ON SOME CONSTANCY OF HECKE EIGENSYSTEMS FOR
DRINFELD CUSPFORMS OF FINITE SLOPE

SHIN HATTORI

ABSTRACT. Let p be a rational prime, let ¢ > 1 be a p-power integer,
let Fy be the field of ¢ elements and let A = [F,[t] be the polynomial ring
over Fy. Let n € A be a nonzero element and let p € A be a monic irre-
ducible polynomial of positive degree. Let £ > 2 and r > 1 be integers.
Let Sk(T'1(ngp")) be the space of Drinfeld cuspforms of level I'1 (np”) and
weight k. In this paper, we prove that the multiplicity of a Hecke eigen-
system of finite gp-slope in Si(I'1(ng")) is equal to ¢("~14e8®) times
that in Sk(I'1(np)). In particular, this shows that a Hecke eigensys-
tem of finite p-slope appears in Sx(I'1(ngp")) if and only if it appears in
Sk(I'1(ng)).

1. INTRODUCTION

Let p be a rational prime, let ¢ > 1 be a p-power integer, let F, be the
field of ¢ elements, let ¢ be an indeterminate, let A = Fy[t], K = Fy(t),
Ky =Fy((1/t)) and Ok, = F4[[1/t]]. Let Cy be the (1/t)-adic completion
of an algebraic closure of K. Let Q = Cy\Ky be the Drinfeld upper half
plane, which is equipped with a natural structure of a rigid analytic variety
over Cg.

Let II be the set of monic irreducible polynomials of positive degree in A.
Let n € A be a nonzero element and let p € II satisfy p { n. Let k£ > 2 and
r = 1 be integers. For any nonzero m € A, let

Ti(m) = {7 € STa(A) | 7 = (é ’{) mod m}.

A Drinfeld modular form is a rigid analytic function f : Q — Cg, satisfying
a transformation condition and regularity at cusps similar to those for elliptic
modular forms. Though the definitions of elliptic and Drinfeld modular
forms are parallel, arithmetic of Drinfeld modular forms is sometimes very
different from the elliptic case.

It has been realized that Drinfeld modular forms of level I';(m) behave
rather strangely. For example, for a positive integer M, the space of elliptic
modular forms of level I'1 (M) is written as the direct sum of the spaces of
level T'g(M) with nebentypus. On the other hand, such a decomposition is
not possible in general for the space of Drinfeld modular forms of level I'; (m),
since representations of (A/mA)* over Co, are not necessarily semisimple.
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In [Hat2], we proved an unexpected triviality of the Hecke action on the
t-ordinary part of the space of Drinfeld cuspforms of level I'; (¢"). The aim
of the present paper is to generalize it to the finite slope part for more
general levels: it turns out that not the triviality but a constancy in some
sense holds for Hecke eigensystems appearing in the finite p-slope part of
the space of Drinfeld cuspforms of level I'; (np").

To state the main theorem, we fix some notation. Let Si(I'i(np")) be
the Cy-vector space of Drinfeld cuspforms of level I'; (np") and weight k, on
which the Hecke operator Ty at () acts for any @ € II. We write T also as
Ug when @ | np”. For any a € Cy, we denote by S(I'1(np"))(Tg — «) the
generalized eigenspace of Ty belonging to «.

Let K be the algebraic closure of K in Co. Let K, be the completion
of K at p and let R'g, be an algebraic closure of K. Let v, be the p-adic
additive valuation on K, satisfying v,(p) = 1. We choose once and for all
an embedding ¢, : K — I_(p of K-algebras. For any a € Q U {+00}, we say
that an element a € K is of slope a if vy(tp(a)) = a. For any a € K, we
denote by m(I'1(np"), k, p, ) the multiplicity of o as an eigenvalue of U,
acting on Si(T'1(ngp")). For any a € Qu {+o0}, we denote by d(I'1(np"), k, a)
the multiplicity of Ug-eigenvalues of slope a appearing in Si(I'1 (np")).

For any A\ = (Ag)gen € K I we say that X is a Hecke eigensystem ap-
pearing in Si(I'1(ng")) if there exists a nonzero element f € Si(I'1(np"))
satisfying f|Tg = Aqf for all @ € II, and denote by

m(Ty(ng"), k, A) = dime,, () Se(T1(ne")(Tg — Ao)
Qell

the multiplicity of the Hecke eigensystem A appearing in Si(I'1(ng")).
Now our main theorem is as follows.

Theorem 1.1. (1) (Corollary 5.2) For any a€ K* and a € Q, we have
m(Ti(ng"), k, o, @) = ¢V m(T (np), k, , @),
d(T1(ng"), k, a) = ¢~V ATy (np), k, a).

In particular, the sets of nonzero Ug-eigenvalues (resp. finite slopes)
appearing in Sg(I'1(np")) and Sk(T'1(np)) are the same.
(2) (Theorem 5.4) Let A = (\q)qen € K™ satisfy A, # 0. Then we have

m(T1(ng"), k, A) = ¢V m(T (np), k, A).

In particular, \ is a Hecke eigensystem appearing in Sg(I'1(ng")) if
and only if it is a Hecke eigensystem appearing in Sk(I'1(ng)).

This shows a stark contrast to the case of elliptic modular forms where
Hecke eigensystems of finite p-slope vary in p-adic analytic families when the
weight and the p-adic valuation of the level vary. Though in some cases we
have g-adic continuous families of Drinfeld eigenforms varying the weight
[Hatl], Theorem 1.1 indicates that varying the level only yields constant
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families of Hecke eigensystems of finite slope appearing in the space of Drin-
feld modular forms.

Let us give an idea of the proof of Theorem 1.1. Let ©, be the multiplica-
tive group 1+ p(A/p"A). It is a commutative p-group acting on S (I'; (np"))
via diamond operators. Let C,[©,] be the group ring of ©, over Co,. Then
the key point of the proof is the freeness of the Cy[©,]-module Si(I'1 (np"))
(Proposition 4.2). Since Cq, is of characteristic p, the ring Cy[0;] is local
and any direct summand of the free Co[0,]-module Si(I'1(np")) is also free.
This applies in particular to generalized eigenspaces of each Hecke operator.
Since the ©,-fixed part of C[©,] is a Cy-vector space of dimension one,
this relates the multiplicity of a U-eigenvalue or a Hecke eigensystem in
Si(T1(ng")) with that in Sy, (T'1(np"))® = Si(T}(n, ")), where

. . (6
Fﬁ’(n,@)={7€F1(n)‘vmodp 6(0 @;)}-

Then the theorem follows from the fact that the inclusion Si(I';i(np)) —
Sk(T%(n, p")) induces a Hecke equivariant isomorphism on finite slope parts
(Lemma 3.2).

The organization of this paper is as follows. In §2, we recall descriptions of
Drinfeld cuspforms using harmonic cocycles and the Steinberg module [Tei].
In §3, we recall the definition of Hecke operators and diamond operators,
and give the aforementioned isomorphism between the finite slope part of
level Ty (ngp) and that of level I'/(n, ©"). In §4, we prove the key freeness of
the Cy[O,]-module Si(I'1(np")). In §5, we show Theorem 1.1.

Acknowledgments. This work was supported by JSPS KAKENHI Grant
Number 26K06733.

2. COMBINATORIAL DESCRIPTIONS OF DRINFELD CUSPFORMS

In this section, we recall the descriptions of the space of Drinfeld cusp-
forms using harmonic cocycles and the Steinberg module due to Teitelbaum
[Tei, p. 506], following the normalization of [Boc, §5.3] (see also [Hatl, §2]).

For any A-algebra B, we consider B? as the set of row vectors which
admits a left action of GLy(B) by v o (x,y) = (x,y)y"!. Let T be the
Bruhat—Tits tree for SLy(K ). We denote by Ty the set of vertices of 7 and
by 7 the set of oriented edges of 7. By definition, the set 7y consists of
K -equivalence classes of Ok -lattices in K2. For any e € T, the origin,
the terminus and the opposite edge of e are denoted by o(e), t(e) and —e,
respectively. Then the group {£+1} acts on 7 by (—1)e = —e.

Let T be a congruence subgroup of SLy(A) which is p/-torsion free (that
is, every element of I of finite order has p-power order). Consider its action
o on 7T via the natural inclusion I' — GL2(Ky ). We say that a vertex or an
oriented edge of T is I'-stable if its stabilizer in I' is trivial. We denote by
Tt and ﬂO’F'St the sets of I'-stable vertices and oriented edges, respectively.
They are stable under the action of I'. More generally, let I' be any subgroup
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of SLy(A) satisfying T'>T. Then for any s € To L 7° and 4 € T, the element
s is I-stable if and only if 5 o s is I-stable. Thus the sets 7, ' and 7'10’12St
are stable under the action of I'.

For any set S, we denote by Z[S] the free Z-module with basis {[s] | s €
S}. Let

2T = 2T e + [e] e TP,

For any v € 7o, define an element [v]'' € Z[T1 Y] by [v]'t = [v] if v is
I-stable and [v]"*" = 0 otherwise. Let

or  ZITY = Z[T Y, [e] = [#(e)]™ = [o(e)]".

For T T as above, the map o is f‘-equivariant.
We refer to the kernel of the augmentation map

St := Ker(Z[P'(K)] — Z)
as the Steinberg module. We consider St as a left Z[I']-module via

yo(z:y)=(z:yy ", (x:y)eP(K)
Then the left Z[I']-module St is finitely generated and projective. Moreover,
there exists a split exact sequence of left Z[I']-modules

(2.1) 0— > St — = Z[TP" 2o Z[7Ts — 0

([Béc, §5,3], [Ser, Ch. II, §2.9]).

Let k > 2 be an integer and let Hy_5(Cy) be the Cy-subspace of the
polynomial ring C,[X, Y] consisting of homogeneous polynomials of degree
k — 2. Tt is equipped with a left action of GLy(Cy) defined by yo (X,Y) =
(X,Y)y. Let

Vi(Cy) = Home,, (Hi—2(Cy), Cop).

It is also equipped with a natural left action o of GLy(Cy). For any v =

@ Z € GLy(Cy), w € Vi(Cy) and P(X,Y) € Hx_2(Cy), the action o is

defined by
(yow)(P(X,Y)) = w(y Lo P(X,Y)) = det(7)?* *w(P(dX —cY, —bX +aY)).
A harmonic cocycle of level I' and weight & is a map ¢ : 7 — Vi(Cy)
satisfying the following conditions:
(1) ¢(yoe) =voc(e) for any yeI" and e € T2,
(2) ¢(—e) = —c(e) for any e € T2,
(3) Zee’r;’, vet(e) €(€) = 0 for any v € T.
The Cg-vector space of harmonic cocycles of level I and weight k& is denoted
by CPa*(T'). Similarly, the Ce-vector space of maps ¢ : T — Vi(Cy)
satisfying the conditions (1) and (2) is denoted by Cj (T).
Let Vk(F) =St ®Z[p] Vk((Coo) and

L14(T) = Z[T" ®zpry Vi(Cos),  Lox(T) = Z[Tg ] @zpry Vi(Coo),
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where the modules on the left of ® are considered as right Z[I']-modules via
the action s|, = y7! o s. Then (2.1) yields an exact sequence of Co-vector
spaces

0 — V(') — L1 4(I') — Lo k(') —0.

Let Ay © 7'10’F'St be a complete set of representatives of F\TIO’F'St/ {£1}.
Then the Cy-linear map

Op: CE(D) = L1x(), e > [e]®cle)
eeA1

is an isomorphism independent of the choice of A; [Hatl, p. 9]. Moreover,
from [Tei, p. 506], we see that it induces a Cy-linear isomorphism

Op : CP(T) — V().

We denote by Si(I') the Cq-vector space of Drinfeld cuspforms of level
I' and weight k. For any rigid analytic function f : 2 — C, and v =

(CCL Z) € GLy(K ), let flry be the rigid analytic function on €2 defined by

() (e) = ()" ez ) +7 (255).

Then we can associate with any e € 7,° an element Resp(f)(e) € Vi(Cy)
satisfying

(2.2) Resr(fli7)(e) =7~ oResp(f)(yoe)

for any v € GL2(Ky), which gives a Cy-linear isomorphism
Resr : S(I') = CR*(T),  f > (e = Resr(f)(e))

([Tei, Theorem 16], [Béc, Theorem 5.10)).

Let T be a subgroup of SLy(A) satisfying I' > T'. Let G = I'/T. For any
right Z[I']-module M and left Z[[]-module N, the group I acts from the
right on M ®zr) N by

(m®n)y :=my®3 'n

for any m € M, n € N and 7 € T'. This induces a right G-action on M ®zrV
which is functorial on M and N. In particular, we have natural right G-
actions on Vi (I'), L1 x(I") and Lo x(I'). On the other hand, the group I' acts
on Cif (T'), CPa*(T") and Sk(T') from the right by

e cp¥ = (e oc(Foe), [ [l
which induce right G-actions on them.
Lemma 2.1. The isomorphisms

$p: CiE(T) — L14(T), ®roResr: Sp(T) — V(D)

are G-equivariant.
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Proof. Take any c € C,;i (') and 5 € I'. Let A; be a complete set of represen-

tatives of F\’Tlo’F'St/{il}. Since 7 'I'y =T, the set yoA; = {Joe | ee Ay}
is also a complete set of representatives of the same coset space. Since the
map Pr is independent of the choice of Ay, we have

Op(cld) = D [e]®@F T oc(ioe)= > [T oe] @7 oc(e)

ec\ eeyol
= Y [ells®F " ocle) = Pr(o).
eeyo

Hence the first assertion follows.

By [BGP, Remark 1.4], the injection St — Z[7,>" ] of (2.1) is [-equivariant.
Thus the Cy-subspace Vi (I') < L4 (") is stable under the action of G. Since
Char(T') < OF(T) is also stable under the G-action, the latter assertion fol-
lows from the former and (2.2). O

3. HECKE OPERATORS AND DIAMOND OPERATORS

Let n € A be a nonzero element and let o € II satisfy p { n. For any
integer n > 1, let A,, = A/p"A. Let r > 1 be an integer and let

@r = 1+@AT7

which is a subgroup of the multiplicative group A).

Let © be any subgroup of ©,. Let
dp"e O
~ mod @ 0 o)l

90, ) = {€ Tatw)
Since © is a p-group, we see that F?(n, ©") is a congruence subgroup of
SLy(A) which is p/-torsion free. When © = ©,, we denote I'Q(n, ") by
I (n, p"). Note that I'1(np") = I‘il}(n, ©") and we have an isomorphism

T T b T
(3.1) P9 (n, o)/T1(ng”) — ©, (ﬁd>ﬁdmm@.

Lemma 3.1. The group ring Cy[O] is an Artinian local ring. In particular,
for any free Co[O]-module of finite rank, its direct summand as a Cy[O]-
module is free of finite rank.

Proof. Since © is a commutative p-group, it is isomorphic to B;_, Z/p™Z
with some nonnegative integers nq,...,ns. Since the characteristic of Cy;, is
p, we have an isomorphism of Cy-algebras

Coo[O] = Coo[ X1, ..., X J/(XP™ —1,... XP"™ —1)
= Coo[X1,..., X ]/((X1 = D)P", .. (X — 1)P™).

This shows the former assertion. For the latter, such a direct summand is
finitely generated and projective over the local ring Co,[O]. Thus it is free
of finite rank. O
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For any d € (A/np" A)*, take any matrix ng € SLa(A) satisfying

_ * * d r
Nd = 0 d mod ng .
Asin [Hat2, §2.2], we define the diamond operator (d)n, acting on Sy (I'; (np"))
by
f|<d>ngo"" = f|k’77da
which is independent of the choice of n4. Since
nal'y (n, 9 )yt =TT (n, 07),

the subspace Si(I'Q(n, o)) is stable under the diamond operators.
Consider the natural isomorphism

p:(AmplA)" — (A/mA)" x A

For any d € AX, let [1,d] = p~1((1,d)). Since the map
O — (A/mp"A)*, d—[1,d]
is a group homomorphism, we have a right ©-action on S(I'1(ng”)) defined
by
O — Aut(Si(L1(ng"))),  d > ([1,dDnpr.
By (3.1), we have
(3.2) Sk(L1(n"))® = Sp(IP(n, ©").
Let @Q € II. Write

o) (o ¢) P00 = [T rPmes

i€1(Q)
The Hecke operator Ty at @ acting on Sy,(I'Q(n, ")) is defined by
flTg = Z flr&i-

iel(Q)

When @ | np", we also write Ug for Tg. Since the explicit description of T
given in [Hatl, §3.1] is independent of ©, the natural inclusion

S(TT(n,9") = Sk(T1(np"))

is compatible with Tg for any (). Moreover, we can show that Hecke op-
erators commute with each other. By [Hat2, Lemma 2.3], the diamond
operators commute with all Hecke operators.

For a finite dimensional Cq-vector space V', a Cy-linear map T : V — V
and a € Cy,, we denote by V(T'—a) the generalized eigenspace of T' belonging
to a. It equals Ker((T — «)™) for any sufficiently large integer m. Let
EV(I'P(n, "), k, Q) be the set of eigenvalues of Ty acting on Sy (I'P(n, p")).
Then we have

83) ST = B  STPhe)(Te - o),
aeEV(I'Q (n,p7),k,Q)
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where each direct summand is stable under all Hecke operators and diamond
operators. By [Hatl, Proposition 2.2], we have

EV(IP(n,¢"),k,Q) C K.
Consider the natural inclusion
L2 SE(IY (0, 07)) — Sp(TF(n, " ).
For any d € (A/np" "1 A)*, we have
(d)r+1 0t =10{dmod np Huyr.

By the explicit description of Ty in [Hatl, §3.1], this implies that the map
¢ is compatible with all Hecke operators.

Lemma 3.2. For any a € CJ, the map ¢ induces an isomorphism
Sk(r‘ll)(nu @T))(Up - a) - Sk(rzlj(n7 pr+1))<U@ - a)
which is compatible with all Hecke operators.

Proof. Write I',, = T (n, p"). Let R(p) S A be a complete set of represen-
tatives of A/pA. We can write

10 _ (1 B
| ] <O p) I = H FT‘+1£B7 gﬁ - <0 @) :
BeR(p)
Then we have a Cy-linear map
s:Sk(Trs1) = Sk(@y), f D fleés
BeR(p)

satisfying the commutative diagram

Sk (FT) — Sk(FT-H)

w7 |

Sk(L'r) —= Sk (Lrs1).

This implies U, = 0 on Coker(¢). Since ¢ commutes with Uy, it induces an
injection
o+ Sp(L)(Up — ) = Sk(Fry1) (Up — ).

By (3.3), we see that Coker(tq) is a Cy-subspace of Coker(t). Since a #
0, we have Coker(t,) = 0 and the map ¢, is also surjective. Since ¢ is
compatible with all Hecke operators, so is tq. O
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4. FREENESS UNDER THE ©,-ACTION

In this section, write I' = T';(np”) and T' = T%(n, p"), so that I' > T and
o, = I'/T. )
Consider the right Z[I']-modules

Ly=2Z[TP™ and Lo := Z[71™,

— 51 o5 as before. Let A; < 77" and

Ao < 7E)F'St be complete sets of representatives of
DT ) and VTS

respectively. By [Ser, Ch. II, §2.9, Theorem 13’ (a)], the sets A; and Ag are
finite. Moreover, we have

on which the group I acts by sl5

(4.1) L= @[elzli], Lo - @ Wzl

ecAq velg

Since the right Z[I'l-module Z[I'] is free of finite rank, we see that the
sequence (2.1) for I' is a split exact sequence of right Z[I']-modules. Hence

we obtain an exact sequence of Co-vector spaces
(4.2)

0 Vi(I) L1 ®zqr) Vi(Coo) — Lo ®zjr) Vi(Coo) — 0,

which is compatible with natural right ©,-actions.

Lemma 4.1. For any i € {0,1}, the right Co[©,]-module L; ®zr] Vi(Co)
is free of finite rank.

Proof. By (4.1), we have an isomorphism of right Co[©;]-modules
Li ®zr Vi(Cx) = P Z[ Z[l 1] Vi(Co).
seh;
Thus we reduce ourselves to showing that the right Co,[O,]-module
ZIT] @zqr) Vi(Cos) = Indp Rest Vi(Cop)

is free of finite rank.
Let 1 be the trivial representation of I' over Co,. By the projection for-
mula, we have a natural isomorphism of left Co,[I']-modules

7 Indb Resh V4 (Co) — (Indh 1) ®¢,, V(T
which is defined by
ZIT) ®zqr) Vi(Coo) = (Z[T] ®zir) Coo) ®c,, Vir(Coo),
Y®v—[7]®1®70w.

On the target of the map 7, we consider the trivial ©,-action on Vi(Cy)
and the natural right ©,-action on Z[I'] ®r) C given by

(V®Dd = [Ynpql©1
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for any d € ©,.. Then the map 7 is O,-equivariant. Moreover, with the latter
O,-action, we have an isomorphism of right Cy,[©,]-modules

ZIT] ®zpr1 Coo = C[0;],  [np,q] ® 1 [d].

Hence we obtain an isomorphism of right C,[©; |
ZIT) Qzqr) Vi(Cop) = Cop [0,
This concludes the proof. [l

-modules

The following proposition is a generalization of [Hat2, Proposition 4.8]
which treats the case of n =1, p =t and k = 2.

Proposition 4.2. The Cy[0O,]-module Sk(I'1(ng")) is free of finite rank.

Proof. By Lemma 2.1, it is enough to show that the right Cy[©,]-module
Vi (T'1(ng")) is free of finite rank. By (4.2) and Lemma 4.1, we see that the
right Cy[O,]-module Vi (I'1(np")) is a direct summand of a free C,[O,]-
module of finite rank. Hence the proposition follows from Lemma 3.1. [J

5. CONSTANCY OF HECKE EIGENSYSTEMS

For any @ € IT and a € K, we denote by m(I'P(n, 9"), k, Q, @) the multi-
plicity of a as an eigenvalue of Ty acting on Si(I'?(n, p")). By definition,
we have

m(TP(n, o), k,Q, ) = dime,, Sy(T(n, 0"))(To — ).
For any a € Q U {+o0}, we denote by d(I'?(n, "), k,a) the multiplicity of

eigenvalues of slope a of Uy, acting on Si(I'P(n, ")), so that
(5.1)

dTP(n, o), k,a) = > m(TO(n, "), k, p, ).
aeEV(F?(n,pr),k,p), Ve (tp(a))=a

Theorem 5.1. For any Q € II and a € K, we have
m(T1(ng"), k, Q, a) = [Blm(I' (n, 0"), k, Q, ).
In particular, for any a € Q U {+0} we have
EV(I'1(ng"),k, Q) = EV(IY (n, "), k, Q),
d(T1(ng"), k,a) = [O1d(TT (n, "), k, a).

Proof. Since (3.3) is a decomposition as a Cy[©,]-module, Proposition 4.2
and Lemma 3.1 imply that for any o € K, the C,[O,]-module S (I'1 (np"))(To—
«) is free of finite rank. Write

Sk(L1(ng"))(Tg — ) = Coo[6,]7™
with some integer m > 0. By (3.2), this implies
Si(IT (n, 0"))(Tg — @) = (C[0,]°)O™.
Since dimg, Co[0,]° =[O, : O], we obtain the first equality.
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Since a € EV(T'1(ng"), k, Q) if and only if m(I'y(np"),k, Q,a) # 0 and
similarly for T'9(n, o"), the second equality follows. Then (5.1) implies the
third one. (]

Note that I'/(n, p) = I'1 (np).
Corollary 5.2. For any o€ K* and a € Q, we have
m(T1(ng"), k, p, @) = ¢~V IECIm(T (np), k, p, @),
d(T1(ng"), k,a) = "~V 4@ (T (np), k, a).
Proof. For any o € K*, Lemma 3.2 yields
m(Iy(n, "), k, p,a) = m(L1(np), k, o, ),
EV(I{(n, o), k, 9)\{0} = EV(T'1(np), k, 0)\{0}.
Since |0, | = ¢("~1)de(®) Theorem 5.1 and (5.1) yield the corollary. O

Let A = (A\g)gen € K. We say that ) is a Hecke eigensystem appear-
ing in Sp(T'9(n, ")) if there exists a nonzero element f € Si(I'(n,p"))
satisfying f|Tg = Aqf for all Q e II. Let

ST (n, 0"))(A) = [ SkT(n, 0"))(To — Ao),
Qell
m(IP (n,9"),k, A) = dime,, (I (n, 0")().
Since II is countably infinite, we can choose a bijection
Zwg — 11, i Q.

Lemma 5.3. We have Si(TP(n,"))(\) # 0 if and only if \ is a Hecke
eigensystem appearing in Sp(T'9(n, 7).

Proof. Write Vo = Si(I'9(n, 9"))(\). Since any nonzero eigenform in Sy,(I'P (n, "))
with Hecke eigensystem A lies in Vj, the “if” part is clear.
Suppose Vp # 0. Since T, — A@, is nilpotent on Vy, we have
Vi i=Ker(Ty, — Ag, : Vo — W) #0,

on which Tg, — Ag, is nilpotent.

Thus we can inductively construct a decreasing sequence of nonzero Cy-
vector spaces

WwaVi2---2Vi2Vip1 2
such that for any i € Z~o, we have
‘/i = Ker(TQi — )\Qz : ‘/:i—l — ‘/7;_1).
Since dimc,, Vj is finite, the sequence is stationary and there exists a positive
integer j such that
Vi ={f € Vo | f(Tg — M) = 0 for all Q e I1}.

Since V; # 0, it follows that \ is a Hecke eigensystem appearing in Sg(I'{ (n, o).
O
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Theorem 5.4. Let A = (A\g)gen € K™ satisfy A, # 0. Then we have
m(T1(ng"). k. A) = gD (D, (np). k. A).

In particular, X is a Hecke eigensystem appearing in Sk(I'1(ng")) if and only
if it is a Hecke eigensystem appearing in Sk(I'1(np)).

Proof. Write Sy = Si(I'1(np")). For any i € Z~q, we inductively define
Si 1= Si—1(T; — AqQ,),
so that we have a decreasing sequence of Cy,-vector spaces
So25612--25285412--.

Since dimc,, Sp is finite, the sequence is stationary and there exists a positive
integer j satisfying

Sj = So(N) = [ Sk(T1(ng") (T — Ag)-
Qell

Then we have

SP = ST (m, 0" )N = () Se(TE(n, 0")(To — Ao)-
QEell

For any ¢ € Z~(, the Cy-vector space S;_1 is the direct sum of the gen-
eralized eigenspaces of T, acting on it. Since diamond operators commute
with all Hecke operators, these direct summands are stable under the ©,-
action. In particular, we see that S; is a direct summand of S;_1 as a
Coo[Or]-module.

By Proposition 4.2 and Lemma 3.1, this shows that the Cy[©,]-module S}
is free of finite rank. Since dimc,, C[0,] = "1 4e8(%) and dim¢,, C[O,]®
1, we have

m(T1(ng"), k,\) = ¢V 9EEm(T(n, 07), k, A).
Since A\, # 0, Lemma 3.2 implies
m(FZl)(nv ©"),k,A) =m(C1(np), k, A).

Hence we obtain the former assertion of the theorem. The latter assertion
follows from the former and Lemma 5.3. O

Remark 5.5. Note that the only irreducible representation of ©, over Cg
is the trivial representation. Hence, if Si(I'1(np"))(A) is nonzero, then its
O,-fixed part Si(I'(n, "))(N) is also nonzero. This also leads to a proof of
the latter assertion of Theorem 5.4.

Remark 5.6. Corollary 5.2 shows a pattern of slopes different from that of
elliptic modular forms. Let k > 2 and r > 2 be integers. Let x : (Z/2"Z)* —
C* be a Dirichlet character of conductor 2" satisfying x(—1) = (—1)*. Then
Buzzard-Kilford [BK, Corollary of Theorem B, (i)] proved that the 2-adic
slopes appearing in Sg(I'y(2"), x) form an arithmetic progression such that
for any integer ¢ > 1, the ith term goes to zero when r goes to infinity. By

[ —



CONSTANCY OF HECKE EIGENSYSTEMS FOR DRINFELD CUSPFORMS 13

the assumption on the conductor of y, this is a behavior of slopes at points
on the 2-adic weight space near the boundary. In contrast, by Corollary 5.2,
the set of finite slopes in Drinfeld cuspforms of level I'; (") is constant when
r varies.

A possible explanation for the difference is that, since there is no nontriv-
ial character ©, — CJ, every character (A/p"A)* — CJ factors through
(A/pA)* and such a boundary behavior does not occur for Drinfeld modular
forms.
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