA) = ((1⊗ e1)∨, . . . , (1⊗ ed)∨).

The natural isomorphism in the lemma sends the image of 1⊗ e∨i to that of
(1 ⊗ ei)∨. Since the elements c and φ(−F (u)) have the same image in S̃1,
this isomorphism is compatible with Filr’s and φr’s. �

2.3. The associated Galois representations and duality. Next we re-
call a construction of the associated Galois representations to Breuil or
Kisin modules and their duality theories. Let vK be the valuation on K
which is normalized as vK(π) = 1 and we extend it naturally to K̄. Set
ÕK̄ = OK̄/pOK̄ and C to be the completion of K̄. Consider the ring

R = lim←−(ÕK̄ ← ÕK̄ ← · · · ),
where the transition maps are defined by x 7→ xp. For an element x =
(x0, x1, . . .) ∈ R with xi ∈ ÕK̄ , we put x(m) = limn→∞ x̂pn

n+m ∈ OC, where
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x̂i is a lift of xi in OK̄ . This is independent of the choice of lifts. Then
the ring R is a complete valuation ring of characteristic p with valuation
vR(x) = vK(x(0)). We put m≥i

R = {x ∈ R | vR(x) ≥ i} and similarly for
m>i

R . Consider a natural W -algebra surjection θ : W (R)→ OC defined as

θ((z0, z1, . . .)) =
∞∑
i=0

piz
(i)
i ,

where zi is an element of R. The p-adic completion of the divided power
envelope of W (R) with respect to the ideal Ker(θ) is denoted by Acrys. The
ring Acrys has a Frobenius endomorphism φ and a Gal(K̄/K)-action induced
from those of R, and also a filtration induced by the divided power structure.
Define an element π of R by π = (π, π1, π2, . . .), where we abusively write
πn also for its image in ÕK̄ . The W -algebras R, W (R) and Acrys have
natural S-algebra structures defined by the continuous map S → W (R)
which sends u to the Teichmüller lift [π] of the element π. We consider the
ring Acrys as an S-algebra by the induced map S → Acrys from a similar map
W [u] → W (R) defined by u 7→ [π]. For 0 ≤ r ≤ p − 2, the ring Acrys has
a natural structure as an object of ′Modr,φ

/S by putting φr = p−rφ|FilrAcrys .
Note that the identification Gal(K̄/K∞) ' Gal(X sep/X ) stated in Section
1 is given by the action of Gal(K̄/K∞) on the ring R and the inclusion
k[[u]]→ R defined by u 7→ π ([9, Subsection 3.3]).

We have another description of the ring Acrys as follows. Consider the
Witt ring Wn(ÕK̄) as a W -algebra by twisting the usual W -action by φ−n.
Then the map

θn : Wn(ÕK̄)→ OK̄/p
nOK̄

(a0, . . . , an−1) 7→
n−1∑
i=0

piâpn−i

i ,

where âi is a lift of ai to OK̄/p
nOK̄ , is a well-defined W -algebra surjection.

We let WDP
n (ÕK̄) denote the divided power envelope of the ring Wn(ÕK̄)

with respect to the ideal Ker(θn). We consider this ring as an S-algebra
by u 7→ [πn] and give it a structure as an object of ′Modr,φ

/S similar to that

of Acrys ([7, Subsection 2.2.2]). Then the map prn : R → ÕK̄ defined by
x = (x0, x1, . . .) 7→ xn induces an isomorphism Acrys/p

nAcrys → WDP
n (ÕK̄)

of ′Modr,φ
/S .

Let M be an object of Modr,φ
/S1

. The associated Gal(K̄/K∞)-module
T ∗
S(M) is defined as

T ∗
S(M) = HomS,φ(M, R).

Similarly, for an objectM of Modr,φ
/S1

, we also have the associated Gal(K̄/K∞)-
module

T ∗
crys(M) = HomS,Filr,φr(M, RDP),
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where RDP is the divided power envelope of R with respect to the ideal m≥e
R

and we identify this ring with Acrys/pAcrys. Then we have an isomorphism
of Gal(K̄/K∞)-modules

T ∗
S(M)→ T ∗

crys(MS(M))

f 7→ (s⊗m 7→ sφ(f(m))).

For an object M̃ of Modr,φ

/S̃1
, we also put

T̃ ∗
crys(M̃) = HomS̃1,Filr,φr

(M̃, RDP/FilpRDP).

The Galois group Gal(K̄/K∞) also acts on this module and for an object
M of Modr,φ

/S1
, the natural map

T ∗
crys(M)→ T̃ ∗

crys(T0(M))

is an isomorphism of Gal(K̄/K∞)-modules. The functors T ∗
S, T ∗

crys and T̃ ∗
crys

from Modr,φ
/S1

, Modr,φ
/S1

and Modr,φ

/S̃1
to the category of Gal(K̄/K∞)-modules

over Fp are exact. For an object M of Modr,φ
/S1

, we have dimFp(T
∗
S(M)) =

rankS1(M) and similar assertions also hold for T ∗
crys and T̃ ∗

crys.
To describe a duality theory for T ∗

S(M) and T ∗
crys(M), let us also fix a

system {ζpn}n∈Z≥0
of p-power roots of unity in K̄ such that ζ1 = 1, ζp 6= 1

and ζpn = ζp
pn+1 , and set an element ε ∈ R to be ε = (1, ζp, ζp2 , . . .) with an

abusive notation as before. Define an element t̄ of RDP by

t̄ = log(ε) =
∞∑
i=1

(−1)i−1(i− 1)!γi(ε− 1),

where γi means the i-th divided power.
Let S1(r) = S1e be the free S1-module of rank one with a basis e

endowed with the φ-semilinear map φ(e) = (−E(u)/F (u))re. Note that the
infinite product

∞∏
i=0

φi(φr((−E(u)/F (u))r))

converges p-adically to a unit α in S. ThenMS(S1(r)) is isomorphic to the
Breuil module S1(r) defined as (S1(r) = S1e,FilrS1(r) = S1(r), φr(e) = e)
via the multiplication by α−1. Thus we have isomorphisms of Gal(K̄/K∞)-
modules

T ∗
S(S1(r))→ T ∗

crys(MS(S1(r)))→ T ∗
crys(S1(r)) = Fp(e 7→ t̄r).

Their composite is given by f 7→ (e 7→ αφ(f(e))).
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Let M and M∨ be as above and choose a basis e1, . . . , ed of M. Consider
the pairing

DM : T ∗
S(M)× T ∗

S(M∨)→ T ∗
S(S1(r))

(f, f∨) 7→ (e 7→
d∑

i=1

f(ei)f∨(e∨i )),

where e∨1 , . . . , e
∨
d is the dual basis of e1, . . . , ed. From the definition, we can

check that the map on the right-hand is compatible with φS1(r).

Lemma 2.2. The pairing DM is a Gal(K̄/K∞)-equivariant perfect pairing
independent of the choice of a basis.

Proof. The Gal(K̄/K∞)-equivariance is obvious. Since this pairing is in-
duced by the natural pairing

HomS(M, R)×HomS(M∨, R) ' R⊗S1 M∨ ×HomS(M∨, R)→ R,

it is independent of the choice of a basis. We can show the perfectness of
the pairing just as in [10, Théorème 4.3.1], as follows. Let A = (ai,j) be
the representing matrix of φM for a basis e1, . . . , ed of M. An element f
of T ∗

S(M) is identified with a solution (f(e1), . . . , f(ed)) in R of the system
of equations Xp

i =
∑d

j=1 aj,iXj for i = 1, . . . , d. Suppose that an element
f∨ ∈ T ∗

S(M∨) satisfies DM(f, f∨) = 0 for any f ∈ T ∗
S(M). Put yi = f∨(e∨i ).

Then the set T ∗
S(M) is identified with the set of solutions in R of the system

of equations Xp
i =

∑d
j=1 aj,iXj (i = 1, . . . , d) and y1X1 + · · · + ydXd = 0.

Since this system of equations has no more than pd−1 solutions in R unless
yi = 0 for any i, the perfectness follows. �
Lemma 2.3. For an objectM of Modr,φ

/S1
, we have a Gal(K̄/K∞)-equivariant

perfect pairing

DM : T ∗
crys(M)× T ∗

crys(M∨)→ T ∗
crys(S1(r))

(f, f∨) 7→ (e 7→
d∑

i=1

f(ei)f∨(e∨i )),

where e1, . . . , ed is a basis ofM and e∨1 , . . . , e
∨
d is its dual basis. This pairing

is independent of the choice of a basis e1, . . . , ed.

Proof. This is a part of [10, Théorème 4.3.1]. Here we present a slightly
different proof. First note that the map DM(f, f∨) : e 7→

∑d
i=1 f(ei)f∨(e∨i )

is independent of the choice of a basis. Thus we may assume that e1, . . . , ed
is an adapted basis and we put

FilrM = ur1S1e1 ⊕ · · · ⊕ urdS1ed + (FilpS)M,

φr(ur1e1, . . . , u
rded) = (e1, . . . , ed)G

as before. Note that the ring homomorphism

(R/m≥ep
R )[Y1, Y2, . . .]/(Y

p
1 , Y

p
2 , . . .)→ RDP
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sending Yi to (pi − 1)!γpi(E(π)) is an isomorphism. Take f ∈ T ∗
crys(M) and

f∨ ∈ T ∗
crys(M∨). Since the elements urif(ei) and uer−rif∨(e∨i ) are contained

in FilrRDP, we can write f(ei) = uer−rizi + z′i and f∨(e∨i ) = uriwi +w′
i with

some zi, wi ∈ R/m≥ep
R and z′i, w

′
i ∈ FilpRDP. This shows that the map

DM(f, f∨) preserves the filtration. Moreover, since we have

(f(e1), . . . , f(ed))G = (φr(ur1f(e1)), . . . , φr(urdf(ed))),

(f∨(e∨1 ), . . . , f∨(e∨d ))cr(tG)−1 = (φr(uer−r1f∨(e∨1 )), . . . , φr(uer−rdf∨(e∨d ))),

we see that the equality

crDM(f, f∨)(e) =
∑

i

φr(urif(ei))φr(uer−rif∨(e∨i ))

= c2r
∑

i

φ(zi)φ(wi) = crφr(DM(f, f∨)(e))

holds. This shows that the pairingDM is well-defined. Then the Gal(K̄/K∞)-
equivariance is obvious, and the following proposition and Lemma 2.2 show
the perfectness of DM. �

Proposition 2.4. We have a commutative diagram

T ∗
S(M)× T ∗

S(M∨)

o
��

o
��

DM // T ∗
S(S1(r))

o αφ

��

T ∗
crys(MS(M))× T ∗

crys(MS(M∨))

T ∗
crys(MS(M))× T ∗

crys(MS(M)∨)

T ∗
crys(τM) o

OO

DM // T ∗
crys(S1(r)),

where the right vertical arrow is given by f 7→ (e 7→ αφ(f(e))) as before.

Proof. For an object M of Modr,φ
/S1

, we have a commutative diagram

T ∗
crys(M)× T ∗

crys(M∨)

o
��

o
��

DM // T ∗
crys(S1(r))

o
��

T̃ ∗
crys(T0(M))× T̃ ∗

crys(T0(M∨))
DM̃ // T̃ ∗

crys(S̃1(r)),

where the object S̃1(r) of Modr,φ

/S̃1
and the pairing DM̃ are defined similarly

to the case of Modr,φ
/S1

. Composing these two diagrams, it suffices to show
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the commutativity of the diagram

T ∗
S(M)× T ∗

S(M∨)

o
��

o
��

DM // T ∗
S(S1(r))

o αφ
��

T̃ ∗
crys(T0(MS(M)))× T̃ ∗

crys(T0(MS(M)∨))
DM̃ // T̃ ∗

crys(S̃1(r)),

where the middle vertical arrow is defined as

f∨ 7→ ((1⊗ ei)∨ 7→ φ(f∨(e∨i ))).

Since the image of α in S̃1 is equal to 1, the commutativity follows from the
definition. �

3. Cartier duality for upper and lower ramification subgroups

Let G be a finite flat generically etale (commutative) group scheme over
the ring of integers of a complete discrete valuation field. Abbes-Mokrane
([2]) initiated a study of ramification of G using a ramification theory of
Abbes-Saito ([3], [4]). As in the classical ramification theory of local fields,
G has upper and lower ramification subgroups ([17], [14]). When the base
field is of mixed characteristic, Tian proved that the upper and lower rami-
fication subgroups correspond to each other via usual Cartier duality if G is
killed by p ([25]), and Fargues found a much simpler proof of this theorem
([14]). In this section, after briefly recalling the ramification theory of finite
flat group schemes, we show a variant of Tian’s theorem for a complete dis-
crete valuation field of equal characteristic p with perfect residue field, using
the duality techniques presented in the previous section instead of Cartier
duality of finite flat group schemes.

3.1. Ramification theory of Abbes-Saito and finite flat group schemes.
In this subsection, we let K denote a complete discrete valuation field, π a
uniformizer of K, OK the ring of integers, F the residue field and Ksep a sep-
arable closure of K. Let vK be the valuation of K normalized as vK(π) = 1
and extend it naturally to Ksep. We put

m≥i
Ksep = {x ∈ OKsep | vK(x) ≥ i}

and similarly for m>i
Ksep .

An OK-algebra B is said to be formally of finite type if B is a complete
Noetherian semi-local ring and B/rad(B) is finite over F . An OK-algebra
surjection B→ B from an OK-algebra B formally of finite type and formally
smooth to a finite flat OK-algebra B is said as an embedding of B if it
induces an isomorphism B/rad(B) → B/rad(B). The embeddings of B
form a category in an obvious way. Then the j-th tubular neighborhood
Xj

K(B → B) of an embedding (B → B) for j ∈ Q>0 is the affinoid variety
over K defined as

Xj
K(B→ B) = Sp(K ⊗OK

(B[I l/πk])∧),
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where j = k/l with k, l ∈ Z>0, I = Ker(B → B), B[I l/πk] is the subring
of K ⊗OK

B generated by the elements f/πk with f ∈ I l and ∧ means the
π-adic completion. This affinoid variety is independent of the choice of a
presentation j = k/l. For an affinoid variety X over K, the set of geometric
connected components of X is denoted by π0(XKsep). We put abusively
FK(B) = FK(Spec(B)) = HomOK -alg.(B,OKsep) and

F j
K(B) = F j

K(Spec(B)) = lim←−π0(X
j
K(B→ B)Ksep),

where the projective limit is taken along the category of embeddings of B.
In fact, this projective system is constant. These two define functors from
the category of finite flat OK-algebras (or OK-schemes) to that of finite
Gal(Ksep/K)-sets and we also have a natural map FK(B) → F j

K(B) of
Gal(Ksep/K)-sets. If B is relatively complete intersection over OK and
K ⊗OK

B is etale over K, then this map is a surjection and the conductor
of B (or of Spec(B))

cK(B) = cK(Spec(B)) = inf{j ∈ Q>0 | FK(B)→ F j
K(B) is a bijection}

is shown to be an element of Q≥0. Moreover, for a finite separable exten-
sion L/K in Ksep of relative ramification index e′, we have a commutative
diagram of Gal(Ksep/L)-sets

FL(OL ⊗OK
B) −−−−→ FK(B)|Gal(Ksep/L)y y

F je′

L (OL ⊗OK
B) −−−−→ F j

K(B)|Gal(Ksep/L)

whose horizontal arrows are natural isomorphisms.
Let G = Spec(B) be a finite flat generically etale group scheme over

OK . Then G is relatively complete intersection over OK ([8, Proposition
2.2.2]). By a functoriality of the functors FK and F j

K , the Gal(Ksep/K)-
sets FK(G) and F j

K(G) have natural Gal(Ksep/K)-module structures and
the map FK(G) → F j

K(G) is a surjection of Gal(Ksep/K)-modules. The
scheme-theoretic closure in G of the kernel of this surjection is denoted by
Gj and called the j-th upper ramification subgroup of G. On the other
hand, for i ∈ Q≥0, the scheme-theoretic closure in G of Ker(G(OKsep) →
G(OKsep/m≥i

Ksep)) is denoted by Gi and called the i-th lower ramification
subgroup of G. We also put

Gj+(OKsep) =
∪
j′>j

Gj′(OKsep), Gi+(OKsep) =
∪
i′>i

Gi′(OKsep).

As in the classical case, the upper (resp. lower) ramification subgroups are
compatible with quotients (resp. subgroups). Namely, for a faithfully flat
homomorphism G → G′′ of finite flat group schemes over OK , the image
of Gj(OKsep) in G′′(OKsep) coincides with (G′′)j(OKsep) ([2, Lemme 2.3.2]).
From the definition, we also see that for a closed immersion G′ → G of finite
flat group schemes over OK , the subgroup G′(OKsep) ∩ Gi(OKsep) coincides
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with (G′)i(OKsep). In addition, for a finite separable extension L/K in Ksep

of relative ramification index e′, we have natural isomorphisms

(OL ×OK
G)je′ → OL ×OK

Gj , (OL ×OK
G)ie′ → OL ×OK

Gi

of finite flat group schemes over OL.
Suppose that K is of mixed characteristic (0, p). If G is killed by pn,

then we have cK(G) ≤ e(n+ 1/(p− 1)), where e is the absolute ramification
index of K ([17, Theorem 7]). When G is killed by p, the upper and lower
ramification subgroups of G switch to each other via Cartier duality, as
follows. Let G∨ be the Cartier dual of G, and consider the perfect pairing of
Cartier duality

〈 , 〉G : G(OK̄)× G∨(OK̄)→ µp(OK̄).

Then we have the following duality theorem for the upper and lower rami-
fication subgroups of G ([25, Theorem 1.6], [14, Proposition 6]).

Theorem 3.1. (Tian, Fargues) Let K be a complete discrete valuation field
of mixed characteristic (0, p) with absolute ramification index e and G be a
finite flat group scheme over OK killed by p. For j ≤ pe/(p − 1), we have
an equality

Gj(OK̄)⊥ = (G∨)l(j)+(OK̄)
of subgroups of G∨(OK̄), where ⊥ means the orthogonal subgroup with respect
to the pairing 〈 , 〉G and l(j) = e/(p− 1)− j/p.

3.2. Kisin modules and finite flat group schemes of equal charac-
teristic. Consider the complete discrete valuation field X = k((u)) with
uniformizer u and perfect residue field k. We embed OX = S1 = k[[u]] into
R by u 7→ π as before. Then R is the completion of the ring of integers of
an algebraic closure of OX . We let X sep denote the separable closure of X
in Frac(R).

Let Y be a finite extension of X in R of relative ramification index e′ and
let φ also denote the absolute Frobenius endomorphism of Y. We identifyOY
with l[[v]] for a finite extension l of k. Define a category Modr,φ

/OY
to be the

category of free OY -modules N of finite rank endowed with a φ-semilinear
map φN : N→ N such that the cokernel of the map 1⊗φN : OY⊗φ,OY N→ N
is killed by uer.

For an object M of Modr,φ
/OX

= Modr,φ
/S1

, we consider the OY -module

OY⊗OX M as an object of Modr,φ
/OY

by giving it the φ-semilinear map φ⊗φM.

This defines a base change functor OY⊗OX − : Modr,φ
/S1
→ Modr,φ

/OY
. We also

have a duality theory for the category Modr,φ
/OY

similar to that of Modr,φ
/S1

.

Let N be an object of Modr,φ
/OY

and put N∨ = HomOY (N,OY). Take a basis
e1, . . . , ed of N and let e∨1 , . . . , e

∨
d be its dual basis of N∨. Define a matrix

A ∈Md(OY) by
φ(e1, . . . , ed) = (e1, . . . , ed)A.
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Then we put

φN∨(e∨1 , . . . , e
∨
d ) = (e∨1 , . . . , e

∨
d )(−E(u)/F (u))r(tA)−1.

We can show that this is independent of the choice of a basis and we have
an isomorphism of the double duality as before. Moreover, for an object M

of Modr,φ
/S1

, we have a natural isomorphism

OY ⊗OX M∨ → (OY ⊗OX M)∨

of Modr,φ
/OY

, by which we identify both sides.
For a finite flat group scheme H over a base of characteristic p, we let FH

and VH denote the Frobenius and Verschiebung of H, respectively. We say
that a finite flat group scheme H over OY is v-height ≤ s if its Verschiebung
VH is zero and the cokernel of the natural map

F ∗
H : OY ⊗φ,OY HomOY -grp.(H,Ga)→ HomOY -grp.(H,Ga)

is killed by vs. The category of finite flat group schemes over OY of v-height
≤ s is denoted by C≤s

OY
. Then we have an anti-equivalence of categories

HY(−) : Modr,φ
/OY
→ C≤ee′r

OY

([16, Théorème 7.4]). The group scheme HY(N) is defined as a functor over
OY by

A 7→ HomOY ,φ(N,A),

where we consider an OY -algebra A as a φ-module over OY with the absolute
Frobenius endomorphism of A. If we choose a basis e1, . . . , ed of N and a
matrix A = (ai,j) ∈ Md(OY) as above, then HY(N) is isomorphic to the
additive group scheme over OY defined by the system of equations

Xp
i −

d∑
j=1

aj,iXj = 0 (i = 1, . . . , d).

For an object M of Modr,φ
/S1

, we also have a natural isomorphism

OY ×OX HX (M)→ HY(OY ⊗OX M)

of finite flat group schemes over OY . We drop the subscript Y of HY if there
is no risk of confusion.

The following lemma is a variant of the scheme-theoretic closure for finite
flat group schemes.

Lemma 3.2. Let M be an object of Modr,φ
/S1

and L be a Gal(X sep/X )-stable

subgroup of T ∗
S(M). Then there exists a surjection M→M′′ of Modr,φ

/S1
such

that the image of the corresponding injection T ∗
S(M′′) → T ∗

S(M) coincides
with L. A surjection M → M′′ satisfying this property is unique up to a
unique isomorphism.
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Proof. This follows from the same argument as in [21, Lemma 2.3.6]. Indeed,
let Modφ

/X denote the category of etale φ-modules over X ([15, Section A1]).

We have an equivalence of categories T∗ from Modφ
/X to the category of finite

Gal(X sep/X )-modules over Fp defined by T∗(M) = (X sep ⊗X M)φ=1. For
an object M of Modφ

/X , we also put T ∗(M) = HomX ,φ(M,X sep). Then the
natural map

T∗(M)→ HomFp(T
∗(M),Fp)

is an isomorphism of Gal(X sep/X )-modules. Set M = X ⊗S1 M. We have a
canonical isomorphism T ∗

S(M) → T ∗(M) of Gal(X sep/X )-modules and let
M ′′ be the quotient of M corresponding to the surjection

T∗(M)→ HomFp(T
∗(M),Fp)→ HomFp(L,Fp).

Then the Kisin module M′′ = Im(M → M → M ′′) satisfies the desired
property. �

Let M be an object of Modr,φ
/S1

and L be a Gal(X sep/X )-stable subgroup
of H(M)(R) ' T ∗

S(M). Take a surjection M → M′′ corresponding to the
image of L in T ∗

S(M) as in the previous lemma. We call the subgroup scheme
H(M′′) of H(M) as the scheme-theoretic closure of L.

Since the finite flat group scheme H(M) is generically etale, the group
H(M)(OX sep) can be identified with the group H(M)(R). Moreover, we
have a surjection of Gal(X sep/X )-modules

FX (H(M)) = H(M)(OX sep) = H(M)(R)→ F j
X (H(M))

and its kernel is the j-th upper ramification subgroup H(M)j(OX sep) =
H(M)j(R). We also have the i-th lower ramification subgroup

H(M)i(OX sep) = Ker(H(M)(OX sep)→ H(M)(OX sep/m≥i
X sep)),

which we identify with

H(M)i(R) = Ker(H(M)(R)→ H(M)(R/m≥i
R ))

by using the injection OX sep/m≥i
X sep → R/m≥i

R . Since H(M)(R) = T ∗
S(M),

the natural pairing DM of Lemma 2.2 induces a perfect pairing

〈 , 〉M : H(M)(R)×H(M∨)(R)→ R.

Then the main theorem of this section is the following.

Theorem 3.3. Let M be an object of Modr,φ
/S1

. Then the conductor of the
finite flat group scheme H(M) over OX satisfies the inequality cX (H(M)) ≤
per/(p− 1). Moreover, for j ≤ per/(p− 1), we have an equality

H(M)j(R)⊥ = H(M∨)lr(j)+(R)

of subgroups of H(M∨)(R), where ⊥ means the orthogonal subgroup with
respect to the pairing 〈 , 〉M and lr(j) = er/(p− 1)− j/p.
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Proof. We proceed as in the proof of [14, Proposition 6]. Let Y be a finite
separable extension of X in X sep of relative ramification index e′ and put
N = OY ⊗S1 M. Then we have a commutative diagram

H(M)(R)×H(M∨)(R)

o
��

o
��

〈 , 〉M // R

HY(N)(R)×HY(N∨)(R)
〈 , 〉N

// R,

where 〈 , 〉N is a perfect pairing defined similarly to the pairing 〈 , 〉M
and the vertical arrows are isomorphisms. Since H(M∨) is generically etale,
after making a finite separable base change and replacing e by ee′, we may
assume that the Gal(X sep/X )-action on H(M∨)(OX sep) is trivial.

Let f∨ be an element of H(M∨)(R) and λ : M∨ → N be the surjection of
Modr,φ

/S1
corresponding to the subspace Fpf

∨ ⊆ H(M∨)(R) by Lemma 3.2.
The natural isomorphism M→ (M∨)∨ induces a morphism

H(M) ' H((M∨)∨)→ H(N∨)

of finite flat group schemes over OX , where the right arrow is a faithfully
flat homomorphism.

Lemma 3.4. We have a commutative diagram

T ∗
S(M)

DM ))SSSSSSSSSSSSSSS T ∗
S((M∨)∨)∼oo

DM∨o
��

T ∗
S(λ∨)

// T ∗
S(N∨)

DNo
��

HomFp(T
∗
S(M∨), T ∗

S(S1(r))) //

��

HomFp(T
∗
S(N), T ∗

S(S1(r)))

��
HomFp(T

∗
S(M∨), R)

T ∗
S(λ)∗

// HomFp(T
∗
S(N), R),

where T ∗
S(λ)∗ is the natural map induced by T ∗

S(λ) : T ∗
S(N)→ T ∗

S(M∨) and
the lower vertical arrows are induced by the map T ∗

S(S1(r))→ R defined as
f 7→ f(e).

Proof. Choose basis e1, . . . , ed of M and n of N. The commutativity of the
lower square is obvious. The top left triangle is also commutative, since the
double duality isomorphism M → (M∨)∨ maps ei to (e∨i )∨. It suffices to
show that the right outer square is commutative. Put

λ(e∨1 , . . . , e
∨
d ) = (λ1n, . . . , λdn)

with some λi ∈ S1. Then the commutativity follows from the fact that,
for f∨∨ ∈ T ∗

S((M∨)∨), both of its two images in HomFp(T
∗
S(N), R) send

ψ ∈ T ∗
S(N) to

∑d
i=1 λiψ(n)f∨∨((e∨i )∨). �
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Let f be an element of T ∗
S(M). Its image in HomFp(T

∗
S(N), R) of the

diagram in the lemma is ψ 7→ 〈f, ψ◦λ〉M. From the definition of the scheme-
theoretic closure, we see that the equality Fpf

∨ = {ψ◦λ | ψ ∈ T ∗
S(N)} holds

in T ∗
S(M∨). Thus the previous lemma implies that an element f∨ of T ∗

S(M∨)
is contained in the orthogonal subgroup (H(M)j(R))⊥ if and only if the
image of H(M)j(R) by the surjection H(M)(R)→ H(N∨)(R) is zero. This
is the same as H(N∨)j(R) = 0. By Lemma 3.5 below, this holds if and only
if j > per/(p− 1) or j ≤ per/(p− 1) and H(N)lr(j)+(R) = H(N)(R). Since
the last equality occurs if and only if f∨ ∈ H(M∨)lr(j)+(R), the theorem
follows. �
Lemma 3.5. Let N be an object of Modr,φ

/S1
which is free of rank one over

S1. Then we have H(N∨)j(R) = 0 if j > per/(p− 1). For j ≤ per/(p− 1),
the subgroup H(N∨)j(R) is zero if and only if H(N)lr(j)+(R) = H(N)(R).

Proof. Let n be a basis of N and n∨ be its dual basis of N∨. Put φN(n) =
usan with 0 ≤ s ≤ er and a ∈ S×

1 . Then we have φN∨(n∨) = uer−sa′n∨

with some a′ ∈ S×
1 . Hence the defining equations of H(N) and H(N∨) are

Xp − usaX = 0 and Xp − uer−sa′X = 0, respectively. By a calculation as
in [17, Section 3], we see that

H(N∨)j(R) =
{
H(N∨)(R) (j ≤ p(er − s)/(p− 1))
0 (j > p(er − s)/(p− 1)),

H(N)i(R) =
{
H(N)(R) (i ≤ s/(p− 1))
0 (i > s/(p− 1))

and the first assertion follows. Moreover, for j ≤ per/(p − 1), we have
lr(j) ≥ 0 and

H(N∨)j(R) = 0⇔ j > p(er − s)/(p− 1)

⇔ lr(j) < s/(p− 1)⇔ H(N)lr(j)+(R) = H(N)(R).

�
By the previous lemma, we also have the following corollary.

Corollary 3.6. Let M be an object of Modr,φ
/S1

. Then the i-th lower rami-
fication subgroup H(M)i vanishes for i > er/(p− 1).

Proof. As in the proof of Theorem 3.3, we may assume that the Gal(X sep/X )-
module H(M)(R) is trivial. For i > er/(p − 1), take an element x ∈
H(M)i(R) and consider the scheme-theoretic closure H(N) of the subspace
Fpx ⊆ H(M)(R). By Lemma 3.5, we have H(N)i(R) = 0 and thus x =
0. �
Remark 3.7. Let K be a complete discrete valuation field of mixed char-
acteristic (0, p) and G be a finite flat group scheme over OK killed by p.
Then, by using the usual scheme-theoretic closure of finite group schemes,
we can easily see that the i-th lower ramification subgroup Gi vanishes for
i > e/(p− 1), just as in the proof of Corollary 3.6.
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3.3. Appendix: a description of the tame characters of T ∗
S(M). In

this subsection, we prove Theorem 1.2, though we do not use it in the
rest of the paper. Let k̄ be the residue field of X sep and consider the
one-dimensional k̄-vector space Θj = m≥j

X sep/m
>j
X sep ' m≥j

R /m>j
R for a non-

negative rational number j. Then the inertia subgroup IX naturally acts on
Θj and this action is k̄-linear. Moreover, the multiplication map induces an
IX -equivariant isomorphism

Θj ⊗k̄ Θj′ → Θj+j′ .

We let θj denote the character IX → k̄× defined by the IX -action on Θj and
call it the fundamental character of level j ([24, Subsection 1.7 and 1.8]).
From the definition, we see that the equalities θj+j′ = θjθj′ and θ1/p = 1
hold. Put j = p−ma/b with a,m ∈ Z≥0, b ∈ Z>0 and p - b. Then the j-th
fundamental character θj is also given by

θj(σ) = (σ(u1/b)/u1/b)p−ma mod m>0
X sep .

Hence the image θj(IX ) generates a finite extension over Fp in k̄ and we let
this extension be denoted by F(j).

Lemma 3.8. Via the identification Gal(X sep/X ) ' Gal(K̄/K∞), the mod p
cyclotomic character χ̄p : Gal(K̄/K∞)→ F×

p corresponds to the fundamental
character θe/(p−1) of IX .

Proof. Recall that the element

t̄ =
∞∑
i=1

(−1)i−1(i− 1)!γi(ε− 1)

of the ring RDP satisfies σ(t̄) = χ̄p(σ)t̄ for any σ ∈ Gal(K̄/K). Therefore,
by considering the image of t̄ in RDP/FilpRDP ' R/m≥ep

R , we see that χ̄p

corresponds to the fundamental character θpe/(p−1) of IX . The latter is equal
to θe/(p−1). �

For a field F and a character θ : IX → F×, we let F(θ) denote the one-
dimensional F-vector space on which IX acts by θ. For an object M of
Modr,φ

/S1
and a non-negative rational number i, we also put

griH(M)•(R) = H(M)i(R)/H(M)i+(R).

By Theorem 3.3 and the previous lemma, the perfect pairing DM induces
an isomorphism of IX -modules

grjH(M)•(R)→ HomFp(grlr(j)H(M∨)•(R),Fp(θer/(p−1))).

Lemma 3.9. Let M be an object of Modr,φ
/S1

and i be a non-negative rational
number. Then the IX -action on the i-th graded piece Vi = griH(M)•(R) is
tame. Moreover, there exists an F(i)-action on Vi such that the IX -action
on Vi factors through θi : IX → F×

(i).
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Proof. Choose a basis e1, . . . , ed of M. Then we have an injection of IX -
modules ι : Vi → Θ⊕d

i defined by f 7→ (f(e1), . . . , f(ed)). Hence we see that
if σ ∈ IX acts trivially on Θi, then it acts trivially also on Vi. This implies
that the IX -action on Vi is tame and factors through θi(IX ). Let x be a
generator of the finite cyclic group θi(IX ) ⊆ F×

(i). By definition, the finite
extension F(i)/Fp is also generated by x. We let the minimal polynomial of
x over Fp be denoted by Hx(T ) ∈ Fp[T ]. Take an element σ ∈ IX satisfying
θi(σ) = x. Since Hx(σ) acts on Θi as the zero map, it acts on Vi also as the
zero map. Thus we have a ring homomorphism

Fp[T ]/(Hx(T ))→ EndFp(Vi)
T 7→ σ.

We give Vi a structure of an F(i)-vector space via the composite of this
homomorphism and the inverse of the isomorphism Fp[T ]/(Hx(T )) ' F(i)

sending T to x. Then the action of the element x = θi(σ) ∈ F(i) on Vi

coincides with the action of σ. Thus this action has the desired property. �
Proof of Theorem 1.2. Note that the field F(lr(j)) coincides with F(j). Write
V j for the j-th graded piece in the theorem. By the previous lemma, we have
an IX -equivariant Fp-linear isomorphism V j → HomFp(F(j)(θ−j/p)⊕n,Fp)
and thus the IX -action on V j is tame. Moreover, an action of F(j) as in
the theorem is given by twisting the induced action of F(j) from the right-
hand side of this isomorphism by the p-th power map. This concludes the
proof. �
Remark 3.10. We can show Theorem 1.2 also as in the proof of the main
theorem of [19], since the proof carries over verbatim for H(M).

4. Comparison of ramification

Let p > 2 be a rational prime and K be a complete discrete valuation
field of mixed characteristic (0, p) with perfect residue field k, as in Section
2. Then it is known that there exists an anti-equivalence G(−) from the cate-
gory Mod1,φ

/S1
to the category of finite flat group schemes over OK killed by p.

On the other hand, we also have the anti-equivalenceH(−) : Mod1,φ
/S1
→ C≤e

OX

defined in Section 3 and an isomorphism of Gal(K̄/K∞)-module

εM : G(M)|Gal(K̄/K∞) → H(M)(R).

In this section, we prove that this isomorphism is compatible with the upper
and the lower ramification subgroups of both sides. For the proof, after re-
calling the construction of the anti-equivalence G(−) ([8], [20]) and checking
its compatibility with the base change to Kn = K(πn), we show that the
isomorphism εM is also compatible with dualities on both sides. Then, by
the duality theorems presented in Section 3, we reduce ourselves to compare
the lower ramification subgroups of both sides. This comparison of lower
ramification subgroups relies on the fact that reductions of G(M) and H(M)
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are isomorphic to each other, not as group schemes but merely as pointed
schemes.

4.1. Breuil’s classification. In this subsection, we briefly recall Breuil’s
classification of finite flat group schemes over OK ([8]). Here we restrict
ourselves to the case of p-torsion group schemes.

Put E1 = Spec(S1) and S1 = Spec(OK/pOK). For a scheme X over S1,
the big crystalline site with the syntomic topology for X/E1 is denoted by
CRYS(X/E1) and its topos by (X/E1)CRYS. We have the structure sheaf
OX/E1

and the ideal sheaf JX/E1
on this site.

Let Spf(OK)syn be the category of syntomic p-adic formal schemes over
Spf(OK) with the syntomic topology ([8, Subsection 2.2]) and (Ab/OK) be
the category of abelian sheaves on Spf(OK)syn. We consider a finite flat
group scheme over OK naturally as an object of Spf(OK)syn or (Ab/OK).
For a p-adic formal scheme X over Spf(OK), we put X1 = X×OK

(OK/pOK).
Then the sheaf of rings Ocrys

1,π and its ideal sheaf J crys
1,π on Spf(OK)syn are

defined as

X 7→ Ocrys
1,π (X) = Γ((X1/E1)CRYS,OX1/E1

),

X 7→ J crys
1,π (X) = Γ((X1/E1)CRYS,JX1/E1

).

Let φ : Ocrys
1,π → O

crys
1,π be the map induced by the crystalline Frobenius map.

Then there exists a φ-semilinear map φ1 : J crys
1,π → Ocrys

1,π of (Ab/OK) and
with these structures the S-module Ocrys

1,π (X) can be considered as an object
of ′Mod1,φ

/S .
Let COK ,1 be the category of finite flat group schemes over OK killed by

p and G be an object of this category. Then the S1-module

Mod(G) = Hom(Ab/OK)(G,O
crys
1,π )

has a natural structure as an object of Mod1,φ
/S1

with rankS1(Mod(G)) =

logp(rank(G)). On the other hand, for an objectM of Mod1,φ
/S1

, we define an
abelian sheaf Gr(M) on Spf(OK)syn by

X 7→ Gr(M)(X) = HomS,Fil1,φ1
(M,Ocrys

1,π (X)).

This sheaf is shown to be represented by a finite flat group scheme over OK

killed by p, which is denoted also by Gr(M) ([8, Corollaire 3.1.8]). Then
the functor Mod(−) : COK ,1 → Mod1,φ

/S1
is an anti-equivalence of categories

and the functor Gr(−) is a quasi-inverse of Mod(−) ([8, Théorème 3.3.7]).
Now we put

G(−) = Gr(MS(−)) : Mod1,φ
/S1
→ COK ,1,

which is also an anti-equivalence of categories. Then, for an object M of
Mod1,φ

/S1
, we have a natural isomorphism of Gal(K̄/K∞)-modules

εM : G(M)(OK̄)→ T ∗
S(M) = H(M)(R)
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([20, Proposition 1.1.13]). This isomorphism is constructed as follows. Let
H1 be the divided power polynomial ring RDP〈u−π〉 over RDP. The natural
surjection

H1 = RDP〈u− π〉 → ÕK̄

r = (r0, r1, . . .) 7→ r0

u 7→ π

is a divided power thickening of ÕK̄ and we can show that this gives the
final object of CRYS(Spec(ÕK̄)/E1). Thus the ring Ocrys

1,π (OK̄) is naturally
identified with H1 and the map H1 → RDP defined by u 7→ π induces an
isomorphism of Gal(K̄/K∞)-modules

εM : Gr(M)(OK̄) = HomS,Fil1,φ1
(M,H1)→ HomS,Fil1,φ1

(M, RDP)

(see the proof of [8, Lemme 5.3.1]). The isomorphism εM is the com-
posite of εMS(M) and the inverse of the natural isomorphism T ∗

S(M) →
T ∗

crys(MS(M)).
Let M be an object of Mod1,φ

/S1
. In [8, Section 3], Breuil gave an explicit

description of the affine algebra RM of the finite flat group scheme Gr(M)
in terms of M. Let e1, . . . , ed be an adapted basis ofM such that

Fil1M = ur1S1e1 ⊕ · · · ⊕ urdS1ed + (FilpS)M,

φ1(ur1e1, . . . , u
rded) = (e1, . . . , ed)G

with a matrix G ∈ GLd(S1) (note that we adopt the transpose of the nota-
tion in [8]). Assume that the image G̃ of G in GLd(S̃1) is contained in the
subgroup GLd(k[up]/(uep)). Consider the ring homomorphisms

k[u]/(uep)→ OK1/pOK1 ← OK1 ,

where the first map is the φ−1-semilinear isomorphism defined by u 7→ π1.
We choose a lift Gπ = (ai,j) of G̃ by this map to GLd(OK) using the as-
sumption on G and put

RM =
OK [X1, . . . , Xd](

Xp
1 + πe−r1

F (π) (
∑d

j=1 aj,1Xj), . . . , X
p
d + πe−rd

F (π) (
∑d

j=1 aj,dXj)
) .

Then we have an isomorphism of p-adic formal schemes Spf(RM) ' Gr(M).
The induced map

Ψ : HomOK -alg.(RM,OK̄)→ Gr(M)(OK̄) = HomS,Fil1,φ1
(M,H1)

is defined as follows. Let f : RM → OK̄ be an element of the left-hand
side. Set xi = f(Xi) and x̄i to be its image in ÕK̄ . We let yi denote the
inverse image of x̄i by the isomorphism pr1 : RDP → (ÕK̄)DP recalled in
Subsection 2.3. Then Ψ(f) is the unique element of the right-hand side
which is congruent to the S-linear map (ei 7→ yi) modulo FilpH1 (see the
proof of [8, Proposition 3.1.5]). From this description, we see that the zero
section of the group scheme Spec(RM) is defined by X1 = · · · = Xd = 0.
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4.2. Compatibility with the base change to Kn. Next we investigate a
compatibility of the map εM with the base change from K to Kn = K(πn).
Put S′ = W [[v]] and define a Frobenius endomorphism of S′ by φ(v) = vp.
Then the ring homomorphism S1 → S′

1 = k[[v]] defined by u 7→ vpn
is

compatible with φ’s. Let E′(v) = E(vpn
) be the Eisenstein polynomial of

πn over W . Then we see that a base change functor S′ ⊗S − : Modr,φ
/S1
→

Modr,φ
/S′

1
is defined by M 7→M′ = S′ ⊗S M with φM′ = φ⊗ φM.

As in [18, Section 3], we can define a similar base change functor for
Modr,φ

/S1
. Let S′ be the p-adic completion of the divided power envelope

W [v]DP of W [v] with respect to the ideal (E′(v)) and we define φ, Filr and
φr of the ring S′ similarly to the ring S. Then the ring homomorphism
W [u] → W [v] sending u to vpn

induces a ring homomorphism W [u]DP →
W [v]DP (resp. S → S′) and this makes the W [u]DP-algebra W [v]DP (resp.
the S-algebra S′) free of rank pn. From this we can show that the natural
map S′ ⊗S FilrS → FilrS′ is an isomorphism and the φ-semilinear map
φr : FilrS′ → S′ corresponds via this isomorphism to φ ⊗ φr. Then the
functor S′ ⊗S − : Modr,φ

/S1
→ Modr,φ

/S′
1

is defined by M 7→ M′ = S′ ⊗S M
with

FilrM′ = S′ ⊗S FilrM, φr,M′ = φ⊗ φr,M.

By definition, we have a functorial isomorphism S′⊗SMS(M)→MS′(S′⊗S
M) for an object M of Modr,φ

/S1
, by which we identify both sides.

Consider the W -algebra homomorphism W [[v]]→W (R) defined by v 7→
[π1/pn

]. Using this map, we have a similar functor T ∗
S′ (resp. T ∗

crys′) from the

category Modr,φ
/S′

1
(resp. Modr,φ

/S′
1
) to the category of Gal(K̄/K∞)-modules.

Moreover, we have a natural commutative diagram

T ∗
S(M) //

��

T ∗
crys(M)

��
T ∗
S′(S′ ⊗S M) // T ∗

crys′(S
′ ⊗SM)

of Gal(K̄/K∞)-modules whose arrows are isomorphisms.
By the definition of the functor H(−), we have a natural isomorphism

k[[v]]×k[[u]] H(M)→ H(S′ ⊗S M)

of finite flat group schemes over k[[v]] which induces on the R-valued points
the above isomorphism T ∗

S(M) → T ∗
S′(S′ ⊗S M). On the other hand, the

functor Gr(−) is also compatible with the base change functor Modr,φ
/S1
→

Modr,φ
/S′

1
. Though a proof of this fact can be found in [18, Theorem 3.6] at

least for n = 1, we give here a more transparent proof.
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Proposition 4.1. Let M be an object of Mod1,φ
/S1

and put M′ = S′ ⊗S M.
Then there exists a natural isomorphism

OKn ×OK
Gr(M)→ Gr(M′)

of finite flat group schemes over OKn.

Proof. PutE′
1 = Spec(S′

1). Then the pull-back (X1/E1)CRYS → (X1/E
′
1)CRYS

for an object X ∈ Spf(OKn)syn defines a natural map of sheaves

Gr(M)|Spf(OKn )syn
→ Gr(S′ ⊗SM).

It suffices to show that this map is an isomorphism. Take a p-adic syntomic
formal scheme

A = OKn{X1, . . . , Xr}/(f1, . . . , fs)
over OKn , where OKn{X1, . . . , Xr} is the p-adic completion of the polyno-
mial ring OKn [X1, . . . , Xr] and f1, . . . , fs be a transversally regular sequence
of that ring over OKn . As in [8, Lemme 2.3.2], we put

Ai = OKn{X
p−i

0 , Xp−i

1 , . . . , Xp−i

r }/(X0 − πn, f1, . . . , fs),

A∞ = lim−→i
Ai and

A∞ = A∞/pA∞ ' k[Xp−∞

0 , Xp−∞

1 , . . . , Xp−∞
r ]/(Xepn

0 , f1, . . . , fs).

Note that Ai is a p-adic syntomic cover of A over OKn . We also put

Ocrys
1,π (A∞) = lim−→

i

Ocrys
1,π (Ai), J crys

1,π (A∞) = lim−→
i

J crys
1,π (Ai)

and similarly for Ocrys
1,πn

(A∞) and J crys
1,πn

(A∞). We give these rings the filtra-
tions defined by the divided power structures. Then as in the proof of [8,
Lemme 2.3.2], we can show that there exist isomorphisms

Ocrys
1,π (A∞)/FilpOcrys

1,π (A∞) ' A∞[u]/(up −Xpn

0 ),

Ocrys
1,πn

(A∞)/FilpOcrys
1,πn

(A∞) ' A∞[v]/(vp −X0),

where A∞ is considered as a k-algebra by twisting the natural k-action by
φ−1. Let B∞ (resp. B′

∞) denote the former (resp. the latter) k-algebra.
Since we have φ1(FilpOcrys

1,π (A∞)) = 0, we can define a structure as an object
of ′Mod1,φ

/S on B∞ induced from Ocrys
1,π (A∞) and similarly for B′

∞. Moreover,
we have a commutative diagram

HomS,Fil1,φ1
(M,Ocrys

1,π (A∞)) //

��

HomS,Fil1,φ1
(M, B∞)

��
HomS′,Fil1,φ1

(M′,Ocrys
1,πn

(A∞)) / / HomS′,Fil1,φ1
(M′, B′

∞),

where the vertical arrows are the natural pull-back maps and the horizontal
arrows are isomorphisms. Thus, to prove the proposition, it is enough to
show the bijectivity of the right vertical arrow. Note that this arrow is
induced by the A∞-algebra homomorphism B∞ → B′

∞ sending u to vpn
.
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Let ψi be the element of the ring k[Xp−∞

0 , Xp−∞

1 , . . . , Xp−∞
r ] such that ψp

i
coincides with the image of fi, and we also let it abusively denote its image
in A∞. Put ξ = u−Xpn−1

0 and ξ′ = v −X1/p
0 . By definition, the filtrations

of the rings B∞ and B′
∞ are given by

Fil1B∞ = (ξ, ψ1, . . . , ψs, X
epn−1

0 ), Fil1B′
∞ = (ξ′, ψ1, . . . , ψs, X

epn−1

0 ).

We can describe φ1’s of the rings B∞ and B′
∞ as follows. Take a lift ψ̂i of

ψi in the ring A∞. We have ψ̂p
i + pψ̂′

i = 0 for some ψ̂′
i ∈ A∞ and set ψ′

i to
be the image of ψ̂′

i in A∞. Then we have

φ1(ξ) =
p−1∑
k=1

(−1)k pCk

p
uk(Xpn−1

0 )p−k, φ1(X
epn−1

0 ) = φ(−F (u))

and φ1(ψi) = (ψ′
i)

p for B∞. Similarly, we also have

φ1(ξ′) =
p−1∑
k=1

(−1)k pCk

p
vk(X1/p

0 )p−k, φ1(X
epn−1

0 ) = φ(−F (vpn
))

and φ1(ψi) = (ψ′
i)

p for B′
∞. Since we have the equality

p−1∑
k=1

(−1)k pCk

p
= 0,

we can also write φ1(ξ) = wXpn−1

0 ξ with some w ∈ B∞ and φ1(ξ′) =
w′X

1/p
0 ξ′ with some w′ ∈ B′

∞.
The ring surjection B∞ → B∞/(ξ) ' A∞ induces on the k-algebra A∞ a

structure as an object of Mod1,φ
/S1

. Namely, it is defined by

Fil1A∞ = (ψ1, . . . , ψs, X
epn−1

0 ),

φ1(ψi) = (ψ′
i)

p and φ1(X
epn−1

0 ) = φ(−F (Xpn−1

0 )). This is the same as the
induced structure by the ring surjection B′

∞ → B′
∞/(ξ

′) ' A∞. Moreover,
since X1/p

0 is nilpotent in A∞, we have a commutative diagram

HomS,Fil1,φ1
(M, B∞) //

��

HomS,Fil1,φ1
(M, A∞)

��
HomS′,Fil1,φ1

(M′, B′
∞) // HomS′,Fil1,φ1

(M′, A∞)

whose horizontal arrows are isomorphisms. From the definition of M′, we
see that the right vertical arrow is also an isomorphism. Thus we conclude
the proof of the proposition. �
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Put H ′
1 = RDP〈v − π1/pn〉. This ring is naturally identified with the ring

Ocrys
1,πn

(OK̄) as in the case of H1 and the diagram

H1 = RDP〈u− π〉

��

u7→π // RDP

H ′
1 = RDP〈v − π1/pn〉

v 7→π1/pn
// RDP

is commutative, where the left vertical arrow is defined by u 7→ vpn
. Let

M be an object of Mod1,φ
/S1

and put M = MS(M), M′ = S′ ⊗S M and
M′ = S′ ⊗S M. Then we have a commutative diagram of Gal(K̄/K∞)-
modules

Gr(M)(OK̄) //

��

HomS,Fil1,φ1
(M, RDP)

��

// H(M)(R)

��
Gr(M′)(OK̄) // HomS′,Fil1,φ1

(M′, RDP) // H(M′)(R),

where the vertical arrows are isomorphisms.
Let vKn be the valuation on C satisfying vKn(πn) = 1 and v′R be the

corresponding valuation v′R(r) = vKn(r(0)) on the ring R. Put

m′≥i
K̄ = {x ∈ OK̄ | vKn(x) ≥ i}, m′≥i

R = {r ∈ R | v′R(r) ≥ i}.

Then the lower ramification subgroups of Gr(M′) over OKn and of H(M′)
over k[[v]] are by definition

Gr(M′)i(OK̄) = Ker(Gr(M′)(OK̄)→ Gr(M′)(OK̄/m
′≥i
K̄ )),

H(M′)i(R) = Ker(H(M′)(R)→ H(M′)(R/m′≥i
R )).

Hence we have the following proposition.

Proposition 4.2. Let M be an object of Mod1,φ
/S1

and put M = MS(M),
M′ = S′ ⊗S M and M′ = S′ ⊗S M. Then the natural isomorphisms of
Gal(K̄/K∞)-modules εM and εM′ make the following diagram commutative.

G(M)(OK̄)
εM //

��

H(M)(R)

��
G(M′)(OK̄) εM′

// H(M′)(R)

Here the vertical arrows are the base change isomorphisms. Moreover, these
vertical arrows induce isomorphisms from the i-th to the pni-th lower rami-
fication subgroups.

�
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4.3. Compatibility with duality. In this subsection, we prove that there
exists a natural isomorphism β : Gr(−) → Gr((−)∨)∨ of functors from
Mod1,φ

/S1
to COK ,1, where the first ∨ means the duality of Mod1,φ

/S1
presented

in Section 2 and the second ∨ means usual Cartier duality (a similar result
is obtained independently by Abrashkin ([1])). Then we define for an object
M of Mod1,φ

/S1
an isomorphism of Gal(K̄/K∞)-modules

δM : G(M)∨(OK̄)→ H(M∨)(R)

which has a compatibility with the map εM and the dualities on both sides.
In [11], Caruso constructed a similar natural isomorphism to β more gen-
erally for the category of finite flat group schemes over OK killed by some
p-power. In fact, we can check that his isomorphism also yields the desired
compatibility (and the two natural isomorphisms are the same) by unwind-
ing the definition and doing a lengthy diagram chase. Here we prefer a
shorter exposition by giving the following direct construction of this natural
isomorphism which works only for Mod1,φ

/S1
.

Proposition 4.3. Let M be an object of Mod1,φ
/S1

. Then there exists a
natural isomorphism

βM : Gr(M)→ Gr(M∨)∨

of finite flat group schemes over OK , where the first ∨ is the duality of
Mod1,φ

/S1
and the second ∨ means usual Cartier duality.

Proof. Let us consider the object S1(1) of Mod1,φ
/S1

defined by (S1(1) = S1e =
Fil1S1(1), φ1(e) = e) as in Subsection 2.3. To construct the isomorphism in
the proposition, we first show the following generalization of Lemma 2.3.

Lemma 4.4. Let M be an object of Mod1,φ
/S1

. Take a basis e1, . . . , ed of M
and its dual basis e∨1 , . . . , e

∨
d ofM∨. Let X be an object of Spf(OK)syn. Then

we have a natural pairing

DM,X : HomS,Fil1,φ1
(M,Ocrys

1,π (X))×HomS,Fil1,φ1
(M∨,Ocrys

1,π (X))

→ HomS,Fil1,φ1
(S1(1),Ocrys

1,π (X))

defined by DM,X(f, f∨)(e) =
∑d

i=1 f(ei)f∨(e∨i ), which is independent of the
choice of a basis and functorial on X.

Proof. The functoriality on X is clear. We can also check the independence
of the choice of a basis as before. Thus we may take an adapted basis
e1, . . . , ed ofM satisfying

FilrM = ur1S1e1 ⊕ · · · ⊕ urdS1ed + (FilpS)M,

φr(ur1e1, . . . , u
rded) = (e1, . . . , ed)G

with 0 ≤ ri ≤ e and G ∈ GLd(S1). Then the dual basis e∨1 , . . . , e
∨
d ofM∨ is

also an adapted basis, as we have seen in Subsection 2.2.
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Now we only have to show that the S-linear map S1(1)→ Ocrys
1,π (X) defined

by e 7→
∑d

i=1 f(ei)f∨(e∨i ) is compatible with Fil1’s and φ1’s. For this, we
may assume that the p-adic formal scheme X is affine and X = Spf(A) with

A = OK{X1, . . . , Xr}/(f1, . . . , fs)

as in Subsection 4.2. We put Ai, A∞ and A∞ as in the notation there for
n = 0. Since Ai is a p-adic syntomic cover of A, we have a commutative
diagram

0 −−−−→ J crys
1,π (A) −−−−→ Ocrys

1,π (A) −−−−→ A/pAy y y
0 −−−−→ J crys

1,π (A∞) −−−−→ Ocrys
1,π (A∞) −−−−→ A∞

whose rows are exact and vertical arrows are injective (see the remark after
[8, Corollaire 2.3.3]). Hence it is enough to check the compatibility on A∞.

Put B∞ = A∞[u]/(up−X0) andH1,A = Ocrys
1,π (A∞). We give the rings A∞

and B∞ natural structures as objects of ′Mod1,φ
/S as in Subsection 4.2. Then

we have a decomposition H1,A = B∞ ⊕ FilpH1,A ([8, Lemme 2.3.2]). Let us
consider the elements ψ1, . . . , ψs and ξ = u−X1/p

0 as before. We claim that
if a ∈ A∞ satisfies (X1/p

0 )ria ∈ Fil1A∞, then we have a ∈ (X1/p
0 )e−riA∞.

Indeed, note that the k-algebra

A∞/Fil1A∞ = k[Xp−∞

0 , . . . , Xp−∞
r ]/((X1/p

0 )e, ψ1, . . . , ψs)

is isomorphic via φ to the k-algebra

k[Xp−∞

0 , . . . , Xp−∞
r ]/(Xe

0 , f1, . . . , fs) = A∞/pA∞.

Then we have πriφ(a) = 0 in this k-algebra. Since the OK-algebra A∞ is
π-torsion free, the claim follows. Thus we can write the elements f(ei) and
f∨(e∨i ) of the ring H1,A as

f(ei) = (X1/p
0 )e−rizi + ξz′i + z′′i ,

f∨(e∨i ) = (X1/p
0 )riwi + ξw′

i + w′′
i

with some zi, wi ∈ A∞, z′i, w
′
i ∈ B∞ and z′′i , w

′′
i ∈ FilpH1,A. Since we have

upe = 0 in the ring H1,A, we can show the compatibility with Fil1’s and φ1’s
just as in the proof of Lemma 2.3. �

Note that there exists an isomorphism µp ' Gr(S1(1)) of finite flat group
schemes over OK . Thus we also have an isomorphism

ηX : µp(X)→ HomS,Fil1,φ1
(S1(1),Ocrys

1,π (X))

which is functorial on X. After a twist by the action of Aut(µp) = F×
p , we

may assume that the induced map

ηOK̄
: µp(OK̄)→ HomS,Fil1,φ1

(S1(1), H1) = Fp(e 7→ t̄)
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is given by ζp 7→ (e 7→ t̄). Then we get a homomorphism

Gr(M)(X)→ Hom(Gr(M∨)(X), µp(X))

which is also functorial on X. Since Gr(M∨) is a p-adic syntomic formal
scheme over Spf(OK), this defines a homomorphism

βM : Gr(M)→ Gr(M∨)∨

of finite flat group schemes over OK .
Now we prove that βM is an isomorphism. By Lemma 2.3, the composite

Gr(M)(OK̄)→ Gr(M∨)∨(OK̄) = HomOK̄ -grp.(OK̄ ×OK
Gr(M)∨, µp,OK̄

)

→ Hom(Gr(M∨)(OK̄), µp(OK̄)) ' Hom(T ∗
crys(M∨), T ∗

crys(S1(1)))

is an isomorphism. By comparing the orders of both sides, we see that the
induced map

Gr(M)(OK̄)→ Gr(M∨)∨(OK̄)

of Gal(K̄/K)-modules is also an isomorphism. This shows that the map
βM defines an isomorphism over K. For a finite flat group scheme G over
OK , let d(G/OK) denote the discriminant ideal of G/OK . Consider the base
change map S → S′ as in Subsection 4.2 for n = 1 and putM′ = S′ ⊗SM.
Then, by Proposition 4.1, we have the equality

vK(d(Gr(M)/OK)) =
1
p
vK(d(Gr(M′)/OK1)).

Take an adapted basis e1, . . . , ed of M and G ∈ GLd(S1) as before. Put
S̃′

1 = k[v]/(vep2
) and consider the natural surjection S′

1 → S′
1/FilpS′

1 ' S̃′
1

as in the case of S. Then the image of G by the map GLd(S1)→ GLd(S′
1)→

GLd(S̃′
1) is contained in GLd(k[vp]/(vep2

)) and we can apply the explicit
description of the affine algebra of Gr(M′) recalled in Subsection 4.1. Since
we have vK(d(G/OK))+vK(d(G∨/OK)) = vK(rank(G)), we get the equality

vK(d(Gr(M)/OK)) = de−
d∑

i=1

ri = vK(d(Gr(M∨)∨/OK)).

Hence the map βM is an isomorphism. �

Note that we also have an isomorphism γ : Gr((M∨)∨)→ Gr(M) induced
by the isomorphism of the double duality M→ (M∨)∨. Then we define a
Gal(K̄/K∞)-equivariant isomorphism δM by the composite

δM : Gr(M)∨(OK̄)
γ∨
→Gr((M∨)∨)∨(OK̄)

→
β−1

Gr(M∨)(OK̄) →
εM∨

HomS,Fil1,φ1(M∨, RDP),

where we put β = βM∨ .
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Lemma 4.5. We have a commutative diagram

Gr(M)(OK̄)×Gr(M)∨(OK̄)

εM
��

δM
��

〈 , 〉Gr(M) // µp(OK̄)

ι

��
T ∗

crys(M)× T ∗
crys(M∨)

〈 , 〉M
// RDP,

where 〈 , 〉M is the pairing induced by DM and ι is the homomorphism
sending ζp to t̄.

Proof. Take elements x ∈ Gr(M)(OK̄) and x∨ ∈ Gr(M)∨(OK̄). By the
functoriality of the Cartier dual, we have the equality

〈x, x∨〉Gr(M) = 〈γ−1(x), γ∨(x∨)〉Gr((M∨)∨).

From the construction of the isomorphism β and the choice of the isomor-
phism ηX, we see that the equality

ι(〈γ−1(x), γ∨(x∨)〉Gr((M∨)∨)) = 〈(εM∨ ◦β−1 ◦γ∨)(x∨), (ε(M∨)∨ ◦γ−1)(x)〉M∨

holds. By the definition of the pairing 〈 , 〉M, we also have the equality

〈εM(x), δM(x∨)〉M = 〈δM(x∨), (ε(M∨)∨ ◦ γ−1)(x)〉M∨

and the lemma follows. �

Let M be an object of Mod1,φ
/S1

and put M = MS(M). By combining
the middle vertical arrows of the diagrams in Proposition 2.4 and Lemma
4.5, we have an isomorphism of Gal(K̄/K∞)-modules

δM : G(M)∨(OK̄)→ T ∗
S(M∨) = H(M∨)(R).

Then we get the following corollary.

Corollary 4.6. We have a commutative diagram

G(M)(OK̄)× G(M)∨(OK̄)

εM
��

δM
��

〈 , 〉G(M) // µp(OK̄)

α−1ι
��

H(M)(R)×H(M∨)(R)
〈 , 〉M

// R,

where the right vertical arrow is the injective homomorphism defined by ζi
p 7→

iα−1t̄.

�
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4.4. Proof of the main theorem. Now we prove Theorem 1.1. By Theo-
rem 3.1, Theorem 3.3 and Corollary 4.6, it suffices to show that the isomor-
phism δM induces an isomorphism of lower ramification subgroups

(G(M)∨)i(OK̄)→ H(M∨)i(R)

for any i ∈ Q≥0. By the construction of the map δM, it is enough to show
that, for an object M of Mod1,φ

/S1
andM =MS(M), the isomorphism

ε : Gr(M)(OK̄)→ T ∗
crys(M)→ T ∗

S(M) = H(M)(R)

induces an isomorphism between the i-th lower ramification subgroups of
Gr(M)(OK̄) and H(M)(R) for any i ∈ Q≥0. Note that, by Corollary 3.6
and Remark 3.7, the i-th lower ramification subgroups of both sides vanish
for i > e/(p − 1). By Proposition 4.2, it suffices to show the claim after
the base change to K1 = K(π1). We adopt the notation in Subsection 4.2
for n = 1, as in the proof of Proposition 4.3. For example, we set the base
change homomorphism S→ S′ to be u 7→ vp. Then we are reduced to show
the following proposition.

Proposition 4.7. Let M be an object of Mod1,φ
/S1

and i′ ≤ ep be a non-
negative rational number. Put M = MS(M), M′ = S′ ⊗S M, M′ =
MS′(M′) and ε′ = εM′ as in Subsection 4.2 for n = 1. Then there exists a
bijection

ε′i′ : Gr(M′)(OK̄/m
′≥i′

K̄ )→ H(M′)(R/m′≥i′

R )

which satisfies ε′i′(0) = 0 and makes the following diagram commutative.

Gr(M′)(OK̄) ε′ //

��

H(M′)(R)

��

Gr(M′)(OK̄/m
′≥i′

K̄
)

ε′
i′

// H(M′)(R/m′≥i′

R )

Proof. Take an adapted basis e1, . . . , ed of M and the representing matrix
G as before. Then we see thatM′ has an adapted basis e′1, . . . , e

′
d such that

Fil1M′ = vpr1S′
1e

′
1 ⊕ · · · ⊕ vprdS′

1e
′
d + (FilpS′)M′,

φ1(vpr1e′1, . . . , v
prde′d) = (e′1, . . . , e

′
d)G

′,

where G′ is the image of G in GLd(S′
1) by the map S1 → S′

1 sending u to vp.
Consider the natural ring surjection S′

1 → S̃′
1 = k[v]/(vep2

). Then the image
G̃′ of the matrix G′ by this surjection is contained in GLd(k[vp]/(vep2

)).
Take its lift Ĝ′

1 in GLd(k[[vp]]) via the natural surjection S′
1 = k[[v]]→ S̃′

1 =
k[v]/(vep2

). We define an object N′ of Mod1,φ
/S′

1
to be N′ = S′

1n1⊕· · ·⊕S′
1nd

with

φN′(n1, . . . , nd) = (n1, . . . , nd)φ−1(Ĝ′
1)(−F (vp))−1diag{vpe−pr1 , . . . , vpe−prd}.
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Then the associated Breuil module N ′ =MS′(N′) is given by

N ′ = S′
1(1⊗ n1)⊕ · · · ⊕ S′

1(1⊗ nd),

Fil1N ′ = vpr1S′
1(1⊗ n1)⊕ · · · ⊕ vprdS′

1(1⊗ nd) + (FilpS′)N ′,

φ1(vpr1(1⊗ n1), . . . , vprd(1⊗ nd)) = (1⊗ n1, . . . , 1⊗ nd)c′φ(−F (vp))−1Ĝ′
1,

where c′ = φ1(E(vp)) ∈ (S′)×. Since the element c′φ(−F (vp))−1 coincides
with 1 in the ring S̃′

1, we see that T0(M′) and T0(N ′) are naturally isomor-
phic to each other. Hence we have an isomorphism τ ′ : M′ → N′, and it is
enough to construct a bijection

ε′i′ : Gr(N ′)(OK̄/m
′≥i′

K̄ )→ H(N′)(R/m′≥i′

R )

satisfying ε′i′(0) = 0 and compatible with the isomorphism ε′ : Gr(N ′)(OK̄)→
H(N′)(R) as in the proposition.

Choose a lift Ĝ′ of Ĝ′
1 in GLd(W [[vp]]) and put φ−1(Ĝ′) = (ai,j). Note

that we have a commutative diagram of W -algebras

W [[v]]
v 7→π1 //

��

OK1

��
k[[v]] // k[v]/(vep) ∼

// OK1/pOK1 .

Consider the composite map

W [[v]]→ OK1/pOK1 → OK2/pOK2

∼→ k[v]/(vep2
) = S̃′

1,

where the last arrow is the φ-semilinear isomorphism defined by π2 7→ v.
Then the image of φ−1(Ĝ′) by this composite map coincides with G̃′. This
implies that the affine algebra RN ′ of Gr(N ′) is defined by the system of
equations over OK1

Xp
i +

πpe−pri
1

F (π)
(

d∑
j=1

aj,i(π1)Xj) (i = 1, . . . , d),

where ai,j(π1) means the image of ai,j by the map W [[v]]→ OK1 defined as
in the above diagram. On the other hand, the defining equations of H(N′)
over k[[v]] are

Xp
i +

vpe−pri

F (vp)
(

d∑
j=1

āj,iXj) (i = 1, . . . , d),

where āi,j means the image of ai,j by the natural map W [[v]]→ k[[v]], and
the zero section of H(N′) is by definition X1 = · · · = Xd = 0. This implies
that there exists an isomorphism

(OK1/pOK1)×OK1
Gr(N ′)→ (k[v]/(vep))×k[[v]] H(N′)
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of schemes over OK1/pOK1 ' k[v]/(vep) defined by Xi 7→ Xi. Note that we
also have an isomorphism of rings

pr0 : R/m′≥ep
R → OK̄/m

′≥ep
K̄

= ÕK̄

which lies over the map k[v]/(vep) → OK1/pOK1 . Thus, for i′ ≤ ep, we get
a bijection

ε′i′ : Gr(N ′)(OK̄/m
′≥i′

K̄ )→ H(N′)(R/m′≥i′

R )
satisfying ε′i′(0) = 0.

To prove the compatibility of ε′ and ε′i′ , let us consider the diagram

OK̄
//

��

(ÕK̄)DP RDP
pr1
∼

oo R
φoo

��

ÕK̄ R/m′≥ep
R .

pr0
∼

oo

Let x = (x1, . . . , xd) be an element of Spec(RN ′)(OK̄) and z = (ni 7→ zi) be
the corresponding element of T ∗

S′(N′) via the composite

Spec(RN ′)(OK̄) ' Gr(N ′)(OK̄) ε′→ T ∗
S′(N′).

Let yi ∈ R be the element such that pr1(yi) coincides with the image x̄i

of xi in ÕK̄ . Then, in the ring RDP, we have φ(zi) − yi ∈ FilpRDP. Put
yi = (yi,0, yi,1, . . .) and zi = (zi,0, zi,1, . . .) with yi,j , zi,j ∈ ÕK̄ . Since the
natural map R→ RDP induces an isomorphism

R/m′≥ep2

R → RDP/FilpRDP

and the kernel of the map pr1 : R→ ÕK̄ coincides with the ideal m′≥ep2

R , we
have yi,1 = zp

i,1 = zi,0. This implies x̄i = zi,0 and the compatibility of ε′ and
ε′i′ as in the proposition follows. Hence we conclude the proof of Theorem
1.1. �

Note that in the course of the proof of Proposition 4.7, we have also shown
the following theorem.

Theorem 4.8. Let M be an object of the category Mod1,φ
/S1

. Consider the
k-algebra k[[v]] as a k[[u]]-algebra by the map u 7→ vp. By the k-algebra
isomorphism k[[v]]/(vep) → OK1/pOK1 defined by v 7→ π1, we identify the
k-algebras of both sides. Then we have an isomorphism

(OK1/pOK1)×OK
G(M)→ (k[[v]]/(vep))×k[[u]] H(M)

of schemes over k[[v]]/(vep) ' OK1/pOK1 preserving the zero section.

Remark 4.9. The way we have proved Theorem 1.1 is based on switching
from the upper to the lower ramification subgroups via duality. The author
wonders if we can prove the theorem in an “upper” way, namely by con-
structing a natural isomorphism between the sets of geometric connected
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components of tubular neighborhoods of G(M) and H(M) using the similar-
ity of their affine algebras, even though they are in different characteristics.
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