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Abstract. Let p be a rational prime, let q ą 1 be a p-power integer,
let Fq be the field of q elements and let A “ Fqrts be the polynomial ring
over Fq. Let n P A be a nonzero element and let ℘ P A be a monic irre-
ducible polynomial of positive degree. Let k ě 2 and r ě 1 be integers.
Let SkpΓ1pn℘rqq be the space of Drinfeld cuspforms of level Γ1pn℘rq and
weight k. In this paper, we prove that the multiplicity of a Hecke eigen-
system of finite ℘-slope in SkpΓ1pn℘rqq is equal to qpr´1q degp℘q times
that in SkpΓ1pn℘qq. In particular, this shows that a Hecke eigensys-
tem of finite ℘-slope appears in SkpΓ1pn℘rqq if and only if it appears in
SkpΓ1pn℘qq.

1. Introduction

Let p be a rational prime, let q ą 1 be a p-power integer, let Fq be the
field of q elements, let t be an indeterminate, let A “ Fqrts, K “ Fqptq,
K8 “ Fqpp1{tqq and OK8 “ Fqrr1{tss. Let C8 be the p1{tq-adic completion
of an algebraic closure of K8. Let Ω “ C8zK8 be the Drinfeld upper half
plane, which is equipped with a natural structure of a rigid analytic variety
over C8.

Let Π be the set of monic irreducible polynomials of positive degree in A.
Let n P A be a nonzero element and let ℘ P Π satisfy ℘ ∤ n. Let k ě 2 and
r ě 1 be integers. For any nonzero m P A, let

Γ1pmq “

"

γ P SL2pAq

ˇ

ˇ

ˇ

ˇ

γ ”

ˆ

1 ˚

0 1

˙

mod m

*

.

A Drinfeld modular form is a rigid analytic function f : Ω Ñ C8 satisfying
a transformation condition and regularity at cusps similar to those for elliptic
modular forms. Though the definitions of elliptic and Drinfeld modular
forms are parallel, arithmetic of Drinfeld modular forms is sometimes very
different from the elliptic case.

It has been realized that Drinfeld modular forms of level Γ1pmq behave
rather strangely. For example, for a positive integer M , the space of elliptic
modular forms of level Γ1pMq is written as the direct sum of the spaces of
level Γ0pMq with nebentypus. On the other hand, such a decomposition is
not possible in general for the space of Drinfeld modular forms of level Γ1pmq,
since representations of pA{mAqˆ over C8 are not necessarily semisimple.
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In [Hat2], we proved an unexpected triviality of the Hecke action on the
t-ordinary part of the space of Drinfeld cuspforms of level Γ1ptrq. The aim
of the present paper is to generalize it to the finite slope part for more
general levels: it turns out that not the triviality but a constancy in some
sense holds for Hecke eigensystems appearing in the finite ℘-slope part of
the space of Drinfeld cuspforms of level Γ1pn℘rq.

To state the main theorem, we fix some notation. Let SkpΓ1pn℘rqq be
the C8-vector space of Drinfeld cuspforms of level Γ1pn℘rq and weight k, on
which the Hecke operator TQ at Q acts for any Q P Π. We write TQ also as
UQ when Q | n℘r. For any α P C8, we denote by SkpΓ1pn℘rqqpTQ ´ αq the
generalized eigenspace of TQ belonging to α.

Let K̄ be the algebraic closure of K in C8. Let K℘ be the completion
of K at ℘ and let K̄℘ be an algebraic closure of K℘. Let v℘ be the ℘-adic
additive valuation on K̄℘ satisfying v℘p℘q “ 1. We choose once and for all
an embedding ι℘ : K̄ Ñ K̄℘ of K-algebras. For any a P Q Y t`8u, we say
that an element α P K̄ is of slope a if v℘pι℘pαqq “ a. For any α P K̄, we
denote by mpΓ1pn℘rq, k, ℘, αq the multiplicity of α as an eigenvalue of U℘

acting on SkpΓ1pn℘rqq. For any a P QYt`8u, we denote by dpΓ1pn℘rq, k, aq

the multiplicity of U℘-eigenvalues of slope a appearing in SkpΓ1pn℘rqq.
For any λ “ pλQqQPΠ P K̄Π, we say that λ is a Hecke eigensystem ap-

pearing in SkpΓ1pn℘rqq if there exists a nonzero element f P SkpΓ1pn℘rqq

satisfying f |TQ “ λQf for all Q P Π, and denote by

mpΓ1pn℘rq, k, λq “ dimC8

č

QPΠ

SkpΓ1pn℘rqqpTQ ´ λQq

the multiplicity of the Hecke eigensystem λ appearing in SkpΓ1pn℘rqq.
Now our main theorem is as follows.

Theorem 1.1. (1) (Corollary 5.2) For any α P K̄ˆ and a P Q, we have

mpΓ1pn℘rq, k, ℘, αq “ qpr´1q degp℘qmpΓ1pn℘q, k, ℘, αq,

dpΓ1pn℘rq, k, aq “ qpr´1q degp℘qdpΓ1pn℘q, k, aq.

In particular, the sets of nonzero U℘-eigenvalues (resp. finite slopes)
appearing in SkpΓ1pn℘rqq and SkpΓ1pn℘qq are the same.

(2) (Theorem 5.4) Let λ “ pλQqQPΠ P K̄Π satisfy λ℘ ‰ 0. Then we have

mpΓ1pn℘rq, k, λq “ qpr´1q degp℘qmpΓ1pn℘q, k, λq.

In particular, λ is a Hecke eigensystem appearing in SkpΓ1pn℘rqq if
and only if it is a Hecke eigensystem appearing in SkpΓ1pn℘qq.

This shows a stark contrast to the case of elliptic modular forms where
Hecke eigensystems of finite p-slope vary in p-adic analytic families when the
weight and the p-adic valuation of the level vary. Though in some cases we
have ℘-adic continuous families of Drinfeld eigenforms varying the weight
[Hat1], Theorem 1.1 indicates that varying the level only yields constant
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families of Hecke eigensystems of finite slope appearing in the space of Drin-
feld modular forms.

Let us give an idea of the proof of Theorem 1.1. Let Θr be the multiplica-
tive group 1`℘pA{℘rAq. It is a commutative p-group acting on SkpΓ1pn℘rqq

via diamond operators. Let C8rΘrs be the group ring of Θr over C8. Then
the key point of the proof is the freeness of the C8rΘrs-module SkpΓ1pn℘rqq

(Proposition 4.2). Since C8 is of characteristic p, the ring C8rΘrs is local
and any direct summand of the free C8rΘrs-module SkpΓ1pn℘rqq is also free.
This applies in particular to generalized eigenspaces of each Hecke operator.
Since the Θr-fixed part of C8rΘrs is a C8-vector space of dimension one,
this relates the multiplicity of a U℘-eigenvalue or a Hecke eigensystem in
SkpΓ1pn℘rqq with that in SkpΓ1pn℘rqqΘr “ SkpΓp

1pn, ℘rqq, where

Γp
1pn, ℘rq “

"

γ P Γ1pnq

ˇ

ˇ

ˇ

ˇ

γ mod ℘r P

ˆ

Θr ˚

0 Θr

˙*

.

Then the theorem follows from the fact that the inclusion SkpΓ1pn℘qq Ñ

SkpΓp
1pn, ℘rqq induces a Hecke equivariant isomorphism on finite slope parts

(Lemma 3.2).
The organization of this paper is as follows. In §2, we recall descriptions of

Drinfeld cuspforms using harmonic cocycles and the Steinberg module [Tei].
In §3, we recall the definition of Hecke operators and diamond operators,
and give the aforementioned isomorphism between the finite slope part of
level Γ1pn℘q and that of level Γp

1pn, ℘rq. In §4, we prove the key freeness of
the C8rΘrs-module SkpΓ1pn℘rqq. In §5, we show Theorem 1.1.

Acknowledgments. This work was supported by JSPS KAKENHI Grant
Number 26K06733.

2. Combinatorial descriptions of Drinfeld cuspforms

In this section, we recall the descriptions of the space of Drinfeld cusp-
forms using harmonic cocycles and the Steinberg module due to Teitelbaum
[Tei, p. 506], following the normalization of [Böc, §5.3] (see also [Hat1, §2]).

For any A-algebra B, we consider B2 as the set of row vectors which
admits a left action of GL2pBq by γ ˝ px, yq “ px, yqγ´1. Let T be the
Bruhat–Tits tree for SL2pK8q. We denote by T0 the set of vertices of T and
by T o

1 the set of oriented edges of T . By definition, the set T0 consists of
Kˆ

8-equivalence classes of OK8-lattices in K2
8. For any e P T o

1 , the origin,
the terminus and the opposite edge of e are denoted by opeq, tpeq and ´e,
respectively. Then the group t˘1u acts on T o

1 by p´1qe “ ´e.
Let Γ be a congruence subgroup of SL2pAq which is p1-torsion free (that

is, every element of Γ of finite order has p-power order). Consider its action
˝ on T via the natural inclusion Γ Ñ GL2pK8q. We say that a vertex or an
oriented edge of T is Γ-stable if its stabilizer in Γ is trivial. We denote by

T Γ-st
0 and T o,Γ-st

1 the sets of Γ-stable vertices and oriented edges, respectively.

They are stable under the action of Γ. More generally, let Γ̃ be any subgroup
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of SL2pAq satisfying Γ̃▷Γ. Then for any s P T0 \T o
1 and γ̃ P Γ̃, the element

s is Γ-stable if and only if γ̃ ˝ s is Γ-stable. Thus the sets T Γ-st
0 and T o,Γ-st

1

are stable under the action of Γ̃.
For any set S, we denote by ZrSs the free Z-module with basis trss | s P

Su. Let

ZrT̄ o,Γ-st
1 s :“ ZrT o,Γ-st

1 s{xres ` r´es | e P T o,Γ-st
1 y.

For any v P T0, define an element rvsΓ-st P ZrT Γ-st
0 s by rvsΓ-st “ rvs if v is

Γ-stable and rvsΓ-st “ 0 otherwise. Let

BΓ : ZrT̄ o,Γ-st
1 s Ñ ZrT Γ-st

0 s, res ÞÑ rtpeqsΓ-st ´ ropeqsΓ-st.

For Γ̃ Ě Γ as above, the map BΓ is Γ̃-equivariant.
We refer to the kernel of the augmentation map

St :“ KerpZrP1pKqs Ñ Zq

as the Steinberg module. We consider St as a left ZrΓs-module via

γ ˝ px : yq “ px : yqγ´1, px : yq P P1pKq.

Then the left ZrΓs-module St is finitely generated and projective. Moreover,
there exists a split exact sequence of left ZrΓs-modules

(2.1) 0 // St // ZrT̄ o,Γ-st
1 s

BΓ // ZrT Γ-st
0 s // 0

([Böc, §5,3], [Ser, Ch. II, §2.9]).
Let k ě 2 be an integer and let Hk´2pC8q be the C8-subspace of the

polynomial ring C8rX,Y s consisting of homogeneous polynomials of degree
k ´ 2. It is equipped with a left action of GL2pC8q defined by γ ˝ pX,Y q “

pX,Y qγ. Let
VkpC8q “ HomC8pHk´2pC8q,C8q.

It is also equipped with a natural left action ˝ of GL2pC8q. For any γ “
ˆ

a b
c d

˙

P GL2pC8q, ω P VkpC8q and P pX,Y q P Hk´2pC8q, the action ˝ is

defined by

pγ˝ωqpP pX,Y qq “ ωpγ´1˝P pX,Y qq “ detpγq2´kωpP pdX´cY,´bX`aY qq.

A harmonic cocycle of level Γ and weight k is a map c : T o
1 Ñ VkpC8q

satisfying the following conditions:

(1) cpγ ˝ eq “ γ ˝ cpeq for any γ P Γ and e P T o
1 ,

(2) cp´eq “ ´cpeq for any e P T o
1 ,

(3)
ř

ePT o
1 , v“tpeq cpeq “ 0 for any v P T0.

The C8-vector space of harmonic cocycles of level Γ and weight k is denoted
by Char

k pΓq. Similarly, the C8-vector space of maps c : T o
1 Ñ VkpC8q

satisfying the conditions (1) and (2) is denoted by C˘
k pΓq.

Let VkpΓq “ St bZrΓs VkpC8q and

L1,kpΓq “ ZrT̄ o,Γ-st
1 s bZrΓs VkpC8q, L0,kpΓq “ ZrT Γ-st

0 s bZrΓs VkpC8q,
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where the modules on the left of b are considered as right ZrΓs-modules via
the action s|γ “ γ´1 ˝ s. Then (2.1) yields an exact sequence of C8-vector
spaces

0 // VkpΓq // L1,kpΓq // L0,kpΓq // 0.

Let Λ1 Ď T o,Γ-st
1 be a complete set of representatives of ΓzT o,Γ-st

1 {t˘1u.
Then the C8-linear map

ΦΓ : C˘
k pΓq Ñ L1,kpΓq, c ÞÑ

ÿ

ePΛ1

res b cpeq

is an isomorphism independent of the choice of Λ1 [Hat1, p. 9]. Moreover,
from [Tei, p. 506], we see that it induces a C8-linear isomorphism

ΦΓ : Char
k pΓq Ñ VkpΓq.

We denote by SkpΓq the C8-vector space of Drinfeld cuspforms of level
Γ and weight k. For any rigid analytic function f : Ω Ñ C8 and γ “
ˆ

a b
c d

˙

P GL2pK8q, let f |kγ be the rigid analytic function on Ω defined by

pf |kγqpzq “ detpγqk´1pcz ` dq´kf

ˆ

az ` b

cz ` d

˙

.

Then we can associate with any e P T o
1 an element ResΓpfqpeq P VkpC8q

satisfying

(2.2) ResΓpf |kγqpeq “ γ´1 ˝ ResΓpfqpγ ˝ eq

for any γ P GL2pK8q, which gives a C8-linear isomorphism

ResΓ : SkpΓq Ñ Char
k pΓq, f ÞÑ pe ÞÑ ResΓpfqpeqq

([Tei, Theorem 16], [Böc, Theorem 5.10]).

Let Γ̃ be a subgroup of SL2pAq satisfying Γ̃ ▷ Γ. Let G “ Γ̃{Γ. For any

right ZrΓ̃s-module M and left ZrΓ̃s-module N , the group Γ̃ acts from the
right on M bZrΓs N by

pm b nqγ̃ :“ mγ̃ b γ̃´1n

for anym P M , n P N and γ̃ P Γ̃. This induces a right G-action onMbZrΓsN
which is functorial on M and N . In particular, we have natural right G-
actions on VkpΓq, L1,kpΓq and L0,kpΓq. On the other hand, the group Γ̃ acts

on C˘
k pΓq, Char

k pΓq and SkpΓq from the right by

c ÞÑ c|kγ̃ :“ pe ÞÑ γ̃´1 ˝ cpγ̃ ˝ eqq, f ÞÑ f |kγ̃,

which induce right G-actions on them.

Lemma 2.1. The isomorphisms

ΦΓ : C˘
k pΓq Ñ L1,kpΓq, ΦΓ ˝ ResΓ : SkpΓq Ñ VkpΓq

are G-equivariant.
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Proof. Take any c P C˘
k pΓq and γ̃ P Γ̃. Let Λ1 be a complete set of represen-

tatives of ΓzT o,Γ-st
1 {t˘1u. Since γ̃´1Γγ̃ “ Γ, the set γ̃ ˝Λ1 “ tγ̃ ˝ e | e P Λ1u

is also a complete set of representatives of the same coset space. Since the
map ΦΓ is independent of the choice of Λ1, we have

ΦΓpc|kγ̃q “
ÿ

ePΛ1

res b γ̃´1 ˝ cpγ̃ ˝ eq “
ÿ

ePγ̃˝Λ1

rγ̃´1 ˝ es b γ̃´1 ˝ cpeq

“
ÿ

ePγ̃˝Λ1

res|γ̃ b γ̃´1 ˝ cpeq “ ΦΓpcqγ̃.

Hence the first assertion follows.
By [BGP, Remark 1.4], the injection St Ñ ZrT̄ o,Γ-st

1 s of (2.1) is Γ̃-equivariant.
Thus the C8-subspace VkpΓq Ď L1,kpΓq is stable under the action of G. Since

Char
k pΓq Ď C˘

k pΓq is also stable under the G-action, the latter assertion fol-
lows from the former and (2.2). □

3. Hecke operators and diamond operators

Let n P A be a nonzero element and let ℘ P Π satisfy ℘ ∤ n. For any
integer n ě 1, let An “ A{℘nA. Let r ě 1 be an integer and let

Θr “ 1 ` ℘Ar,

which is a subgroup of the multiplicative group Aˆ
r .

Let Θ be any subgroup of Θr. Let

ΓΘ
1 pn, ℘rq “

"

γ P Γ1pnq

ˇ

ˇ

ˇ

ˇ

γ mod ℘r P

ˆ

Θ ˚

0 Θ

˙*

.

Since Θ is a p-group, we see that ΓΘ
1 pn, ℘rq is a congruence subgroup of

SL2pAq which is p1-torsion free. When Θ “ Θr, we denote ΓΘ
1 pn, ℘rq by

Γp
1pn, ℘rq. Note that Γ1pn℘rq “ Γ

t1u
1 pn, ℘rq and we have an isomorphism

(3.1) ΓΘ
1 pn, ℘rq{Γ1pn℘rq Ñ Θ,

ˆ

a b
c d

˙

ÞÑ d mod ℘r.

Lemma 3.1. The group ring C8rΘs is an Artinian local ring. In particular,
for any free C8rΘs-module of finite rank, its direct summand as a C8rΘs-
module is free of finite rank.

Proof. Since Θ is a commutative p-group, it is isomorphic to
Às

i“1 Z{pniZ
with some nonnegative integers n1, . . . , ns. Since the characteristic of C8 is
p, we have an isomorphism of C8-algebras

C8rΘs » C8rX1, . . . , Xss{pXpn1

1 ´ 1, . . . , Xpns

s ´ 1q

“ C8rX1, . . . , Xss{ppX1 ´ 1qp
n1
, . . . , pXs ´ 1qp

ns
q.

This shows the former assertion. For the latter, such a direct summand is
finitely generated and projective over the local ring C8rΘs. Thus it is free
of finite rank. □
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For any d P pA{n℘rAqˆ, take any matrix ηd P SL2pAq satisfying

ηd ”

ˆ

˚ ˚

0 d

˙

mod n℘r.

As in [Hat2, §2.2], we define the diamond operator xdyn℘r acting on SkpΓ1pn℘rqq

by
f |xdyn℘r “ f |kηd,

which is independent of the choice of ηd. Since

ηdΓ
Θ
1 pn, ℘rqη´1

d “ ΓΘ
1 pn, ℘rq,

the subspace SkpΓΘ
1 pn, ℘rqq is stable under the diamond operators.

Consider the natural isomorphism

ρ : pA{n℘rAqˆ Ñ pA{nAqˆ ˆ Aˆ
r .

For any d P Aˆ
r , let r1, ds “ ρ´1pp1, dqq. Since the map

Θ Ñ pA{n℘rAqˆ, d ÞÑ r1, ds

is a group homomorphism, we have a right Θ-action on SkpΓ1pn℘rqq defined
by

Θ Ñ AutpSkpΓ1pn℘rqqqop, d ÞÑ xr1, dsyn℘r .

By (3.1), we have

(3.2) SkpΓ1pn℘rqqΘ “ SkpΓΘ
1 pn, ℘rqq.

Let Q P Π. Write

ΓΘ
1 pn, ℘rq

ˆ

1 0
0 Q

˙

ΓΘ
1 pn, ℘rq “

ž

iPIpQq

ΓΘ
1 pn, ℘rqξi.

The Hecke operator TQ at Q acting on SkpΓΘ
1 pn, ℘rqq is defined by

f |TQ “
ÿ

iPIpQq

f |kξi.

When Q | n℘r, we also write UQ for TQ. Since the explicit description of TQ

given in [Hat1, §3.1] is independent of Θ, the natural inclusion

SkpΓΘ
1 pn, ℘rqq Ñ SkpΓ1pn℘rqq

is compatible with TQ for any Q. Moreover, we can show that Hecke op-
erators commute with each other. By [Hat2, Lemma 2.3], the diamond
operators commute with all Hecke operators.

For a finite dimensional C8-vector space V , a C8-linear map T : V Ñ V
and α P C8, we denote by V pT´αq the generalized eigenspace of T belonging
to α. It equals KerppT ´ αqmq for any sufficiently large integer m. Let
EVpΓΘ

1 pn, ℘rq, k,Qq be the set of eigenvalues of TQ acting on SkpΓΘ
1 pn, ℘rqq.

Then we have

(3.3) SkpΓΘ
1 pn, ℘rqq “

à

αPEVpΓΘ
1 pn,℘rq,k,Qq

SkpΓΘ
1 pn, ℘rqqpTQ ´ αq,
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where each direct summand is stable under all Hecke operators and diamond
operators. By [Hat1, Proposition 2.2], we have

EVpΓΘ
1 pn, ℘rq, k,Qq Ď K̄.

Consider the natural inclusion

ι : SkpΓp
1pn, ℘rqq Ñ SkpΓp

1pn, ℘r`1qq.

For any d P pA{n℘r`1Aqˆ, we have

xdyn℘r`1 ˝ ι “ ι ˝ xd mod n℘ryn℘r .

By the explicit description of TQ in [Hat1, §3.1], this implies that the map
ι is compatible with all Hecke operators.

Lemma 3.2. For any α P Cˆ
8, the map ι induces an isomorphism

SkpΓp
1pn, ℘rqqpU℘ ´ αq Ñ SkpΓp

1pn, ℘r`1qqpU℘ ´ αq

which is compatible with all Hecke operators.

Proof. Write Γr “ Γp
1pn, ℘rq. Let Rp℘q Ď A be a complete set of represen-

tatives of A{℘A. We can write

Γr`1

ˆ

1 0
0 ℘

˙

Γr “
ž

βPRp℘q

Γr`1ξβ , ξβ “

ˆ

1 β
0 ℘

˙

.

Then we have a C8-linear map

s : SkpΓr`1q Ñ SkpΓrq, f ÞÑ
ÿ

βPRp℘q

f |kξβ

satisfying the commutative diagram

SkpΓrq
ι //

U℘

��

SkpΓr`1q

U℘

��

s

yyrrr
rrr

rrr
r

SkpΓrq ι
// SkpΓr`1q.

This implies U℘ “ 0 on Cokerpιq. Since ι commutes with U℘, it induces an
injection

ια : SkpΓrqpU℘ ´ αq Ñ SkpΓr`1qpU℘ ´ αq.

By (3.3), we see that Cokerpιαq is a C8-subspace of Cokerpιq. Since α ‰

0, we have Cokerpιαq “ 0 and the map ια is also surjective. Since ι is
compatible with all Hecke operators, so is ια. □



CONSTANCY OF HECKE EIGENSYSTEMS FOR DRINFELD CUSPFORMS 9

4. Freeness under the Θr-action

In this section, write Γ “ Γ1pn℘rq and Γ̃ “ Γp
1pn, ℘rq, so that Γ̃ ▷ Γ and

Θr “ Γ̃{Γ.

Consider the right ZrΓ̃s-modules

L̃1 :“ ZrT̄ o,Γ̃-st
1 s and L̃0 :“ ZrT Γ̃-st

0 s,

on which the group Γ̃ acts by s|γ̃ “ γ̃´1 ˝ s as before. Let Λ̃1 Ď T o,Γ̃-st
1 and

Λ̃0 Ď T Γ̃-st
0 be complete sets of representatives of

Γ̃zT o,Γ̃-st
1 {t˘1u and Γ̃zT Γ̃-st

0 ,

respectively. By [Ser, Ch. II, §2.9, Theorem 13’ (a)], the sets Λ̃1 and Λ̃0 are
finite. Moreover, we have

(4.1) L̃1 “
à

ePΛ̃1

resZrΓ̃s, L̃0 “
à

vPΛ̃0

rvsZrΓ̃s.

Since the right ZrΓs-module ZrΓ̃s is free of finite rank, we see that the

sequence (2.1) for Γ̃ is a split exact sequence of right ZrΓs-modules. Hence
we obtain an exact sequence of C8-vector spaces
(4.2)

0 // VkpΓq // L̃1 bZrΓs VkpC8q // L̃0 bZrΓs VkpC8q // 0,

which is compatible with natural right Θr-actions.

Lemma 4.1. For any i P t0, 1u, the right C8rΘrs-module L̃i bZrΓs VkpC8q

is free of finite rank.

Proof. By (4.1), we have an isomorphism of right C8rΘrs-modules

L̃i bZrΓs VkpC8q Ñ
à

sPΛ̃i

ZrΓ̃s bZrΓs VkpC8q.

Thus we reduce ourselves to showing that the right C8rΘrs-module

ZrΓ̃s bZrΓs VkpC8q “ IndΓ̃ΓRes
Γ̃
Γ VkpC8q

is free of finite rank.
Let 1 be the trivial representation of Γ over C8. By the projection for-

mula, we have a natural isomorphism of left C8rΓ̃s-modules

π : IndΓ̃ΓRes
Γ̃
Γ VkpC8q Ñ pIndΓ̃Γ 1q bC8 VkpC8q

which is defined by

ZrΓ̃s bZrΓs VkpC8q Ñ pZrΓ̃s bZrΓs C8q bC8 VkpC8q,

rγ̃s b v ÞÑ rγ̃s b 1 b γ̃ ˝ v.

On the target of the map π, we consider the trivial Θr-action on VkpC8q

and the natural right Θr-action on ZrΓ̃s bZrΓs C8 given by

prγ̃s b 1qd “ rγ̃ηr1,dss b 1
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for any d P Θr. Then the map π is Θr-equivariant. Moreover, with the latter
Θr-action, we have an isomorphism of right C8rΘrs-modules

ZrΓ̃s bZrΓs C8 Ñ C8rΘrs, rηr1,dss b 1 ÞÑ rds.

Hence we obtain an isomorphism of right C8rΘrs-modules

ZrΓ̃s bZrΓs VkpC8q » C8rΘrs‘k´1.

This concludes the proof. □
The following proposition is a generalization of [Hat2, Proposition 4.8]

which treats the case of n “ 1, ℘ “ t and k “ 2.

Proposition 4.2. The C8rΘrs-module SkpΓ1pn℘rqq is free of finite rank.

Proof. By Lemma 2.1, it is enough to show that the right C8rΘrs-module
VkpΓ1pn℘rqq is free of finite rank. By (4.2) and Lemma 4.1, we see that the
right C8rΘrs-module VkpΓ1pn℘rqq is a direct summand of a free C8rΘrs-
module of finite rank. Hence the proposition follows from Lemma 3.1. □

5. Constancy of Hecke eigensystems

For any Q P Π and α P K̄, we denote by mpΓΘ
1 pn, ℘rq, k,Q, αq the multi-

plicity of α as an eigenvalue of TQ acting on SkpΓΘ
1 pn, ℘rqq. By definition,

we have

mpΓΘ
1 pn, ℘rq, k,Q, αq “ dimC8 SkpΓΘ

1 pn, ℘rqqpTQ ´ αq.

For any a P Q Y t`8u, we denote by dpΓΘ
1 pn, ℘rq, k, aq the multiplicity of

eigenvalues of slope a of U℘ acting on SkpΓΘ
1 pn, ℘rqq, so that

(5.1)

dpΓΘ
1 pn, ℘rq, k, aq “

ÿ

αPEVpΓΘ
1 pn,℘rq,k,℘q, v℘pι℘pαqq“a

mpΓΘ
1 pn, ℘rq, k, ℘, αq.

Theorem 5.1. For any Q P Π and α P K̄, we have

mpΓ1pn℘rq, k,Q, αq “ |Θ|mpΓΘ
1 pn, ℘rq, k,Q, αq.

In particular, for any a P Q Y t`8u we have

EVpΓ1pn℘rq, k,Qq “ EVpΓΘ
1 pn, ℘rq, k,Qq,

dpΓ1pn℘rq, k, aq “ |Θ|dpΓΘ
1 pn, ℘rq, k, aq.

Proof. Since (3.3) is a decomposition as a C8rΘrs-module, Proposition 4.2
and Lemma 3.1 imply that for any α P K̄, the C8rΘrs-module SkpΓ1pn℘rqqpTQ´

αq is free of finite rank. Write

SkpΓ1pn℘rqqpTQ ´ αq “ C8rΘrs‘m

with some integer m ě 0. By (3.2), this implies

SkpΓΘ
1 pn, ℘rqqpTQ ´ αq “ pC8rΘrsΘq‘m.

Since dimC8 C8rΘrsΘ “ rΘr : Θs, we obtain the first equality.
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Since α P EVpΓ1pn℘rq, k,Qq if and only if mpΓ1pn℘rq, k,Q, αq ‰ 0 and
similarly for ΓΘ

1 pn, ℘rq, the second equality follows. Then (5.1) implies the
third one. □

Note that Γp
1pn, ℘q “ Γ1pn℘q.

Corollary 5.2. For any α P K̄ˆ and a P Q, we have

mpΓ1pn℘rq, k, ℘, αq “ qpr´1q degp℘qmpΓ1pn℘q, k, ℘, αq,

dpΓ1pn℘rq, k, aq “ qpr´1q degp℘qdpΓ1pn℘q, k, aq.

Proof. For any α P K̄ˆ, Lemma 3.2 yields

mpΓp
1pn, ℘rq, k, ℘, αq “ mpΓ1pn℘q, k, ℘, αq,

EVpΓp
1pn, ℘rq, k, ℘qzt0u “ EVpΓ1pn℘q, k, ℘qzt0u.

Since |Θr| “ qpr´1q degp℘q, Theorem 5.1 and (5.1) yield the corollary. □
Let λ “ pλQqQPΠ P K̄Π. We say that λ is a Hecke eigensystem appear-

ing in SkpΓΘ
1 pn, ℘rqq if there exists a nonzero element f P SkpΓΘ

1 pn, ℘rqq

satisfying f |TQ “ λQf for all Q P Π. Let

SkpΓΘ
1 pn, ℘rqqpλq “

č

QPΠ

SkpΓΘ
1 pn, ℘rqqpTQ ´ λQq,

mpΓΘ
1 pn, ℘rq, k, λq “ dimC8 SkpΓΘ

1 pn, ℘rqqpλq.

Since Π is countably infinite, we can choose a bijection

Zą0 Ñ Π, i ÞÑ Qi.

Lemma 5.3. We have SkpΓΘ
1 pn, ℘rqqpλq ‰ 0 if and only if λ is a Hecke

eigensystem appearing in SkpΓΘ
1 pn, ℘rqq.

Proof. Write V0 “ SkpΓΘ
1 pn, ℘rqqpλq. Since any nonzero eigenform in SkpΓΘ

1 pn, ℘rqq

with Hecke eigensystem λ lies in V0, the “if” part is clear.
Suppose V0 ‰ 0. Since TQ1 ´ λQ1 is nilpotent on V0, we have

V1 :“ KerpTQ1 ´ λQ1 : V0 Ñ V0q ‰ 0,

on which TQ2 ´ λQ2 is nilpotent.
Thus we can inductively construct a decreasing sequence of nonzero C8-

vector spaces
V0 Ě V1 Ě ¨ ¨ ¨ Ě Vi Ě Vi`1 Ě ¨ ¨ ¨

such that for any i P Zą0, we have

Vi “ KerpTQi ´ λQi : Vi´1 Ñ Vi´1q.

Since dimC8 V0 is finite, the sequence is stationary and there exists a positive
integer j such that

Vj “ tf P V0 | f |pTQ ´ λQq “ 0 for all Q P Πu.

Since Vj ‰ 0, it follows that λ is a Hecke eigensystem appearing in SkpΓΘ
1 pn, ℘rqq.

□
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Theorem 5.4. Let λ “ pλQqQPΠ P K̄Π satisfy λ℘ ‰ 0. Then we have

mpΓ1pn℘rq, k, λq “ qpr´1q degp℘qmpΓ1pn℘q, k, λq.

In particular, λ is a Hecke eigensystem appearing in SkpΓ1pn℘rqq if and only
if it is a Hecke eigensystem appearing in SkpΓ1pn℘qq.

Proof. Write S0 “ SkpΓ1pn℘rqq. For any i P Zą0, we inductively define

Si :“ Si´1pTQi ´ λQiq,

so that we have a decreasing sequence of C8-vector spaces

S0 Ě S1 Ě ¨ ¨ ¨ Ě Si Ě Si`1 Ě ¨ ¨ ¨ .

Since dimC8 S0 is finite, the sequence is stationary and there exists a positive
integer j satisfying

Sj “ S0pλq “
č

QPΠ

SkpΓ1pn℘rqqpTQ ´ λQq.

Then we have

SΘr
j “ SkpΓp

1pn, ℘rqqpλq “
č

QPΠ

SkpΓp
1pn, ℘rqqpTQ ´ λQq.

For any i P Zą0, the C8-vector space Si´1 is the direct sum of the gen-
eralized eigenspaces of TQi acting on it. Since diamond operators commute
with all Hecke operators, these direct summands are stable under the Θr-
action. In particular, we see that Si is a direct summand of Si´1 as a
C8rΘrs-module.

By Proposition 4.2 and Lemma 3.1, this shows that the C8rΘrs-module Sj

is free of finite rank. Since dimC8 C8rΘrs “ qpr´1q degp℘q and dimC8 C8rΘrsΘr “

1, we have

mpΓ1pn℘rq, k, λq “ qpr´1q degp℘qmpΓp
1pn, ℘rq, k, λq.

Since λ℘ ‰ 0, Lemma 3.2 implies

mpΓp
1pn, ℘rq, k, λq “ mpΓ1pn℘q, k, λq.

Hence we obtain the former assertion of the theorem. The latter assertion
follows from the former and Lemma 5.3. □
Remark 5.5. Note that the only irreducible representation of Θr over C8

is the trivial representation. Hence, if SkpΓ1pn℘rqqpλq is nonzero, then its
Θr-fixed part SkpΓp

1pn, ℘rqqpλq is also nonzero. This also leads to a proof of
the latter assertion of Theorem 5.4.

Remark 5.6. Corollary 5.2 shows a pattern of slopes different from that of
elliptic modular forms. Let k ě 2 and r ě 2 be integers. Let χ : pZ{2rZqˆ Ñ

Cˆ be a Dirichlet character of conductor 2r satisfying χp´1q “ p´1qk. Then
Buzzard–Kilford [BK, Corollary of Theorem B, (i)] proved that the 2-adic
slopes appearing in SkpΓ0p2rq, χq form an arithmetic progression such that
for any integer i ě 1, the ith term goes to zero when r goes to infinity. By



CONSTANCY OF HECKE EIGENSYSTEMS FOR DRINFELD CUSPFORMS 13

the assumption on the conductor of χ, this is a behavior of slopes at points
on the 2-adic weight space near the boundary. In contrast, by Corollary 5.2,
the set of finite slopes in Drinfeld cuspforms of level Γ1p℘rq is constant when
r varies.

A possible explanation for the difference is that, since there is no nontriv-
ial character Θr Ñ Cˆ

8, every character pA{℘rAqˆ Ñ Cˆ
8 factors through

pA{℘Aqˆ and such a boundary behavior does not occur for Drinfeld modular
forms.
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[BGP] G. Böckle, P. M. Gräf and R. Perkins, A Hecke-equivariant decomposition of spaces
of Drinfeld cusp forms via representation theory, and an investigation of its subfac-
tors, Res. Number Theory 7 (2021), no. 3, Paper No. 44, 50 pp.

[BK] K. Buzzard and L. J. P. Kilford, The 2-adic eigencurve at the boundary of weight
space, Compos. Math. 141 (2005), no. 3, 605–619.

[Hat1] S. Hattori, ℘-adic continuous families of Drinfeld eigenforms of finite slope,
Adv. Math. 380 (2021), Paper No. 107594, 32 pp.

[Hat2] S. Hattori, Triviality of the Hecke action on ordinary Drinfeld cuspforms of level
Γ1ptnq, J. Reine Angew. Math. 792 (2022), 269–288.

[Ser] J.-P. Serre, Trees, Corrected 2nd printing of the 1980 English translation, Springer
Monographs in Mathematics, Springer–Verlag, Berlin, 2003.

[Tei] J. T. Teitelbaum, The Poisson kernel for Drinfeld modular curves,
J. Amer. Math. Soc. 4 (1991), no. 3, 491–511.

Department of Natural Sciences, Tokyo City University, 1-28-1 Tamazut-
sumi, Setagaya-ku, Tokyo 158-8557, Japan


