ON THE COMPACTIFICATION OF THE DRINFELD
MODULAR CURVE OF LEVEL I'2(n)

SHIN HATTORI

ABSTRACT. Let p be a rational prime and ¢ a power of p. Let n
be a non-constant monic polynomial in F,[t] which has a prime
factor of degree prime to ¢ — 1. In this paper, we define a Drinfeld
modular curve Y{*(n) over A[1/n] and study the structure around
cusps of its compactification Xf\‘(n), in a parallel way to Katz-
Mazur’s work on classical modular curves. Using them, we also
define a Hodge bundle over X{(n) such that Drinfeld modular
forms of level I'1(n), weight k& and some type are identified with
global sections of its k-th tensor power.

1. INTRODUCTION

Let p be a rational prime and ¢ a power of p. Put A = F[t],
Ky =F,((1/t)) and let C, be the (1/t)-adic completion of an algebraic
closure of K. We denote by € the Drinfeld upper half plane Cy\ K,
which has a natural structure of a rigid analytic variety over K. Let
n and o be monic polynomials in A such that g is irreducible of degree
d > 0 and prime to n. We put

Iy(n) = {’y e GLQ(A)’ N = (0 1) mod n}

and I';1(n) = I'1 (n) n SLy(A). Let K be the p-adic completion of F,(t),
which is a complete discrete valuation field with uniformizer p.

For any k € Z and | € Z/(q — 1), a Drinfeld modular form of level
['y(n), weight k& and type [ is a rigid analytic function f : Q@ — C,,
satisfying

f (“Z - b) — (ad —be)(cz + d)* f(2) for any 2 € Q, <Z 2) e T (n)

cz+d

and a certain holomorphy condition at cusps. It is a function field ana-
logue of the notion of elliptic modular form of level I'; (V) and weight k.
As in the latter case, for any non-constant n, Drinfeld modular forms
of level I'y(n) and weight k£ are identified with global sections of the
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k-th tensor power of a natural line bundle &, on an algebraic curve
Xi1(n)c, over Cy called Drinfeld modular curve of level I'y;(n). The
curve Xi;(n)c,, is the compactification of a moduli space Yi;(n)c,, of
Drinfeld modules of rank two endowed with some level structures such
that Y11(n)c, (Cy) is identified with T'j; (n)\€2.

We also have a g-adic version of the notion of Drinfeld modular
form—g-adic Drinfeld modular form [Vin, Gos2]. The latter is defined
as the p-adic limit in K[[x]] of Fourier expansions at co of Drinfeld
modular forms with expansion coefficients in IF,(¢). It is expected that
Drinfeld modular forms have deep p-adic properties which are compa-
rable to p-adic properties of elliptic modular forms.

To investigate p-adic properties of Drinfeld modular forms, we need
to define models X and w of X1;(n)c,, and we,, over A[1/n] in order to
pass to Ok. The problem is that, the study around cusps of Drinfeld
modular curves in the literature [Dri, Gosl, Gekl, Gek2, Gek3, vdPT,
vdH, Boc] is carried out by, first describing the formal completion for
the case of the Drinfeld modular curve X (n) of full level over A[1/n]
and then taking the quotient by an appropriate group acting on X (n).
Since this group action is not necessarily free at cusps (in fact, the

01
bundle on X (n) descends to a model X over A[l/n] and we need a
more precise study of the formal completion along cusps.

In this paper, we resolve it by following the method of Katz-Mazur
[KM] in the case of classical modular curves. For this, we need to
assume that the level n has a prime factor of degree prime to g — 1.
This ensures the existence of a subgroup A < (A/(n))* which is a di-
rect summand of FY. Under this mild assumption, a I'f*(n)-structure
is defined as a pair of a usual I'; (n)-structure and an additional struc-
ture admitting an Fj-action. In particular, for any A[1/n]-algebra
Ry which is an excellent regular ring, we have a fine moduli scheme
Y2 (n)g, classifying Drinfeld modules with I'{(n)-structures and also
its compactification X{*(n)g,. Then we can show that X{(n)p/n is
a model of Xji(n)c,. It also enables us to control types of Drinfeld
modular forms by a diamond operator [Hat].

element (1 1) € I'11(n)/T'(n) stabilizes o0), it is unclear if the Hodge

_—— A
Let Cuspsp, be the formal completion of X{*(n)g, along the cusps
and Cuspsﬁ0 its reduction. Then we will prove the following theorems.

Theorem 1.1 (Theorem 5.3). Let Ry be a flat A[1/n]-algebra which is
an excellent reqular domain.
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(1) Let P2 be the co-cusp of X2 (n)g,. Then there exists a natural
1somorphism of complete local rings

(t2)* £ Oxauyp, ps — Rolle]].

(2) The Hodge bundle on Y/ (n)g, extends to an invertible sheaf

WS on X2(n)g, satisfying

(25)* (@) = Ro[[]]dX,

where dX denotes an invariant differential form of a Tate-
Drinfeld module TDY(A).
(3) The formation of O3, is compatible with any base change Ry —
R} of flat A[1/n]-algebras which are excellent reqular domains.
(4) There exist natural actions of Y on X (n)g, and on &g, cov-

un
ering the former action.

Theorem 1.2 (Theorem 6.3). Let Ry be a flat A[1/n]-algebra which is
an excellent regular domain. Let W, (X)) be the n-th Carlitz cyclotomic
polynomial [Car| and R, the affine ring of a connected component of

Spec(Ro[X]/(Wa(X))). We also put

il {7 e SLQ(A/(n))‘ = (1 (f) mod n} .

(1) We have a natural isomorphism

A
CUSpSRO X Ro Rn = ]_[ SpeC(Rn[[w]D?
(a,b)

where the direct sum is taken over a complete representative of
the set

Fy\{(a,b) € (A/(m))* | (a.b) = (1)}/Ty.

(2) Cuspsﬁ(J is finite etale over Ry. In particular, it defines an
effective Cartier divisor of X2 (n)g, over Ry.

(3) For any (a,b) € (A/(n))? satisfying (a,b) = (1), we denote by
fo the monic generator of the ideal Anny(b(A/(n))) and by %
the fy-multiplication map of the Carlitz module C. Then, at
each point of Cusps'ﬁ0 in the component labeled by (a,b), the
wnvertible sheaf

1 A
QXﬁ(n)RO/Ro (2Cuspsy, )

is locally generated by the section dx/x?, where x is defined by
1z = @%(1/10).
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We also have similar results for the case of level I'f(n) n To(p) (7).

For the proof of the above theorems, the main differences from [KM]
are twofold: First, the j-invariant j; of the usual Tate-Drinfeld module
does not give (the inverse of) a uniformizer of the j-line at the infinity,
contrary to the case of the Tate curve. For this, we use a descent
TD"(A) of the Tate-Drinfeld module by an IF-action on the coefficients
to obtain a right j-invariant (see (5.1)). This enables us to study
Drinfeld modular curves directly in §5, not via taking quotients of
X(n). As a trade-off, we need to consider I'®(n)-structures, not just
I'; (n)-structures, in order to kill an effect of the descent. The author
learned the idea of the use of the descent from a work of Armana [Arm].

Second, since we are in the positive characteristic situation with
wild ramification along cusps, we cannot use Abhyankar’s lemma to
study the structure of Drinfeld modular curves around cusps. This is
bypassed by a direct computation of the formal completion along each
cusp over R, (§6).

In the paper [Hat], the above theorems are combined with a dual-
ity theory of Taguchi [Tag] for Drinfeld modules of rank two, which
compensates the lack of autoduality for Drinfeld modules, to develop
a geometric theory of p-adic Drinfeld modular forms in a similar way
to [Kat].

Acknowledgments. This work was supported by JSPS KAKENHI
Grant Numbers JP26400016, JP17K05177.

2. DRINFELD MODULES

For any scheme S over F,, we denote the ¢g-th power Frobenius map
on S by Fg:S — S. For any S-scheme T and Og-module L, we put
TW =T xgp, Sand L9 = F#(L). For any A-scheme S, the image of
t € A by the structure map A — Og(S) is denoted by 6.

For any scheme S over [F, and any invertible Og-module £, we write
the associated covariant line bundle to £ as

V(L) = Specg(Syme, (L271))

with £L&7! = LY = Home,(L,Og). Tt represents the functor over
S defined by T'+— L|7(T'), where L|r denotes the pull-back to 7', and
thus we identify £ with V,(£). We have the ¢-th power Frobenius map

T L— L% [ %

by which we identify £9 with £27. This map induces a homomorphism
of group schemes over S

7: V(L) — V,(L£%9).
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Definition 2.1 ([Lau], Remark (1.2.2)). Let S be a scheme over A and
r a positive integer. A (standard) Drinfeld (A-)module of rank r over
S'is a pair E = (£, ®¥) of an invertible sheaf £ on S and an F-algebra
homomorphism

dF . A — Endg(V4(L))
satisfying the following conditions for any a € A\{0}:

e the image ®F of a by ®F is written as

rdeg(a) .
dE = 2 a;(a)T!,  ai(a) e LOT(S)

1=0

With o deg(a) (@) nowhere vanishing.
e ag(a) is equal to the image of a by the structure map A —

Os(5).

We often refer to the underlying A-module scheme V,.(£) as E. A
morphism (£, ®) — (L', ®’) of Drinfeld modules over S is defined to
be a morphism of A-module schemes V, (L) — V(L) over S.

We denote the Carlitz module over S by C': it is the Drinfeld module
(Os,®%) of rank one over S defined by ®° = 6 + 7. We identify

the underlying group scheme of C' with G, = Specg(Og[Z]) using
le Os(S)

Lemma 2.2. (1) Let E be a line bundle over S. Let H be a finite
locally free closed F,-submodule scheme of E over S. Suppose
that the rank of H is a constant q-power. Then E/H is a line
bundle over S.

(2) Let E be a Drinfeld module of rank r. Let H be a finite locally
free closed A-submodule scheme of E of constant g-power rank
over S. Suppose either

e H is etale over S, or
e S is reduced and for any mazimal point n of S, the fiber
H, of H overn is etale.
Then E/H is a Drinfeld module of rank r with the induced A-

action.

Proof. The assertion (1) follows in the same way as [Leh, Ch. 1, Propo-
sition 3.2]. For (2), we may assume that S = Spec(B) is affine, the
underlying invertible sheaves of E and E/H are trivial and H is free of
rank ¢" over S. We write the t-multiplication maps of E and E/H as

OF(X) = 0X+a1 X+ +a, X7, BT(X) = bgX +b X9+ - +b, X
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with bs # 0. From the proof of [Leh, Ch. 1, Proposition 3.2, we may
also assume that the map F — E/H is defined by an F,-linear monic
additive polynomial

X P(X)=p X+ +paa X + X7

From the equality /" (P(X)) = P(®F(X)), we obtain r = s, b, = a?"
and py(bp—0) = 0. If H is etale over B, then we have p; € B* and thus
by = 0. If the latter assumption in the lemma holds, then p; € B is a
non-zero divisor in the ring B/p for any minimal prime ideal p. Since
B is reduced, it is a subring of | [ B/p, where the product is taken over
the set of minimal prime ideals p of B. This also yields by = 6, and
thus E/H is a Drinfeld module of rank r in both cases. U

Next let o be a monic irreducible polynomial of degree d > 0 in
A =T [t], as before. Let S be an A-scheme of characteristic p and £ =

(L, ®F) a Drinfeld module of rank two over S. By [Sha, Proposition
2.7], we can write as

OF = (ag(E) + -+ + ang(E)T) 7%, oy(E) € LB7(S).

We put

Fip=1"E—E", V,p=0aqE)+ +an(E)r’: B4 - E.
We also denote them by F; and Vj if no confusion may occur. They
are isogenies of Drinfeld modules satisfying Vo Fy = q)g and F oV =
®E [Sha, §2.8].

Definition 2.3. We say E is ordinary if ay(E) € L£®-1"(§) is nowhere
vanishing, and supersingular if ay(E) = 0.

By [Sha, Proposition 2.14], E is ordinary if and only if Ker(V}) is
etale.

3. DRINFELD MODULAR CURVES

Let n be a non-constant monic polynomial in A = F,[¢] which is
prime to p. Put A, = A[1/n]. For any Drinfeld module E of rank
two over an A-scheme S and a non-constant monic polynomial m € A,
a I'(m)-structure on F is an A-linear homomorphism « : (4/(m))? —
E(S) inducing the equality of effective Cartier divisors of F

>, [a(a)] = E[m].
ag(4/(m)?

If m is invertible in S, then it is the same as an isomorphism of A-
module schemes a : (A/(m))? — E[m] over S, where the underline
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means the constant A-module scheme. If m has at least two different
prime factors, then the functor over A sending S to the set of isomor-
phism classes of such pairs (F,«) over S is represented by a regular
affine scheme Y (m) of dimension two which is flat and of finite type over
A. Over A[l/m], for any non-constant m this functor is representable
by an affine scheme Y (m) which is smooth of relative dimension one
over A[1/m]. The natural left action of GLy(A/(m)) on (A/(m))?* in-
duces a right action of this group on Y (m).

For any Drinfeld module F of rank two over an A,-scheme S, we de-
fine a I'y (n)-structure on £ as a closed immersion of A-module schemes
A C[n] — E over S. Since C[n] is etale over S, we see that over a
finite etale cover of A, a I';(n)-structure on F is identified with a closed
immersion of A-module schemes A/(n) — E. Then [Fli, Proposition

4.2 (2)] implies that £ has no non-trivial automorphism fixing A\. Note
that the quotient F[n]/Im(\) is a finite etale A-module scheme over S
which is etale locally isomorphic to A/(n), and thus the functor

Fsom g g(A/(n), E[n]/Im(N))

is represented by a finite etale (A/(n))*-torsor I(g »y over S.

Consider the functor over A, sending an A,-scheme S to the set
of isomorphism classes [(E, A)] of pairs (E, \) consisting of a Drinfeld
module E of rank two over S and a I';(n)-structure A on E. Then we
can show that this functor is representable by an affine scheme Y;(n)
which is smooth over A, of relative dimension one.

Suppose that there exists a prime factor q of n such that its residue
extension k(q)/F, is of degree prime to ¢— 1. In this case, the inclusion
Fx — k(q)* splits and we can choose a subgroup A < (A4/(n))* such
that the natural map A — (A/(n))*/Fx is an isomorphism. For such
A, we define a I'?(n)-structure on E as a pair (\,[u]) of a T'y(n)-
structure A on £ and an element [u] € (I(5x)/A)(S). We have a fine
moduli scheme Y*(n) of the isomorphism classes of triples (E, \, [u]),
which is finite etale over Yi(n). The universal Drinfeld module over
Y2(n) is denoted by E2 = V,(£4) and put

un

wlﬁl = wEfn = (‘CuAn)v7

where wpa denotes the sheaf of invariant differential forms on EZ.
For any Drinfeld module E over an A,-scheme S, a I'g(gp)-structure
on F is a finite locally free closed A-submodule scheme G of E[p| of
rank ¢? over S. Then we have a fine moduli scheme Y2 (n, p) classifying
tuples (E, A, [1], G) consisting of a Drinfeld module E of rank two over
an Ay-scheme S, a I'f(n)-structure (), [¢]) and a To(p)-structure G on
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E. From the theory of Hilbert schemes, we see that the natural map
Y2, p) — Y2(n) is finite, and it is also etale over A,[1/p]. For any
Ay-algebra R, we write as Y2 (n)r = Y2(n) x 4, Spec(R) and similarly
for other Drinfeld modular curves.

Lemma 3.1. Y2(n, o) is smooth over A, outside finitely many super-
singular points on the fiber over (p).

Proof. Let B be an Artinian local A,-algebra of characteristic p and J
an ideal of B satisfying J? = 0. Let E be an ordinary Drinfeld module
of rank two over B/J and G a I'y(p)-structure on E. Since B is local,
the underlying invertible sheaf of F is trivial. It is enough to show that
the isomorphism class of the pair (E, G) lifts to B.

Since E is ordinary and B/J is Artinian local, we have either G =
Ker(Fy g) or the composite G — E[p| — Ker(V, g) is an isomorphism.
In the former case, write as ®F = 0 + a;7 + ao7%. For any lift a; € B
of a;, we can define a structure of a Drinfeld module of rank two over
B on E = Spec(B[X]) by putting ®F = 6 + a,7 + ay72, which is also
ordinary. Then G lifts to Ker(FdVE). In the latter case G is etale and,
by Lemma 2.2 (2), E/G has a structure of a Drinfeld module of rank
two. Moreover, it is also ordinary since (E/G)[p] has the etale quotient
G. Thus we have isomorphisms

(E/G) 27 (B/G) /Ker(Fy ) —2> E

sending Ker(Vy g/ g) to G. Since the above argument shows that F/G

also lifts to an ordinary Drinfeld module F of rank two over B, the
pair (E,G) lifts to the pair (F'@*), Ker(V, )) over B. O

Put K, = F,((1/t)) and let Cy, be the (1/t)-adic completion of an
algebraic closure of K. Let A be the ring of finite adeles (namely,
the restricted direct product over the set of places of Fy(t) other than
the (1/t)-adic one) and A its subring of elements which are integral at
all finite places. Let € be the Drinfeld upper half plane over C.,. Put

g mod nA e (A AM)},

K{(n) = {g e GLy(A) 0

I(n) = {9 € GLy(A) ‘ g mod (n) = ((1) (1))}

and TP (n) = GLy(A) n K{*(n). Since A* = F),
SLy(A). This yields

2 (n) — {g & SLy(A) ‘ g mod (n) e ((1) A/f”))}.

we have I'?(n) <
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In particular, the group I'®(n) is independent of the choice of A. Note
that the natural right action of g € GLy(A/(n)) on Y (n)c,, corresponds
to the left action of ‘g on I'(n)\Q via the Mobius transformation. Since
F det(K2(n)) = A*, [Dri, Proposition 6.6] implies that the analytifi-
cation of Y2 (n)c,, is identified with

GLy(F, (1)\Q2 x GLa(A)/KR(n) = TR )\,

and thus the fiber Y2 (n)x  is geometrically connected. Similarly, we
see that Y2 (n, o)k, is also geometrically connected.

For any Drinfeld module E of rank two over S, we write the t¢-
multiplication map of E as ®F = 0 + a;7 + ao7? and put

G(E) = " @ a7t e O4(9).
Consider the finite flat map
Je Y () — Ay = Spec(Auls]), 0B

and a similar finite map for Y*(n, ). We define the compactifications
XA2(n) and X2(n,p) of Y2(n) and Y2 (n, p) as the normalizations of
Pl in Y/2(n) and Y{*(n, p) via this map, respectively. As in [Sha, §7.2],
we see that X (n) is smooth over A, and X{(n,p) is smooth over
Ay[1/p]. By a similar argument to the proof of [KM, Corollary 10.9.2],
Zariski’s connectedness theorem implies that each fiber of the map
X2(n) — Spec(4,) is geometrically connected, and so is X2 (n, p) —
Spec(Aq[1/p]). For any A,-algebra R which is Noetherian, excellent
and regular, we also have the compactifications X2 (n)z and X2 (n, p)r
of YA (n)r and Y (n, p)g. From the smoothness of X (n), we have
X£(m)gr = X2(n) x4, Spec(R). The base change compatibility also
holds for X2 (n, p)g if g is invertible in R.
On the other hand, the maps

LB A (D] = [(E, ad (D] [CES A [uD] = [(E A elp])]

induce actions of the groups (A/(n))* and (A/(n))*/A = F) on X{*(n)g.
We denote them by {(a), and {c)a, respectively.

Lemma 3.2. Let S be a scheme over A and E a Drinfeld module of
rank two over S. If j,(E) € Og(S) is invertible, then for the big fppf
sheaf “tut 4 s(E) defined by

T > AutAvT(E|T),

the natural map FY — it 4 s(E) is an isomorphism.
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Proof. We may assume that S = Spec(B) is affine and the underlying
invertible sheaf of F is trivial. By [Fli, Proposition 4.2 (2)], any auto-
morphism of £ = Spec(B[X]) is linear, namely it is given by X — bX
for some b € B*. Write as ®F = 0 + a;7 + ao7?. From the assumption,
we have a; € B* and the equality ®F(bX) = bPF(X) yields 77! = 1.
Since the group scheme p, 1 over F, is isomorphic to the constant
group scheme F, so is tg—1|5 over the Fy-algebra B. This concludes

the proof. O

Lemma 3.3. Let S be a scheme over A. Let E and E' be Drinfeld
modules of rank two over S satisfying ji(E) = ji(E') € Os(S)*. Then
the big fppf sheaf Isoma s(E, E') over S defined by

T — ISOIHAyT(E|T, E/|T)
is represented by a Galois covering of S with Galois group Fy.

Proof. By gluing, we reduce ourselves to the case where S = Spec(B)
is affine and the underlying line bundles of £ and E’ are trivial. We
write the t-multiplication maps of F and E’ as

!/
O =0+ a7+ at?, B =0+d 7+ dr?
t ) t 1 2
with some a;,a] € B and ag,a, € B*. By assumption, we have
1
al*" Jag = (a})?*! /al, € B* and thus a;,a} € B*. Hence the scheme

J = Spec(B[Y]/(Y*™ — a1/a)))

is a finite etale F‘-torsor over B. By Y + (X — Y X), we obtain a map
of functors J — Fsomas(E, E'). To show that it is an isomorphism,
we may prove it over J. In this case, it follows from Lemma 3.2. [

4. TATE-DRINFELD MODULES

To investigate the structure around cusps of Drinfeld modular curves
and extend the sheaf w2 | we need to introduce Tate-Drinfeld modules.
Let Rg be a flat A,-algebra which is an excellent Noetherian domain
with fraction field Ky. Let Ro((z)) and Ko((x)) be the Laurent power
series rings over Ry and Ky, respectively. Put Ty = Spec(Ro((z))).
We denote the normalized z-adic valuation on Ko((z)) by v,. We also
denote the ring of entire series over Ko((z)) by Ko((z)){{X}}; it is the
subring of Ko((z))[[X]] consisting of elements Y., a; X" satisfying

lim (v, (a;) + ip) = +o0 for any p e R.
1—00

We put Ro[[z][{{X}} = Ko((2)){{X}} n Ro[[]][[X]].
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Let (C, ®%) be the Carlitz module over Ry. For any non-zero element
feA, put

(4.1) fA = {cb?a (1)

(4.2) enn(X) =X |] <1 - _) e X + 2 X2Ro[[z]][[X]]

a#0efA

a€ A} < Ry((x)),

as in [Leh, Ch. 5, §2]. Note that any non-zero element of fA is invertible
in Ry((x)). We consider fA as an A-module via ®. Then it is a free
A-module of rank one, and it is also discrete inside Ky((z)). Hence the
power series ey (X) is entire, and it is an element of Ro[[z]][{{X}}.

Put
1

—— €
7 ()
Then x — Fy(z) defines an Ry-algebra homomorphism z/fc : Ro((x)) —
Ro((z)) and a map vy : Ty — Tp. For any element h(X) = Y, ;X" €
Ro((z))[[X]], we put vi(h)(X) = X, l/fc(ai)X". Then we have V&(A) =
A and vi(ea)(X) = esn(X).

For any element a € A, consider the power series

Fy(z) = 2 EX (1 + 2 Ro[[2])).

(4.3) ©1N(X) = epa(@ (€75 (X)) € Rol[]][[X]].
Note that (4.2) yields
(4.4) OIM(X) = @Y(X) mod xR[[z]] for any a € A.

Let Ko((x))*# be an algebraic closure of Ky((x)). For any a € A, put

(@)1 (fA) = {y € Ko((2))™® | ®F(y) € A},
which is an A-module, and let ¥, < (®¢)~!(fA) be a representative of
the set

(@) (FA)/FA){0}.

Since Ry is flat over A, we have
(4.5) OIMNX) = aX (1 — )
51;[ EfA 5

(see for example the proof of [Béc, Proposition 2.9 ]) In particular, it
is an F-linear additive polynomial of degree ¢* deg(a)

Lemma 4.1. If we write as ®) = 0+ a;7 +ay7? for some a; € Ro|[z]],
then we have

ay € 1+ xRo[[7]], a2 € 29 ' Ry[[x]]*.
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Proof. The assertion on a; follows from (4.4). That on asy is proved by
the computation in the proof of [Boc, Lemma 2.10]. Indeed, we choose
a root n € Ko((x))8 of the equation

1
PY(X) =0X + X7 =~
i

Put X = {en | ¢ € Fx}, S0 = {C € Ko((x))™ | ©7(¢) = 0} and
Y = (X + Xo) u (2\{0}). By (4.5), we have az = /(] 5, €a(8))-
The denominator [ [4.y, ea(8) is equal to

The first term is equal to

[111¢+o I1 (ﬂ) M <
[Te7B) [] (@f(zq_5)> ( ;Fl ) QY Lt botat— ¢

Bes CEXo a#0eA CeTo\{0} az#0eA
BeED a#0eA ey a#0eA

By the definition (4.1) of A, any a # 0 € A can be written as o =
®Y(1/z) for some a # 0 € A. Thus we have a = 79 h with r = deg(a)
and h € Ro[[z]]*, which yields (o + a? — ¢/z)/a? € 1 + zRy[[z]]. By

a similar computation, the second term is equal to

0 TT 25 c o1 + oro[La))

a#0eA
Hence we obtain the assertion on as. O
Using Lemma 4.1 and the map vy, we see that the polynomials ®J4

define a structure of a Drinfeld module of rank two over T;. We refer
to it as the Tate-Drinfeld module TD(fA) over Tp.

Lemma 4.2. For any monic polynomial m € A, there exists a natural
A-linear closed immersion Ny : C[m] — TD(fA) over Ty satisfying
Vi) = M2, In particular, the Tate-Drinfeld module TD(fA) is
endowed with a natural I'y(n)-structure )\foj}n over Ty.

Proof. Let Ro[[x]]{Z) be the z-adic completion of the ring Ry[[z]][Z].
We have a natural map

i: Ro[[2]][2]/(2(2)) — Rol[2](Z)/(2}(2)).

Since ®¢(Z) € Ry[Z] is monic, the ring on the left-hand side is finite
over the z-adically complete Noetherian ring Ry[[x]]. Hence this ring
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is also x-adically complete and the map ¢ is an isomorphism. Since
Ro[[z]l{{Z}} = Ro[[2]I(Z), the map

Ro[[]][X] = Ro[[=]I{{Z}}, X — esn(2)
induces a homomorphism of Hopf algebras

Ro((2))[X] = Ro[[+]XZ)[1/]/(25(2)) = Ro(())[Z)/(®5(Z)),
which we denote by (ALn)*. In the ring R[[]](Z), we have ®I*(ex(Z)) =
esA(®C(Z)) for any a € A and this implies that the map (A )* is
compatible with A-actions. Thus we obtain a homomorphism of finite
locally free A-module schemes over T

A+ Clm] — TD(fA)[m]

which is compatible with the map vy.

To prove that it is a closed immersion, it is enough to show that
the map Fo[[]][X] — Rol[2]}(2)/(95(Z)) defined by X — e;s(Z) is
surjective. Since the right-hand side is z-adically complete, it suffices
to show the surjectivity modulo x, which follows from (4.2). O

Lemma 4.3. Let D be any finite flat Ry((x))-algebra whose restriction
to Frac(Ry((x))) is etale, and 6 any element of D. Let D be the integral
closure of Ro[[x]] in D. We consider D as a topological ring by taking
{z'D}icz., as a fundamental system of neighborhoods of 0 € D. Then,
for any F(X) € Ro((z)){{X}}, the evaluation F(§) converges for any
0 € D. In particular, we have an F,-linear map esn : D — D which is
functorial on D.

Proof. We have D[1/z] = D. Since Ry is excellent, so is the power series
ring Ry[[z]]. Thus D is finite over Ro[[x]] and z-adically complete.
(Here the fact that Ro[[z]] is excellent follows from an unpublished
work of Gabber [KS, Main Theorem 2]. If we assume that Ry is regular,
then the finiteness of D follows from [Mat, Proposition (31.B)]. This is
the only case we need.) This implies that the evaluation F'(0) converges

and defines an element of D. O
Put HI%, = TD(fA)[m]/Im(A%,) and
(4.6) Bla = Ro((x))[n]/(®5(n) — F (1/)).

Then Spec(Bgﬁ) is a finite flat C[m]-torsor over Tj. Since m is invert-
ible in Ky, it is etale over Frac(Ry((z))).

Lemma 4.4. For any monic polynomial m € A, there exists an A-
linear isomorphism ,uéto/}m :A/(m) — HfoAm which is compatible with the
map vy such that the image of pl(1) € HIM(Ty) in HgoAm(Bgﬁ) is
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equal to the image esa(n) of the element esp(n) € TD(fA)[m](Bgé}l).
In particular, we have an exact sequence of A-module schemes over T

(4.7) 0 —— C[m] ﬁTD(fA)[m] ﬁA/(m) —0.

Proof. By Lemma 4.3, we have an element e () € TD(fA)[m](B({[;).
Since its image efa(n) in éAm(Bgﬁl) is invariant under the action of

C[m] on B{

0,m»

we obtain esp(n) € HINW(Ty). This yields an A-linear
homomorphism A/(m) — HI, over Ty which is compatible with the
map vy.

To see that it is an isomorphism, using the map vy we reduce our-
selves to the case of f = 1. Since the element m is invertible in K,
using co-Lie complexes we obtain the exact sequence

ADm)*
0 ——wys  — WrD(A)m] — > Wom] —> 0.

We also see that the natural sequence
0 —— WTp(A) — = WTD(A) —> WTD(A)[m] —= 0

is exact and similarly for C'[m]. Since we have d(e)(Z)) = dZ, the map
(Aé}),m)* is an isomorphism. Hence wys =0 and Hé\om is etale.

Now it is enough to show aex(n) # 0 in ’H%’m(Bg’ﬁl) for any non-
zero element a € A/(m). For this, we may assume Ry = K. In
this case, note that the polynomial ®<(X) — 1/x is irreducible over
Ko((x)), since the equation ®¢(1/X) = 1/x gives an Eisenstein exten-
sion over Ko[[z]]. Hence we may consider the ring Bf,, as a subfield
of Ko((7))¥8. Let @ € A be a lift of a satisfying deg(a) < deg(m).
The condition aex(n) = 0 implies ®¢(n) = ¢ mod A for some root ¢ of
®Y(X) in Ko((x))*e. By inspecting z-adic valuations it forces ¢ = 0,
and the irreducibility of ®¢(X) — 1/z implies @ = 0. This concludes
the proof. O

A
We often write Ay, ,

and 7, respectively.
Put Sy = Spec(Ro((y))) and consider the morphism

A A A A
Hopns Bons Mopn and 7o o as A, Heo, Bo, oo

Og-1 - To - S(]

defined by y — 2971, The Sy-scheme Ty is a finite etale [ -torsor,
where ¢ € F* acts on it by the Rp-linear map

go: Ro((2)) — Ro((z)), x> c 'z
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Since A is stable under this F-action, we see that the coefficients of
ea(X) and ®A(X) are in Ro[[x97!]] for any a € A [Arm, §5C1]. This
means that there exists a unique pair of a Drinfeld module and its
[’y (n)-structure over Sy

(TD7(A), A%)
satisfying o, (TD"(A),A\},) = (TD(A), Ayo). Over Ty, the Tate-Drinfeld
module TDY(A)|z, = TD(A) has a I'®(n)-structure

(TD(A), Ao [11e0])

with the element [] € (Lrp(A)r0)/A)(T0) defined by ps. We also
put

My = TDY(A)[n]/Im(Ay), I = Jsomas,(A/(n), H).

Lemma 4.5. There exists an isomorphism of finite etale F;-torsors
over Sy

Proof. Tt is enough to give an F-equivariant morphism Ty — I} over
So, which amounts to giving an A-linear isomorphism p : A/(n) — Ho,
over Ty satisfying cu = g () for any c € F\. The map g, extends to a
similar Ry((z))-linear isomorphism on By via  — c¢n, which we denote
by g.. Then the inclusion Hy(Ro((2))) — He(By) is compatible with
g and g.. Consider the isomorphism i, of Lemma 4.4. We have
ge(ea(n)) = ea(en) in By and this yields cuo = g (foo)- O

5. STRUCTURE AROUND CUSPS I

Suppose moreover that R is regular. Note that Lemma 4.1 implies
(5.1) 3(TDY(A)) € y™" Ro[[y]]*-

_—— A
We define a scheme Cuspsg, by the cartesian diagram

A
Cuspsp, —— X2(n)p

| |

Spec(Bo[[]]) P,

0

_—— A
and put Cuspsy, = (Cuspsg, |v(1/j))red. Since Y2 (n)g, is regular and
(5.1) implies that the map j;, induces an isomorphism

y" : So = Spec(Ro((y))) — Spec(Ro((1/5))),
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_—— A
we see as in the proof of [KM, Lemma 8.11.4] that Cuspsp, is isomor-
phic to the normalization of Sy = Spec(Ro[[y]]) in the scheme Y2 (n)s,
defined by the cartesian diagram

}/1A (n)so }/1A (n>R0

| |

S() T SpeC(RO<(1/j))) A}%o‘

For e € {7, A}, let us consider the functor sending a scheme S over
So to the set of T'j(n)-structures on TDV(A)|g, which is representable
by a finite etale scheme [I'}(n)]rpv over Sy. By Lemma 3.2 and Lemma
3.3, as in the proof of [KM, Corollary 8.4.4] we obtain a natural iso-
morphism

[FlA(nﬂTDV/F; - Y1A(“)So,

_—— A
where F acts as the automorphism group of TDY(A). Thus Cusps Ro
is isomorphic to the quotient ZI%O JF* of the normalization ZI%O of 8y in

[P (n)]rpe by the induced action of F*. Note that we have a natural
identification

[F1(n)]rpe x5, To = [I'1(n)]rp,
where the right-hand side is a similar finite etale scheme over Ty for

TD(A). We also put Ty = Spec(Ro[[x]]). It is normal since Ry is
regular.

Lemma 5.1. There exists a natural isomorphism over Sy

[T (0)]p = [C1(1)]pe x5 To = [TF(1)]7pe
which is compatible with actions of Y = Auta g, (TDY(A)). Here this
group acts on the left-hand side diagonally.

Proof. Let A be the universal 'y (n)-structure on TDV(A) over [[';(n)]ppv.
Taking the determinant of locally constant etale sheaves of locally free
A/(n)-modules, we obtain a natural isomorphism of A-module schemes
LMY m)epe — TDY(A)[n]/Im(X). Then, by Lemma 4.5, the map
L/ D) wlee = [CT0)]o7, [0 A/() — HZ)] = [e0]

gives the desired isomorphism. O

Lemma 5.2. The scheme ZI%O over 8y is decomposed as

Z8 = zg(;o ¥ zﬁf“, zgf - ]_[ Ts.
(A/(n))
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Moreover, the group Fy = Autyg,(TDY(A)) induces free actions on
the two components of the former decomposition.

Proof. First note that, for any scheme S over A, and any finite etale
A-module scheme G over S, the big fppf sheaf J#om 4 s(C[n],G) is
representable by a finite etale A-module scheme over S and thus its
zero section is a closed and open immersion.

Since Tg is normal, Lemma 5.1 implies that Zg is identified with
the normalization of 7y in the finite etale scheme [I'y(n)]rp over Tj.
For any scheme T over T, we have an exact sequence of finite etale
A-module schemes over T’

0 —> Cln]|r > TD(A)[n]}r > A/(n)|r —0.
Any I'y(n)-structure A : C[n]|z — TD(A)[n]|z over T" induces an A-
linear homomorphism 7, o A : C[n]|z — A/(n)|z. This gives a mor-
phism over T

[T1(n)]rp — Homar, (Cln],A/(n) =Tou U,

where U is the complement of the zero section. Let [[';(n)]%p be the
inverse image of Tj. It is isomorphic to @it 4 7, (C[n]) = (A4/(n))*.

Since Homa 1, (C[n], A/(n)) is also a finite etale A-module scheme

over Ty, it agrees with the normalization of 7y in #0m 4 1,,(C[n], A/(n)).

Moreover, it is etale locally isomorphic to A/(n). Thus we obtain a map

Zﬁo — Jtoma 1, (Cn],A/(n)) = Toul,
where U is the complement of the zero section. Since U is etale locally
isomorphic to A/(n)\{0}, the group F) acts freely on U.
Let Zﬁo’o and Zﬁo’#o be the inverse images of Ty and U, respectively.

Since the component Zﬁ‘(;o is the normalization of 7o in [['1(n)]%p, the
latter decomposition of the lemma follows. Hence we also obtain the
freeness of the F-actions as in the lemma. O

The tuple (TD(A), Ao, [to]) over Ty gives a map Ty — Y2 (n)g
Since the ring Ry[[z]] is normal, this extends to a map
25 To — XB(n)g,.

The Rp-algebra homomorphism defined by z — 0 gives a point P2 €
X2(n)p,, which we refer to as the co-cusp. We write the complete local
ring at this point as Oxaw), pa-

0

Theorem 5.3. Suppose that Ry is a flat A,-algebra which is an excel-
lent reqular domain.
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(1) The map x5 induces an isomorphism of complete local rings

(l‘é)* : @XlA(n)RO,PO% — Ro[[z]].

(2) The invertible sheaf ws, on Y2(n)g, extends to an invertible
sheaf @, on X2 (n)g, satisfying

(25)* (@) = Rol[]]dX,

where dX denotes the invariant differential form of TDY(A)
associated to its parameter X .

(3) The formation of >, is compatible with any base change Ry —
Ry, of flat Ay-algebras which are excellent reqular domains.

(4) The natural action of F) on wg, via ¢ — [c]a extends to an

un
A

R ' A
2, covering its action on X1 (n)g, .

action on w

Proof. The assertion (1) follows from Lemma 5.2. Moreover, Lemma
5.2 also implies that the trivial invertible sheaf O za dX, with the nat-
‘0

ural F-action via X — ¢X which covers the action on Zg , descends
_—— A
to the quotient ZJ%O/IF; ~ Cuspsp, and we obtain w4 by gluing. (3)
follows from the uniqueness of the descended sheaf.
For (4), Lemma 5.1 implies that [c]a acts on

P o= LT ()]rpe =~ [T1(m)]rpe xs, To
via 1 x g*. Thus, for the universal I'y(n)-structure \Y, on TD"(A) over
[['1(n)]rpv, we have
[A(TDY (M)lp, Aulp) = (TDY(A)]p, Aulp)-

Since any I';(n)-structure has no non-trivial automorphism, the natural
action of [c]a on Wi | srx is the descent of the map given by

[c]A(OpdX) — OpdX, dX®1— dX.
Hence it extends to the sheaf Oza dX, and thus to WA O
0

6. STRUCTURE AROUND CUSPS II

Let W,(X) be the n-th Carlitz cyclotomic polynomial, namely the
unique monic prime factor of ®¢(X) in A[X] which does not divide
®Y(X) for any non-trivial divisor m of n [Car, §3]. Then

I'= Jsoma g, (A/(n), Cln])

is represented by Spec(Rg[X]/(W,(X))), which is finite etale over Ry.
For any scheme S over Ry, we put [g = I xp,S. Let R, be the affine ring
of a connected component of I, which is a finite etale domain over Ry.
We denote by ¢ the image of X in R,,. In this section, we give an explicit
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description of the scheme [['{(n)]rpv over S, = Spec(R.((y))), from
which we obtain more precise information on the formal completion
along cusps.

Put T,, = Spec(R,((z))). By Lemma 5.1, it is enough to describe the
restriction

[C1(0)]7pyr, = T1(W)]rp X130 T

For this, we denote by J# the set of A-linear surjections (A/(n))* —
A/(n). By the map (a,b) — ((u,v) — (a,b)(u,v)), we identify the
set S with {(a,b) € (A/(n))? | (a,b) = (1)}. As in [KM, Proposition
10.2.4], for any = € % we denote by k= the unique generator of Ker(Z)
satisfying =(1) = det(kz, 1) for any [ € (A/(n))?. We also choose Iz €
(A/(n))? satisfying =(iz) = 1. Then, for any g € GLy(A/(n)) there
exists a unique n(g,Z) € A/(n) satisfying

(6.1) lzog = 9~ (I2) + n(g,E)g ™" (k).

Put Fix(Z) = {g € GLy(A/(n)) | 2o g = Z}. Considering the repre-
senting matrix for g with respect to the ordered basis (k=, =), we have
an isomorphism

(6.2) Fix(Z) — {<de‘6<9) ”(917 E)) ‘ ge Fix(E)} |

We denote by [I'(n)]rp|,, the scheme representing the functor over
T, sending a Ty-scheme T to the set of I'(n)-structures on TD(A)|7. It
is finite etale over T,. By (4.7), to give a € [I'(n)]rp),, (T) satisfying
T o = = is the same as to give a(k=) € C[n](T) inducing an A-linear
isomorphism A/(n) — C[n] and a(l=) € 7 '([1])(T), where [1] is the
section T,, — A/(n) corresponding to 1 € A/(n).

By taking the determinant, we have an A-linear isomorphism of etale
sheaves of locally free A/(n)-modules

w: /\ TD(A)[n] — C[n],

which defines a map [['(n)]rp;,, — I by (@ — wo A%a). For any
scheme T' over T}, we say an element a € [I'(n)]rp,, (T') is canonical if
the map w o A%2a : T — [ is equal to the structure map 7' — T, — 1.
The subfunctor of canonical elements is represented by a finite etale
scheme [I’(n)]ffaB'Tn over Ty,.

;emma 6.1. Put B, = R,((2))[n]/(®¢ (n) — 1/x). Then the map over
[ T Spec(By) = T,

ZeHl
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which is defined on the Z-component by the canonical T'(n)-structure
(k=,lz) — (ea((),en(n)) over By, is an isomorphism.

Proof. The element ey(n) € B, defines a map Spec(B,) — w.'([1]).
Since it is C[n]-equivariant, it is an isomorphism of C|[n]-torsors over
T, and the lemma follows. ]

Put Ty = {( ?) e GLQ(A/(n))} and T! = Ty  SLy(A/(n)). For

any element f # 0 € A, we define

eg eg 1
Gf<w) — wqd (f) —rw qd (f>(I)C (E) c Ro[[%]] [w]
Then we have natural maps

Ro[[w]] — Ro[[]][w]/(G j(w)) — Ro[[w]]

which are isomorphisms. Moreover, for any b € A/(n), let f, be the
monic generator of the ideal Anna(b(A/(n))). Then f, divides n and
fb € A:f .

Lemma 6.2. The scheme [FlA(n)]TDv over Sy is decomposed as
)rpv = ]_[ Spec(Ra((x))[w]/(G g, (w H Spec(R
(a,b)
Here the direct sum is taken over a complete representatwe of the set
{(a,b) € (A/())* | (a,b) = (H}/T}.

Proof. For any scheme T" over Ty, any I'(n)-structure o on TD(A)|7 de-
fines a 'y (n)-structure ¢ — «(*(0,1)). Since we have SLy(A/(n))/I' =
GLy(A/(n))/T'1, Lemma 6.1 yields

[Py 0ot = [P, /T =[] Spee(Bl™™®),
Zes#/T'}

Note that, via the isomorphism of Lemma 6.1, any element g € T'1 n
Fix(Z) acts on B, of the Z-component by

n—mn+ ‘I)g(g,a)(0~
For = = (a,b), we have k= = (b, —a) and

[l nFix(Z) = { ((fb)l/(n) (1)) } :

By the isomorphism (6.2), the additive subgroup
n(Z) = {n(g.Z) € A/(n) | g € T} n Fix(E)}
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is isomorphic to (f)/(n). In particular, they have the same cardinality.
On the other hand, for any g € I'l N Fix(Z), (6.1) yields bn(g,=Z) = 0
and thus n(Z) < (f;)/(n). Hence they are equal.

Put hy = n/f,. Consider the map

Ru((2)[]/(®5,(0) = 1)) — Bu, 0" = @, (n).
Note that the left-hand side is isomorphic to R,((1/7")) and thus nor-

mal. Hence this map identifies the left-hand side with BFlmFlX( =) By
changing the variable as w = 1/5, Lemma 5.1 yields the decomposition
as in the lemma. U

Theorem 6.3. Suppose that Ry is a flat A,-algebra which is an excel-
lent reqular domain.

(1) We have a natural isomorphism over Rn[[ 1]

Cuspsi, = | [ Spec(Rulla]][w]/(Gp(w))) = ] | Spec(Rul[w]))

(a,b) (a,b)

Here the direct sum is taken over a complete representative of
the set

Fy\{(a,b) € (A/(m))* | (a,b) = (1)}/T1.
(2) Cuspsﬁ0 is finite etale over Ry. In particular, it defines an

effective Cartier divisor of X (n)g, over Ry.
(8) At each point of Cuspsf%o, the invertible sheaf

1 A
QXﬁ(n)RO/Ro (2Cuspsy, )
is locally generated by the section dx/xz*.

Proof. Note that the ring R,[[w]] is normal. Since the group F; acts
freely on the index set of the decomposition of Lemma 6.2, we ob-
tain the assertion (1), which implies the assertion (2) since we have
Cuspsp = Cuspsﬁ0 X Ry Spec(Ry).

For the assertion (3), by a base change it is enough to show it over
R,. Put e = deg(fb) and Gfb( ) = w! — xH(w). Then we have
H(w)dz =  fyw® *dw in Qp 105, and

d_w_H(w) dr  1dz

w2 fy aw? a2
which concludes the proof. 0
_—— A
On the component of Cuspsp_ corresponding to = = (a, b), the pull-

back of TDY(A) agrees with TD(f,A) over R,((w)) with a universal
2 (n)-structure (), [u]). Let us describe them explicitly. We set T), =
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Spec(Ry((w))), and consider the ring R,((w)) as a subring of B, as in
the proof of Lemma 6.2. Put

(P=, Q=) = (er,a(C); era(m) (hz, l=)
Then we have Q= € TD(f,A)[n](T}) and
(6.3) A Cn)(Ty) = TD(fpA)[n)(T7), ¢ Q=

On the other hand, taking the determinant as in the proof of Lemma
5.1 yields

2
C[n] ® (TD(£,A)[n]/Im(A)) — /\ TD(fyA)[n]
(® (P= mod Im(\)) — Q= A Pz
and similarly for A2%. Since det(k=,lz) = 1, we obtain an isomorphism
t: Hoo|ry — TD(fpA)[n]/Im(N)
defined by ey, (n) mod Im(A2%) — —Pz mod Im()\). Then we have
=10 u%ft\l, which is given by
(6.4) p:A/(n) > TD(fA)[n]/Im(N), 1+~ —Pz mod Im(N\).

7. CASE OF LEVEL I'f(n, p)

For the structure around cusps of X2 (n, p), we first note that Y2 (n, o)
is normal near infinity in the sense of [KM, (8.6.2)] by Lemma 3.1.
Thus the description around cusps using Tate-Drinfeld modules and
normalization as in the beginning of §5 is also valid in this case.

The closed immersion A}, , : C[p] — TD(A) defines a I'(gp)-structure
on TD(A) over Ty. Hence we have a map

xé,p : 76 - X1A<n7 p)Ro

and a point P2¥ € X2(n, p)n,.

More generally, for any = = (a, b) € S, consider the map Ry((z)) —
Ro((w)) = Ro((2))[w]/(Gy, (w)) and the Tate-Drinfeld module TD( f,A)
over Ry((w)). The latter has a canonical I'y(p)-structure C given
by the closed immersion A{gﬁg of Lemma 4.2. We denote by Z =
[Lo(9)]tD(f,a) the scheme representing the functor sending each scheme
T over Ro((w)) to the set of I'g(p)-structures on TD(f,A)|7. It is finite
over Ry((w)) and thus Noetherian. We denote by G,, the universal
Lo(gp)-structure on Z.

For any Noetherian scheme 7" over Ry((w)) and any I'y(p)-structure
G on TD(f,A)|r, the theory of Hilbert schemes shows that the functor
Jtomr 4(G, A/(p)) is representable, locally of finite presentation and

0
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separated over T'. From the etaleness of A/(p), we see that the group
scheme J#omr 4(G, A/(p)) is also formally etale over 7. Hence it is
etale over T" and thus its zero section is a closed and open immersion.
We write its complement as Ur.
By composing with 7% : TD(f,A)[p] — A/(p), the universal [y (p)-
structure G, gives a map
Z = [To(9)]to(s,n) — Homza(Gun, A/(9)) = Z L Uy,

Hence the left-hand side is decomposed accordingly, and the component
over Z agrees with the section Spec(Ry((w))) — Z given by C. From
this, we can show that we have the same description of the complete
local ring at P2¥ € X A(n, p)r, and a similar extended invertible sheaf
©04% which is compatible with @2 | as in Theorem 5.3. Furthermore,

un?

after passing to R,((w)), we can also show that the formal completion
of X2(n, p)r, along the cusp corresponding to C over the component
of Z is isomorphic to R,[[w]] via the projection to X2 (n)g,. It can be
considered as a Drinfeld analogue of the unramified cusp of the modular
curve Xy(p).
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