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ABSTRACT. Let p be a rational prime. Let F be a totally real
number field such that F' is unramified over p and the residue
degree of any prime ideal of F' dividing p is < 2. In this paper,
we show that the eigenvariety for Resp/q(GLz), constructed by
Andreatta-lovita-Pilloni, is proper at integral weights for p > 3.
We also prove a weaker result for p = 2.
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1. INTRODUCTION

Let p be a rational prime and N a positive integer which is prime
to p. We fix an algebraic closure Q, of Q, and denote its p-adic com-
pletion by C,. Let Wy be the weight space for GL; g, which is a rigid
analytic variety over Q, such that the set of C,-valued points Wy(C,)
is identified with the set of continuous homomorphisms Q; — C.

In [CM, Buz|, Coleman-Mazur and Buzzard defined a rigid analytic
curve Cy with a morphism x : Cy — Wy such that the set of C,-valued
points Cy(C,) is in bijection with the set of normalized overconvergent
elliptic eigenforms of tame level N which are of finite slopes, in such
a way that the eigenform f corresponding to a point € Cy(C,) is of
weight k(z). The curve Cy is called the Coleman-Mazur eigencurve,
and it has played an important role in arithmetic geometry, since it
turned out to be useful to control p-adic congruences of elliptic modular
forms. After their construction of the eigencurve, much progress has
been made to generalize it to the case of automorphic forms on algebraic
groups other than GLyg. Now we have, for various algebraic groups G
over a number field, a similar rigid analytic variety £ to the Coleman-
Mazur eigencurve over a weight space W for G, which is called the
eigenvariety for G.

Despite of their importance, we still do not know much about the
geometry of eigenvarieties. For example, we do not even know if an
eigenvariety has finitely many irreducible components. One of the
topics of active research is the smoothness of eigenvarieties at clas-
sical points. For the Coleman-Mazur eigencurve, we know that the
smoothness at classical points in many cases [BeC1, BD, Hidl, Kisl].
Bellaiche-Chenevier [BeC2] studied tangent spaces of their eigenvariety
for unitary groups at certain classical points, and applied it to showing
the non-vanishing of a Bloch-Kato Selmer group. On the other hand,
Bellaiche proved the non-smoothness of the eigenvariety for U(3) at
classical points [Bel]. It is natural to think that such geometric infor-
mation of eigenvarieties is related to deep p-adic properties of automor-
phic forms.

Another interesting topic, which this paper concerns with, is a proper-
ness of eigenvarieties over weight spaces. Since eigenvarieties are not
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of finite type over weight spaces, they are not proper in the usual
sense. Instead, we consider the following geometric interpretation of
the non-existence of holes: Let D¢, = Sp(C,(T')) be the closed unit
disc centered at the origin O and D¢ = Dc, \ {O} the punctured disc.
For any quasi-separated rigid analytic variety X', we write A, for the
base extension of X to Sp(C,). Suppose that we have a commutative
diagram of rigid analytic varieties

X
D(Cp &CP

|

G
D(Cp > W(CP 9

where the vertical arrows are the natural maps. Then we say that
the eigenvariety & is proper if there exists a morphism D¢, — &¢, such
that the above diagram is still commutative with this morphism added.
Roughly speaking, this means that any family of overconvergent eigen-
forms of finite slopes on G parametrized by the punctured disc can
always be extended to the puncture. However, note that what eigenva-
rieties parametrize are in general not eigenforms themselves but eigen-
systems occurring in the space of overconvergent automorphic forms.
We also note that the naive interpretation of the non-existence of holes
that any p-adically convergent sequence of overconvergent eigenforms
of finite slopes converges to an overconvergent eigenform of finite slope,
is false [CS, Theorem 2.1].

For the properness of the Coleman-Mazur eigencurve Cy, Buzzard-
Calegari first proved the properness of Cy for the case where p = 2
and N = 1 [BuC]. It was followed by Calegari’s result [Cal| on the
properness of Cy at integral weights: he showed the existence of the
map D¢, — Cn,c, as in the definition of the properness if the image of
the puncture O in the weight space corresponds to a classical weight.
One of the key points of their proofs is to show that any non-zero
overconvergent elliptic eigenform of infinite slope does not converge on
a certain region of a modular curve, while any overconvergent elliptic
eigenform of finite slope does converge on a larger region. In [BuC],
they deduced the former from the theory of canonical subgroups, es-
pecially a behavior of the U,-correspondence for elliptic curves with
Hodge height p/(p + 1), while the latter is a consequence of a stan-
dard analytic continuation argument via the U,-operator. Recently,
the properness of the Coleman-Mazur eigencurve was proved in full
generality by Diao-Liu [DL] by using p-adic Hodge theory, especially
the theory of trianguline p-adic representations in families.
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For algebraic groups other than GLsq, the properness of eigenvari-
eties has not been known. Note that in Diao-Liu’s proof of the proper-
ness of the Coleman-Mazur eigencurve, in order to apply p-adic Hodge
theory, it seems crucial that we have a Galois representation, not just
a Galois pseudo-representation, over (the normalization of) the eigen-
curve. This is a consequence of the fact that we can convert pseudo-
representations into representations over smooth rigid analytic curves
[CM, Remark after Theorem 5.1.2]. Thus at present it is unclear if
their proof can be generalized to show the properness of eigenvarieties
of dimension greater than one on the components where the residual
Galois representations attached to automorphic forms are absolutely
reducible.

The aim of this paper is to generalize the method of Buzzard and
Calegari to the case of Hilbert modular forms and to obtain the proper-
ness of the Hilbert eigenvariety constructed by Andreatta-lovita-Pilloni
[AIP2] at integral weights in some cases.

To state the main theorem, we fix some notation. For any totally real
number field F' with ring of integers Op, put G = Resp/g(GL2) and
T = Resp,/z(Gw). Let K/Q, be a finite extension such that F' @ K
splits completely. Let W& be the weight space for G over K as in
[ATP2, §4.1]. By definition, we have

W = Spt(Okl[T(Z,) x Z,]])™

and the set of C,-valued points W (C,) can be identified with the set
of pairs of continuous characters

v:T(Z,) = C;, w:Z; —C,.

We say that the weight (v, w) is 1-integral if its restriction to 1+p(Op®
Zy) x (14 pZ,) comes from an algebraic character T x G,, = G,,. This
restriction corresponds to a pair ((kg)g, ko) of a tuple (kg)s of integers
indexed by the set of embeddings § : F' — K and an integer ky. We
say that a 1-integral weight is 1-even if every kg and ko are even. Then
the main theorem in this paper is the following.

Theorem 1.1 (Theorem 6.1). Let F' be a totally real number field
which is unramified over p. Let K/Q, be a finite extension in Q, such
that F ® K splits completely. Let N > 4 be an integer prime to p. Let
E — WC be the Hilbert eigenvariety of tame level N over K constructed
in [AIP2, §5).

Suppose that for any prime ideal p of F' dividing p, the residue degree
fy of p satisfies f, < 2 (resp. p splits completely in F') if p is odd (resp.
even). Then & is proper at 1-integral (resp. 1-even) weights. Namely,
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any commutative diagram of rigid analytic varieties over C,

X ®
D(Cp &Cp

.

G
De, —~WE,

can be filled with the dotted arrow if ¥(O) corresponds to a 1-integral
(resp. 1-even) weight.

For the proof, we basically follow the idea of Buzzard and Calegari
[BuC, Cal]. Thus the key step in our case is also to show that any
non-zero overconvergent Hilbert eigenform f of 1-integral weight and
infinite slope does not converge on the locus where all the partial Hodge
heights are no more than 1/(p + 1) in a Hilbert modular variety.

Let us explain briefly how to show this non-convergence property,
following [BuC]. For simplicity, we assume that f is of integral weight,
namely the weight (v,w) corresponds to an algebraic character T x
Gm — Gy. For any Hilbert-Blumenthal abelian variety (HBAV) A
with an Op-action over the integer ring Oy, of a finite extension L/K,
we say that a finite flat closed Op-subgroup scheme H of A over Of
is p-cyclic if its generic fiber is etale locally isomorphic to the constant
group scheme Op/pOp. We say that A is critical if every f-Hodge
height of A is equal to p/(p + 1) for any embedding § : F — K. Then
we show that for any critical A and any p-cyclic subgroup scheme H of
A, the quotient A/H has the canonical subgroup A[p|/H of level one
and its S-Hodge heights are all 1/(p 4+ 1) (Proposition 3.12). This is
where the assumption on residue degrees is used in the most crucial
way. It is unclear if the claim holds without this assumption: At least,
we have a counterexample of a similar assertion for truncated Barsotti-
Tate groups if we drop the assumption on f, (Remark 3.13).

Consider the Hilbert modular variety classifying pairs (A, H) of a
HBAV A and its p-cyclic subgroup scheme H. Let U be the locus
where H is the canonical subgroup of A. Another thing we need here
is to show that for any (A, ) with A critical, the corresponding point
[(A, H)] of the Hilbert modular variety has a connected admissible affi-
noid open neighborhood intersecting U such that, if an overconvergent
Hilbert eigenform f of integral weight converges on the locus where
all the 3-Hodge heights are < 1/(p + 1), then we can evaluate U, f
on this neighborhood (Proposition 4.6). This implies that, if f is in
addition of infinite slope, then we have (U, f)(A, ") = 0 for any critical
A and any p-cyclic subgroup scheme H. From this, by a combinatorial
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argument (Lemma 6.2), we obtain f(A/H, A[p]/H) = 0 for any such
(A, H), which yields f = 0 and the above non-convergence property
follows. It seems that this argument using a connected neighborhood
cannot be generalized immediately to the case where f is not of locally
algebraic weight, since in this case U, f is defined only on the locus U
(even after taking a finite etale cover) and it cannot be evaluated for
any critical A.

Note that the theory of canonical subgroups of level one for the
Hilbert case was established by Goren-Kassaei [GK]. In this paper,
we re-interpret and slightly generalize their result using the Breuil-
Kisin classification of finite flat group schemes, following the author’s
previous works [Hat2, Hat3] and Tian’s [Tia]. This construction of
canonical subgroups via the Breuil-Kisin classification gives a more
precise theory of canonical subgroups of higher level than in [AIP2].
This enables us to enlarge the locus in the Hilbert modular variety
where the sheaves of overconvergent Hilbert modular forms are defined
from the original locus given in [ATP2], and to include the case of p < 5
in the main theorem.

What the Hilbert eigenvariety £ of [AIP2] parametrizes are eigen-
systems in the space of overconvergent Hilbert modular forms. Thus,
to follow the strategy of Buzzard and Calegari to reduce the proper-
ness to the above non-convergence property of overconvergent modular
forms, we have to convert a family of eigensystems of finite slopes, or a
morphism from a rigid analytic variety to £, into a family of eigenforms
and vice versa. The latter direction can be treated (Proposition 2.7)
as in the proof of [BeC2, Proposition 7.2.8]. For the former direction,
we first prove that any family of eigensystems over any smooth rigid
analytic variety over C, can be lifted locally to a family of eigenforms
(Proposition 2.5). This can be considered as a version of Deligne-
Serre’s lifting lemma [DS, Lemme 6.11]. Then we glue the local eigen-
forms using a weak multiplicity one result, after we normalize the local
eigenforms with respect to the first g-expansion coefficient (Proposition
5.15). This use of the weak multiplicity one and the normalization via
a g-expansion coefficient hinders us from generalizing the main theorem
to the case of GSps, where the sheaf of overconvergent Siegel modu-
lar forms and the Siegel eigenvariety are constructed in a similar way
[AIP].

Once we have a family of overconvergent Hilbert eigenforms f of
finite slopes parametrized by Dép associated to the family of eigen-

systems ¢ : Dép — &c,, we extend its domain of definition in the
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Hilbert modular variety as large as possible by an analytic continua-
tion using the U,-operator. Since the Hecke eigenvalues are of absolute
values bounded by one, we can show that the g-expansion defines a
rigid analytic function around a cusp parametrized by D(ép which is of
absolute value bounded by one. Such a function automatically extends
to the puncture, and a gluing shows that f also extends to the punc-
ture (Proposition 5.19). Since we analytically continued f to a large
region, the specialization f(O) at the puncture is also defined over the
same large region. Thus the non-convergence property of eigenforms of
infinite slope mentioned above implies that f(O) is also of finite slope,
which gives us an extended map D¢, — ¢, .

The organization of this paper is as follows. In Section 2, we recall

Buzzard’s eigenvariety machine [Buz] on which the construction of the
Hilbert eigenvariety in [AIP2] relies, and we prove results to convert a
family of eigensystems into local eigenforms and vice versa. Section 3
is devoted to developing the theory of canonical subgroups using the
Breuil-Kisin classification of finite flat group schemes. In particular,
we prove the key result on a behavior of the U,-correspondence on the
critical locus. In Section 4, we recall the definition of overconvergent
Hilbert modular forms and the construction of the Hilbert eigenvariety,
both due to Andreatta-lovita-Pilloni [AIP2], including generalizations
of some of their results to the case over C,. We also give a connected
neighborhood of any critical point in a Hilbert modular variety, which
is another key ingredient of the proof of Theorem 1.1. In Section 5, we
prove properties of the g-expansion for overconvergent Hilbert modular
forms. These are used to produce a global eigenform by gluing local
eigenforms obtained from a family of eigensystems, and also to extend
a family of overconvergent Hilbert eigenforms over the punctured unit
disc to the puncture. Combining these results, we prove Theorem 1.1
in Section 6.
Acknowledgments. The author would like to thank Fabrizio An-
dreatta, Ruochuan Liu and Vincent Pilloni for kindly answering his
questions on their works, and Tadashi Ochiai for helpful comments on
an earlier draft. He also would like to thank Shu Sasaki for enlightening
discussions on p-adic modular forms and encouragements.

2. LEMMATA ON BUZZARD’S EIGENVARIETY

Let p be a rational prime and K a finite extension of @, in @p.
In this section, we establish two lemmata on Buzzard’s eigenvariety
machine [Buz]. In the first lemma, we show that any family of Hecke
eigensystems over a smooth rigid analytic variety over C, lifts locally to
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a family of eigenforms. The second one enables us to convert any family
of Hecke eigensystems of finite slopes over a reduced rigid analytic
variety into a morphism to the eigenvariety.

2.1. Buzzard’s eigenvariety machine. First we briefly recall the
construction of Buzzard’s eigenvariety. Let R be a reduced K-affinoid
algebra. Let M be a Banach R-module satisfying the condition (Pr)
of [Buz, §2]. We write End%™ (M) for the R-algebra of continuous R-
endomorphisms of M. Let T be a commutative K-algebra endowed
with a K-algebra homomorphism T — End®™(M). Let ¢ be an el-
ement of T. Suppose that ¢ acts on M as a compact operator. We
call such a quadruple (R, M, T, ¢) an input data for the eigenvariety
machine over K.

For such M and M’, a continuous R-linear T-module homomorphism
a: M — M is called a primitive link if there exists a compact R-
linear T-module homomorphism ¢ : M — M’ such that ¢ acts on M
as a o c and it acts on M" as co a. A continuous R-linear T-module
homomorphism « : M’ — M is called a link if it is the composite of a
finite number of primitive links.

Let P(T) = 1+ ),-; ¢,T" be the characteristic power series of ¢
acting on M, which is an element of the ring R{{T'}} of entire functions
over R. The spectral variety Z, for ¢ is the closed analytic subvariety
of Sp(R) x A' defined by P(T'). We denote the projection Zs — Sp(R)
by f.

The eigenvariety & associated to (R, M, T, ¢) is the rigid analytic
variety over Z,4 defined as follows: Let C be the set of admissible affi-
noid open subsets Y of Z, satisfying the condition that there exists an
affinoid subdomain X of Sp(R) such that Y C f~1(X) and the map
Y — X induced by f is finite and surjective. We can show that C is
an admissible covering of Z, [Buz, §4, Theorem|, and we refer to C as
the canonical admissible covering of Z,.

Let Y = Sp(B) be an element of C and X = Sp(A) as above. Suppose
that X is connected. Then the A-algebra B is projective of constant
rank d. In the ring of entire functions A{{T'}} over A, we can show
that P(T) can be written as P(T) = Q(T)S(T") with some S(T') €
A{{T'}} and a polynomial Q(T) of degree d over A with constant term
one, and that we have a natural isomorphism A[T]/(Q(T)) ~ B. Put
Q*(T) = TYQ(T~'). By the Riesz theory [Buz, Theorem 3.3], the
restriction My of M to X = Sp(A) can be uniquely decomposed as
My = N @ F, where N is a projective A-module of rank d such that
Q*(¢) acts on N as the zero map and it acts on F' as an isomorphism.
Since Q*(0) # 0, the operator ¢ is invertible on N. Let T(Y') be the



PROPERNESS OF THE HILBERT EIGENVARIETY 9

A-subalgebra of End™"(N) generated by the image of T. Then the
A-algebra T(Y') is finite and thus a K-affinoid algebra. Moreover, we
have a natural A-algebra homomorphism A[T]/(Q(T)) ~ B — T(Y)
sending T to (¢|nx)~'. Put £(Y) = Sp(T(Y)). If X is not connected,
by decomposing X into connected components as X = [[, X;, we put
EY) =1L |x,). Then these local pieces can be glued along the
admissible covering C and define the eigenvariety &€ — Z; [Buz, §5]. By
[Buz, Lemma 5.3], the rigid analytic varieties £ and Z, are separated.

By the construction, the natural map & — Z is finite and the struc-
ture morphism & — Sp(R) is locally (with respect to both the source
and the target) finite. Moreover, we have a K-algebra homomorphism
T — O(E) such that, for any admissible affinoid open subset V' of Z,,
the induced map T ®x O(V) — O(E]y) is surjective.

In some cases we can glue this construction to define the eigenvariety
over a non-affinoid base space. Let W be a reduced rigid analytic vari-
ety over K. Let T be a commutative K-algebra and ¢ an element of T.
Suppose that, for any admissible affinoid open subset X C W, we are
given a Banach O(X)-module Mx satisfying the condition (Pr) with a
K-algebra homomorphism T — Endg’(n)t()(M x) such that the image of
¢ is a compact operator. Suppose also that for any admissible affinoid
open subsets X; C Xy C W, we have a continuous O(X;)-module ho-
momorphism « : Mx, — My, ®@( X)O(X1) which is a link and satisfies
a cocycle condition. Then the eigenvarieties for (O(X), Mx, T, ¢) can
be patched into the eigenvariety £ — Z5 — W [Buz, Construction 5.7,
where Z, denotes the spectral variety over VW constructed by gluing the
spectral varieties over X.

Let L/ K be an extension of complete valuation fields (of height one).
For any quasi-separated rigid analytic variety X over K and any co-
herent Oy-module F, we can define base extensions X}, := XY®x L and
Fr of X and F functorially (see [BGR, 9.3.6] and [Conl, §3.1]). If
the extension L/K is finite, then they are just the fiber product and
the pull-back in the usual sense. Otherwise, it seems unclear if it has
usual properties as a fiber product: for an open immersion j : U — X,
what we know in this case is that the base extension j; : U, — A
is also an open immersion if j is quasi-compact (for example, if X
is quasi-separated and U is an admissible affinoid open subset) or a
Zariski open immersion. At any rate, [BGR, Proposition 9.3.6/1 and
Corollary 9.3.6/2] implies that the base extension takes any admissible
affinoid covering of X to that of A7. We write the set of L-valued
points A7 (L) also as X'(L).
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We say that a K-algebra homomorphism A : T — L is an L-valued
eigensystem in M if there exist an admissible affinoid open subset X C
W, an element x € X (L) given by a K-algebra homomorphism z* :
O(X) — L and a non-zero element m of Mx®0(x),z*L such that we
have hm = A(h)m for any h € T. It is said to be of finite slope if
A(¢) # 0. Then there exists a natural bijection between £(L) and the
set of L-valued eigensystems A in M of finite slopes [Buz, Lemma 5.9].
We state the following lemma for the reference, which is in fact shown
in [Buz.

Lemma 2.1. Let (R, M,T,$) be an input data for the eigenvariety
machine over K and let € — Z4 be the associated eigenvariety over
X =Sp(R). Let L/K be an extension of complete valuation fields and
take z € E(L). Let x € X(L) and y € Z,(L) be the images of z. Let
AT — L be the L-valued eigensystem in M corresponding to z. Let
m be a non-zero element of M®p .~ L satisfying hm = X(h)m for any
h € T. Take an admissible affinoid open subset V' in the canonical
admissible covering of Z, satisfying y € V(L). Put W = f(V) =
Sp(A). Suppose W is connected. Let P(T) be the characteristic power
series of ¢ acting on M, Q(T) the factor of P(T) in A{{T'}} associated
toV and My = N @& F the corresponding decomposition of Ma, as
above.

(1) AX(h) = h(z) in L, where h(z) is the specialization at z of the
image of h by the map T — O(E).
(2) The decomposition

M®R,x*L =N ®A,1’* L S%) F®A,x*L

is the one corresponding to the factor Q.(T) of P.(T), where
P.(T) and Q.(T) are the images of P(T) and Q(T) in L{{T}}
by x*, respectively.

(3) Qe(A(®)™') =0 and m € N®ga .+ L.

Proof. The first assertion follows from the proof of [Buz, Lemma 5.9].
The second one follows from [Buz, Lemma 2.13] and the uniqueness of
the decomposition in [Buz, Theorem 3.3]. For the third one, note that
the definition of the map £(V) — V implies Q,(A(¢)™1) = Q:(\(9)) =

0. Since Qi(¢)m = QL(A(¢))m = 0, the second assertion implies

T

2.2. Lifting lemma a la Deligne-Serre. In this subsection, we con-
sider the problem of converting a family of eigensystems into a family
of eigenforms. First we show the following local lemma.
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Lemma 2.2. Let L be a complete valuation field which is algebraically
closed. Let A be an L-affinoid algebra and let N be a projective A-
module of finite rank. Let T be a finite A-algebra equipped with an A-
algebra homomorphism T — Enda(N). Let S be an L-affinoid algebra
which is an integral domain and let ¢ : T — S be a homomorphism of
L-affinoid algebras. For any x € Sp(S), we write m,, for the associated
mazximal ideal of S. Assume that, for any x € Sp(S), the induced map

o(=)(x): T — S/my,

is an S/mg-valued eigensystem in N. Namely, we assume that, for any
x € Sp(S), there ezists a non-zero element f, € N ®4 S/m, satisfying
(h®1)f: = (1 ®p(h)(x))fs for any h € T.

(1) There exists a non-zero element F' € N ®4 S satisfying (h ®
DNF=(1®p(h))F forany h € T.

(2) Assume moreover that S is a principal ideal domain. We write
F(z) for the image of F'in N ®4.S/m,. Then there exists F' as
in (1) satisfying F'(z) # 0 for any « € Sp(S5).

Proof. Put P = Ker(p : T — S), which is a prime ideal of T". Consider
the multiplication map p: T ®4T/P — T/P, and put

Q =Ker(p) =Ker(T®@,T/P —T/P —95).

Then the ideal @ is a minimal prime ideal. Indeed, since the A-algebra
T is finite, the T/ P-algebra T'® 4 T'/ P is also finite and thus the latter
ring is a finite extension of a quotient of T/P. Since the quotient
(T'®aT/P)/Q is isomorphic to T/ P, we have the inequality

dim(T/P) > dim(T ® 4 T/P) > t(Q) + dim(T/P),

which implies ht(Q) = 0.

The ideals n, = ¢~ (m,) and 7/, = (pou)~(m,) are maximal ideals
of the rings T"and T'® 4 T'/ P, respectively. We write 7, for the inverse
image of m, by the map T/P — S, which is also a maximal ideal. Via
the map 1® ¢ : TR T/P — T ®4 S, the ring T ®4 T/P acts on
N ®4 S/m, for any x € Sp(S).

First we claim that 7!, = Anngpg,r/p(f;). Since 7, is a maximal
ideal and f, # 0, it is enough to show 7!, C Annyg,r/p(fz). Since
L is algebraically closed, the ideal Im(n, ®4 T/P) 4+ Im(T ®4 n,) is
a maximal ideal contained in 7!, and thus they are equal. For any
h € T, we denote its image in T/P by h. Take elements h € T
and I/ € n,. We have (h ® I/)f, = 0. On the other hand, we also
have (W ® 1)f, = (1 ® p(R')(z))f. = 0 by assumption. This implies
(k' ® h)f, = 0 and the claim follows.
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Next we claim that the localization (N ®4 T/ P)q of the T ®4 T/ P-
module N ®4 T'/P at @ is non-zero. Suppose the contrary. Since the
T ®4 T/P-module N ®4 T/P is finite, we can find s ¢ @ satisfying
s(N®4T/P) = 0. Take any = € Sp(S). We have s(N ®4 T/n,) = 0.
Since L is algebraically closed, we have L = T/n, = S/m, and we
also see that s(N ®4 S/m,) = 0. In particular, we have sf, = 0 and
s € Annpg,7/p(fz) = 7. Thus we obtain

se () m= () (pow ™ (ma)=(pom)™( [ ma).

z€Sp(S) zeSp(S) z€Sp(S)

The assumption that S is a reduced L-affinoid algebra implies

Hence s € Ker(p o ) = @, which is a contradiction.

Therefore we obtain @ € Supprg ,7/p(N ®a T/P). Since Q is a
minimal prime ideal, it is also contained in Assrg,r/p(IN ®4 T/P).
Namely, the prime ideal @ is written as () = Annyg,7/p(G) with some
non-zero element G of N®4T/P. Since the A-module N is projective,
the natural map 1® o : N®4T/P — N®4 S is an injection. Thus the
image F' = (1 ® ¢)(G) is non-zero. Moreover, since h®@ 1 —1® h € Q
for any h € T, we have the equality (h ® 1)G = (1 ® h)G. Hence we
obtain (h ® 1)F = (1 ® ¢(h))F and the assertion (1) follows.

Now assume that S is a principal ideal domain. Then each maximal
ideal m, of S is generated by a single element ¢,. Put

N(F) = {x € Sp(S) | F(x) = 0},

Since the A-module N is projective and the Krull dimension of S is no
more than one, we see that 3(F') is a finite set. For any = € X(F),
the element F lies in Ker(N ®4 S — N ®4 S/m,) = m,(N ®4S). By
Krull’s intersection theorem, there exists a positive integer ¢, satisfying
F € t=(N®yS)\ t&c™ (N @y S). Put F = t&*H with some non-
zero element H of N ®4 S. We have H(z) # 0 and X(H) C X(F).
Since the S-module N ® 4 S is torsion free, the element H also satisfies
(h®@1)H = (1®@¢(h))H for any h € T. Repeating this, we can find F
as in the assertion (1) satisfying X(F') = 0. O

Remark 2.3. Let Sp(S) be a connected affinoid subdomain of the unit
disc D¢, = Sp(C,(T")). Note that C,(T) is a principal ideal domain,
since it is a unique factorization domain of Krull dimension one. [BGR,
Proposition 7.2.2/1] implies that S is a regular ring of Krull dimension
no more than one such that every maximal ideal is principal. Since
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Sp(S) is connected, we see that S is a principal ideal domain. Hence
the assumption of Lemma 2.2 (2) is satisfied in this case.

We say that a rigid analytic variety X is principally refined if any
admissible covering of X has a refinement by an admissible affinoid
covering X = [J,c; U; such that the affinoid algebra of each affinoid
open subset U; in the refined covering is a principal ideal domain.

Remark 2.4. Remark 2.3 implies that any open subvariety of D¢, is
principally refined.

For the eigenvariety associated to an input data (R, M,T,¢), the
above lemma implies the following proposition.

Proposition 2.5. Let (R, M, T, ¢) be an input data for the eigenvariety
machine over K and let € — Z, — Sp(R) be the associated eigenvari-
ety. Let L/K be an extension of complete valuation fields such that L
1s algebraically closed. Let X be a smooth rigid analytic variety over L
and let o : X — &, = EQx L be a morphism of rigid analytic varieties
over L.

(1) There exist an admissible affinoid covering X = \J,c; Ui and
a non-zero element F; € M&@rO(U;) for each i € I satisfying
(h@ D)F;, = (1 ®@ ¢*(h))F; for any h € T, where ¢* : T —
O(€) — O(U;) is the map induced by .

(2) Assume moreover that X is principally refined. We write k(x)
for the residue field of x € U; and F;(x) for the image of F; in
M®gk(z). Then we can find F; as in (1) satisfying Fy(x) # 0
for any x € U;.

Proof. Let C be the canonical admissible covering of Z,;. Forany V' € C,
we have the K-affinoid variety £(V) = Sp(T(V)), as before. Then
&L = Uyec€(V)r is an admissible affinoid covering of £. Let f :
Z4, — Sp(R) be the natural projection and write as f(V) = Sp(A).
For any V' € C such that f(V') is connected, take an admissible affinoid
covering " (E(V)z) = U,ey, Ui such that U; = Sp(S;) is connected
for any ¢ € Iyy. From the construction of the eigenvariety, we have a
natural decomposition M®rA = N @ F into closed A-submodules N
and F. Note that the A-module N is finite and projective. Since the
complete tensor product commutes with the direct sum, the S;-module
N ®4 S; is a submodule of M®zS;.

For any i € Iy, consider the natural map ¢* : T — T(V) — S;. For
any x € U; = Sp(S;), the composite Sp(k(x)) — U; — &L corresponds
to a k(x)-valued eigensystem of T in M of finite slope. Namely, there
exists a non-zero element g, of M®gk(z) = N®ak(r) & FRak(x)



14 SHIN HATTORI

satisfying (h®1)g, = (1®¢*(h)(x))g, for any h € T and (¢®1)g, # 0.
Lemma 2.1 (3) implies g, € N®ak(x). Since U; is connected and
smooth, the ring S; is an integral domain. Applying Lemma 2.2 (1)
to (AQx L, NQg L, T(V)®xL,S;), we obtain a non-zero element G; €
N ®4 8 = (N®OrL)®ys, 5 satistying (h ® 1)G; = (1 @ ¢*(h))G;
for any h € T. Setting F; to be the image of G; by the injection
N ®4 S; — M®gS;, the assertion (1) follows.

For the assertion (2), by assumption we may assume that each S; is
a principal domain. Then Lemma 2.2 (2) allows us to find G; satisfying
in addition G;(x) # 0 for any « € U;. Since we have a commutative
diagram

N ®4 S;“—— M®gS;

| |

N @4 k(1) M®gk()

such that the horizontal arrows are injective, we obtain F;(x) # 0 for
any z € U,. ([l

2.3. Bellaiche-Chenevier’s argument. Let (R, M, T, ¢) be an input
data for the eigenvariety machine over K and let £ — Z, — Sp(R)
be the associated eigenvariety. Let L/K be an extension of complete
valuation fields. Put R; = R®xL. Let X be a rigid analytic variety
over L equipped with a morphism s : X — Sp(Ry). For any x € X,
we have a natural ring homomorphism x*(xz) : R — k(z). A ring
homomorphism ¢ : T — O(X) is said to be a family of eigensystems
in M over X if, for any x € X, there exists a non-zero element f, of
M®p o (xyk(x) such that (h @ 1)f, = (1 ® ¢(h)(x))f, for any h € T.
It is said to be of finite slopes if p(¢)(x) # 0 for any z € X. This
is the same as saying that ¢(¢) € O(X)*. In this subsection, we
show that we can convert a family of eigensystems of finite slopes over
a reduced base space into a morphism to the eigenvariety, following
[BeC2, Proposition 7.2.8]. First we recall the following lemma.

Lemma 2.6. (1) Let f : X — Y be a morphism of rigid analytic
varieties over L with X reduced. Let Z be a closed analytic
subvariety of Y. Suppose f(X) C Z. Then f factors through
Z.

(2) Let f,f": X =Y be two morphisms of rigid analytic varieties
over L with X reduced and Y separated. Suppose that these
morphisms define the same map between the underlying sets.
Then f = f'.
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Proof. For the first assertion, we may assume that X = Sp(R;), Y =
Sp(Ry) and Z = Sp(Ry/I) for some ideal I of R,. Consider the as-
sociated ring homomorphism f* : Ry — R; and put J = Ker(f*).
By assumption, every maximal ideal m of Ry satisfies (f*)~'(m) 2 I.
Since R; is Jacobson and reduced, we obtain

rc () UHMm=u7C ) m=)T0) =

meSp(R1) meSp(R1)

Hence the assertion (1) follows. The second assertion follows from the
first one applied to (f,f) : X — Y xp Y and the diagonal ¥ —
Y x, Y. O

Proposition 2.7. Let (R, M, T, ¢) be an input data for the eigenvariety
machine over K and let € — Z, — Sp(R) be the associated eigenva-
riety. Let L/K be an extension of complete valuation fields. Let X
be a reduced rigid analytic variety over L equipped with a morphism
Kk : X — Sp(Ry). Suppose that we have a family of eigensystems of
finite slopes ¢ : T — O(X) in M over X. Then there exists a unique
morphism ® : X — & such that the diagram

X—¢>5L

R

Sp(RL)

is commutative and, for any x € X, the eigensystem over k(x) corre-
sponding to Sp(k(x)) — X 2 &, is the map o(—=)(x): T — k(z).

Proof. Let C be the canonical admissible covering of Z4. Take any
V = Sp(B) € C and put f(V) = Sp(A) as in the proof of Proposition
2.5. Let I be a finite subset of T such that its image in T(V) is a
system of generators of the finite B-algebra T(V'). We denote by A{/L
the affine space over V;, = V&g L whose variables are indexed by I.
We have a morphism of rigid analytic varieties

Z'VJ : 5(V)L — A{/L7 Z = (h<2)>h€].

From the definition of I, we see that the map ¢y;; is a closed immersion.
On the other hand, we also have a morphism of rigid analytic vari-
eties

p:X = 8p(Rr) x A,z (k(2),0(6) " (2)).
Let P(T) € R{{T'}} be the characteristic power series of ¢ acting on
M. For any x € X, let P,(T') be the image of P(T") in k(z){{T'}} by the
map £*(z) : R — k(z). By [Buz, Lemma 2.13], it is the characteristic
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power series of ¢ acting on M®p () k(z). By assumption, there exists
a non-zero element g, of M® Ry (x)k(2) satisfying

(h®1)ge = (1@ @(h)(z))ga-

Then Lemma 2.1 (3) implies P,(¢(¢)(x)™!) = 0. By using the assump-
tion that X is reduced and Lemma 2.6 (1), we see that the morphism
w factors through Z, 1.

For any V € C, put Xy, = p~' (V7). For any I as above, we consider
the morphism of rigid analytic varieties over V7,

Jvi: Xv, = A{/La z = (p(h)(2))ner-

By [Buz, Lemma 5.9] and Lemma 2.1 (1), for any # € Xy, there
exists a unique point z, € £(k(z)) satisfying ¢(h)(z) = h(z,) for any
h € T. We claim that z, € £(V);. Indeed, we may assume that
f(V) is connected. Let Q(T) be the factor of P(T) corresponding to
V and Q.(T) its image by x*(z). Let N be the direct summand of
M, corresponding to V. For any z € Xy, , we have u(z) € V, and
Qu(p(¢7) (@) = Qi(p(¢)(z)) = 0. Hence Q;(¢)g, = 0 and thus
gz € N ®4 k(x). From the proof of [Buz, Lemma 5.9], this implies
z, € E(V) and the claim follows.

In particular, we have jy. (z) = ivs(z,) for any x € Xy, and thus
Jvi(Xv,) C iy (E(V)L). Since iy is a closed immersion and Xy, is
reduced, Lemma 2.6 (1) yields a unique morphism ®y; : Xy, — E(V),,
over V7, which makes the following diagram commutative.

Py 1

XVL - S(V)L
\ v(iv,z
Jv,I

1
AVL

We claim that the morphism ®y; is independent of the choice of a
finite subset I of T as above. Indeed, for any z € Xy,, we have
Py r(x) = iy;(jvi(x)) = 2, which depends only on z. Since X is
reduced and & is separated, Lemma 2.6 (2) implies the claim. Moreover,
by the same reason we can glue the morphisms ®y; along V' € C and
obtain a morphism ® : X — £,. Since the requirement on ® in the
proposition is the same as ®(x) = z,, it is satisfied by the morphism ®
we have constructed. Lemma 2.6 (2) ensures the uniqueness. t

3. THEORY OF CANONICAL SUBGROUPS

The theory of canonical subgroups is a powerful tool to study over-
convergent modular forms and the dynamics of the U,-correspondence
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on Shimura varieties. For the Hilbert modular varieties, such a theory
was established successfully by Goren-Kassaei [GK], using the geome-
try of the modular varieties over a field of characteristic p. In order to
obtain more precise information on the Uj,-correspondence which was
needed for an application, Tian [Tia] combined Goren-Kassaei’s work
with the approach in [Hat2] of using the Breuil-Kisin classification of
finite flat group schemes over complete discrete valuation rings. In this
section, we recall their theory of canonical subgroups and give a slight
generalization, including its higher level version, which is necessary for
the sequel. Moreover, we prove a key property of the U,-correspondence
on the critical locus.

3.1. Breuil-Kisin modules. Let k be a perfect field of characteristic
p and W = W (k) the Witt ring of k. Put W,, = W/p"W. We denote
by o both the p-th power Frobenius map on k£ and its natural lift on
W. Let K be a finite totally ramified extension of Frac(WW') of degree
e. We denote its ring of integers by Ok. Let 7 be a uniformizer of K.
Let v, be the additive valuation on K normalized as v,(p) = 1. For
any non-negative real number i, we put

my = {2 € Ok |vy(2) 2 i}, Ok = Ox/my.

For any extension L/K of valuation fields, we consider the valuation
on L extending v, and define m;" and Oy, ; similarly. We write as

S = SPeC(OK,z')7 yL,i = SpeC(OL,i>~

We denote the maximal ideal of O, by my. For any element z € Op 1,
we define the truncated valuation v,(z) by

vp(x) = min{v,(2), 1}

with any lift £ € O, of x. For any x € L, we define the absolute value
of z by |z| = p~®). Let us fix an algebraic closure K of K and extend
v, naturally to K. Put G = Gal(K/K). We fix a system (,),>0 of
p-power roots of 7 in K such that my = 7 and ., = m, for any n.
Put Koo =, >0 K () and G, = Gal(K/K).

Let E(u) € W[u] be the monic Eisenstein polynomial for 7 and set
co =p 'E0) € W*. Put & = W[[u]] and &,, = &/p"S. The ring
S, = k[[u]] is a complete discrete valuation ring with additive valuation
v, normalized as v,(u) = 1. We also denote by ¢ the o-semilinear
continuous ring homomorphism ¢ : & — & defined by u — uP.

An G-module M is said to be a Breuil-Kisin module (of E-height
< 1) if M is a finitely generated G-module equipped with a ¢-semilinear
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map gy @ I — I such that the cokernel of the linearization
1®pm:e"M=06®,sM—M

is killed by E(u). We refer to pgn as the Frobenius map of the Breuil-
Kisin module 9t and often write as ¢ abusively. A morphism of Breuil-
Kisin modules is defined as an &-linear map compatible with Frobenius
maps. Let Mod}g1 be the category of Breuil-Kisin modules 991 such
that the underlying G-module 2N is free of finite rank over &;. We
denote by Mod}g"oo the category of Breuil-Kisin modules ) such that
the underlying G-module 90 is finitely generated, p-power torsion and
u-torsion free.

The category Mod}goo admits a natural notion of duality, which is
denoted by 9t — MY [Liul, Proposition 3.1.7]. Here we give its ex-
plicit definition for the full subcategory Mod}’é’l. For any object 9t of

Mod}gl, let eq, ..., e, be its basis. Write as

om(er, ... en) =(e1,...,ep)A

with some A € M,(S;). Consider its dual Y = Home, (9, &) with
the dual basis ef,...,e/. We give MY a structure of a Breuil-Kisin
module by

E
(el = ) (2 )
0

which is independent of the choice of a basis.
Consider the inverse limit ring
R=1m(Ofg <+ Og ¢+ ---),
% (Ok . K1 )

where every transition map is the p-th power Frobenius map. The ab-
solute Galois group G'i acts on R via the natural action on each entry.
We define an element & of R by m = (mg, 71, ...). The ring R is a com-
plete valuation ring of characteristic p with algebraically closed fraction
field, and we normalize the additive valuation vg on R by vg(w) = 1/e.
We define m? and R; = R/ m? as before, using vg. We consider the
Witt ring W(R) as an G-algebra by the continuous W-linear map de-
fined by u — [x]. Then we have the following classification of finite flat
group schemes over Ok [Bre, Kis2, Kim, Lau, Liu2].

Theorem 3.1. (1) There exists an exact anti-equivalence
G = M*(G)

from the category of finite flat group schemes over Ok killed
by some p-power to the category Mod}goo. If G is a truncated
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Barsotti-Tate group of level n over Ok, then the &-module
M*(G) is free over &,,.

(2) Letn be a positive integer satisfying p"G = 0. Then there exists
a natural isomorphism of G -modules

G(Or) — Homeg ,(M*(G), W, (R)).

Moreover, we have 1g; (G(Og)) = lgg(M*(G)).

(3) Let GV be the Cartier dual of G. Then there exists a natural iso-
morphism IM*(GY) — IM*(G)Y which, combined with the natural
isomorphism of (2), identifies the pairing of Cartier duality

(= —)g:G(0k) x G*(O) = 1y (O)
with the natural perfect pairing
Homg ,(M*(G), W,(R)) x Homg ,(MM*(G)", W,(R)) = W,(R).

(4) For any non-negative rational number i, we define the i-th lower
ramification subgroup G; of G as the scheme-theoretic closure in
G of Ker(G(Og) — G(Og,;)). Then there exists an ideal I, ;
of Wi (R) such that the isomorphism of (2) induces an isomor-
phism
gz(of() = HomG,ap(m*(g)7 [n,z)

. >i
for any i < 1. Moreover, we have I ; = m3'.

Proof. The assertions (1) and (2) are contained in [Kim, Corollary 4.3]:
the assertion on truncated Barsotti-Tate groups of level n over O
follows from the fact that they are p"-torsion parts of p-divisible groups
I, Théoreme 4.4 (e)], and the equality on the length follows from the
natural isomorphism of (2). The assertion (3) follows from a similar
assertion on p-divisible groups [Kim, §5.1] and a dévissage argument
as in [Hatl, Proposition 4.4]. The assertion (4) is [Hat4, Theorem 1.1
and Corollary 3.3]. O

Next we recall, for any extension L/K of complete valuation fields,
the definitions of invariants associated to a finite flat group scheme G
over O which is killed by p" with some positive integer n. For any
finitely presented torsion Op-module M, write as M ~ @.O0/(a;)
with some a; € Oy and put deg(M) = >, vp(a;). Since G is finitely
presented over O, the module wg of invariant differentials of G is a
finitely presented Or-module. We put deg(G) = deg(wg), and refer to
it as the degree of G.

Let L be an algebraic closure of L. Note that any element z € G(O;)
defines a homomorphism

r:G" X, Spec(Of) = Gy, X0, Spec(Or)
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by Cartier duality. We define the Hodge-Tate map by

dr
HTg : G(Of) — wgv ®o, O, = +— x*?

and, for any positive rational number ¢, the i-th Hodge-Tate map by
the composite

HTg,i : Q(Oi) Hgg wgv Ko, Or — wgv Ko, Oi,i

of HTg and the reduction map. We often denote them by HT and HT;.

Suppose that G is a truncated Barsotti-Tate group of level n, height
h and dimension d over Op. Consider the p-torsion part G[p|]. Note
that the Lie algebra Lie(GV[p] x #L1) is a free Of ;-module of rank
h — d. The Verschiebung of GY[p] x .77 1 induces a map on the Lie
algebra

Lie(Vgvipx,) : Lie(GY[p] x F1,1)® — Lie(GY[p] x S71).

The truncated valuation for v, of the determinant of a representing
matrix of this map is independent of the choice of a basis of the Lie
algebra, which we call the Hodge height of G and denote by Hdg(G).
Finally, for any truncated Barsotti-Tate group G of level one over Ok
and any element i of e7'Z>g, the quotient IM*(G); = M*(G) /u“M*(G)
has a natural structure of a ¢p-module induced by pog. We put

Fil'on*(G); = Im(1 ® ¢ : *M*(G); — M*(G),).

It also has a natural structure of a p-module induced by ¢gn. By the
isomorphisms of k-algebras &1/(u¢) — Ok defined by u — 7 and
R; — Og; defined by the zeroth projection pr, for i < 1, we identify
the both sides. For any x € &;/(u®), we define the truncated valuation
vy () by vy (x) = min{v, (), e} with any lift # € &; of 2. Then these
invariants of G on the side of differentials can be read off from the
associated Breuil-Kisin module, as follows.

Proposition 3.2. (1) For any finite flat group scheme G over O
killed by p, there exists a natural isomorphism

M(G)/(1 @ pane(g)) (™M (G)) — wg
and we have
deg(g) = 6_1Uu(det(g0§m*(g))).

(2) Suppose that G is a truncated Barsotti-Tate group of level one.
Then we have a natural isomorphism

Lie(GY x .#1) — Fil'9*(G),.
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The Ok 1-module Fil'I*(G); is a direct summand of 9IM*(G),
of rank h — d. Moreover, we have the equality of truncated
valuations

Hdg(G) = 6_1Uu(det(90Fﬂlm*(g)1))-

(8) Suppose that G is a truncated Barsotti-Tate group of level one.
For any positive rational number i < 1, the i-th Hodge-Tate
map coincides with the composite

G(Og) — Homg ,(9M*(G), R) — Home (Fil'ON*(G)1, ;)
~ HOIIlOK (Lle(gv X yl), Of(,i) >~ Wgv Qo Of(,i'

Proof. The first isomorphism is shown in [Tia, Proposition 3.2] and
the others are in [Hat2, §2.3]. Note that though [Hat2] assumes p > 2,
the same proof remains valid also for p = 2 by using [Kim] instead of
[Kis2]. O

3.2. Zyr-groups. Let f be a positive integer. We assume that the
residue field k of K contains the finite field F,s. Let B; be the set of
embeddings of s into k. Any 8 € B has the canonical lifts Z,; — O
and Q,; — K, which we also denote by 3. Then any W & Z,s-module

M is decomposed as
M= My

BEB;
according with the decomposition W & Z,s ~ [] ses, W-

Let L/K be any extension of complete valuation fields and L an
algebraic closure of L. A group scheme G over Oy, is said to be a Z,-
group if it is equipped with an action of the ring Z,s. Then we have
the decompositions

wg = @ wos, Lie(G x S1n) = €D Lie(G x S1.n)s-
ﬁer ﬂEBf
When G is finite and flat over Op, we define the [B-degree of G by
degs(G) = deg(wg,s). We have deg(G) = Zﬁer degs(G). Moreover,

for any exact sequence of finite flat Z,s-groups over Oy,
0 g’ g g" 0,

the equality degs(G) = deggz(G’) + degg(G”) holds.

Let n be a positive integer. A Z,s-group G over O, is said to be
a truncated Barsotti-Tate Z,s-group of level n if G is a truncated
Barsotti-Tate group of level n, height 2f and dimension f such that
wg is a free Op, ® Z,r-module of rank one. Note that for such G, we
have degs(G) = n. We say that such G is Z,s-alternating self-dual if




22 SHIN HATTORI

it is equipped with an isomorphism of Z,-groups i : G ~ G¥ over Oy,
such that the perfect pairing defined via Cartier duality

G(01) x G(07) 5 G(07) x 6¥(07) "5 (0;)

satisfies (z,i(ax))g = 1 for any v € G(Of) and a € Z,s. In this case,
we also say that the isomorphism ¢ is Z,s-alternating. Then the map i
is skew-symmetric: namely, we have the commutative diagram

G—>gY

cn.| |-

g\/V = gV‘

For p # 2, an isomorphism of Z,s-groups i : G ~ G is Z,-alternating
if and only if it is skew-symmetric. We abbreviate Z,-alternating self-
dual truncated Barsotti-Tate Z,s-group of level n as Z,;-ADBT),,. For
a Zyr-ADBT,, G over Oy, the Oy, ® Z,s-modules wg, Lie(G X 71,),
wgv, Lie(GY x 7L ,,) are all free of rank one. Moreover, the action of
the Verschiebung on Lie(Vgvyx.#, ,) can be written as the direct sum
of o-semilinear maps

Lie(ng[p]XyL71)5 : Lle(gv[p] X yLJ)J—loB — Lle(gv[p] X yL,l)B-

Note that the both sides are free O ;-modules of rank one, and by
choosing their bases, this map is identified with the multiplication by

an element ag € Or;1. We define the $-Hodge height Hdgs(G) of G as
the truncated valuation of ag, namely

Hdgg (G) = vy(ap),

which is independent of the choice of bases. From the diagram in the
proof of [Far, Proposition 2] and [Con3, Lemma 2.3.7], we obtain the
equality

Hdg,(G) = Hdgs(G").

A Breuil-Kisin module 901 is called a Z,-Breuil-Kisin module if 9 is
equipped with an G-linear action of the ring Z,s commuting with ogy.
A morphism of Z,-Breuil-Kisin modules is that of Breuil-Kisin mod-
ules compatible with Z,s-action. The Z,;-Breuil-Kisin modules whose
underlying &-modules are free of finite rank over &, (resp. finitely gen-
erated, p-power torsion and u-torsion free) form a category, which we
denote by pr-l\/lod}g1 (resp. pr—Mod}goo). Note that 9t — I de-
fines a notion of duality also for these categories. The anti-equivalence
M*(—) of the Breuil-Kisin classification induces an anti-equivalence
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from the category of finite flat Z,r-groups over Ok killed by some p-
power to pr—Mod}goo.

To give an object M of pr—Mod}gl (resp. pr—Mod}g’oo) is the same
as to give a free G1-module 9 of finite rank (resp. a finitely generated
GS-module M which is p-power torsion and wu-torsion free) equipped
with a decomposition into &-submodules 9 = @Ber My and a ¢-
semilinear map @m g @ M,-1.5 — Mg, which we often write as g,
for each B € By such that the cokernel of the linearization 1 ® ¢g :
O My-105 — Mg is killed by E(u). Since 1 @ ¢ : o*M — M is
injective, the map 1 ® g is also injective. Hence we see that if 9t # 0,
then Mg # 0 for any S € By. Since E(u)M C (1 @ ¢)(¢*M), we have
E(u)Ms C (1® ) (¢ My-10p).

Let 9t be any object of pr—Mod}gl. The last inclusion implies that
the free &1-modules Mg have the same rank for any 3 € By, which is
equal to

f'rankg, (M) = dimg (Homg, (M, R)).

Moreover, Proposition 3.2 (1) implies that, if G is the finite flat group
scheme over Ok corresponding to 91, then we have

(3.1) deg;(G) = e 'lgg, (Coker(1 @ @g : @ M,-105 — Mg)).
Lemma 3.3. Let G be a finite flat Z,s-group over O. Then we have
degs(G) + degs(G7) = lgs(M(G)5)-

Proof. Let H be the scheme-theoretic closure in G of G(Og)[p]. It is a
finite flat closed Z,s-subgroup of G killed by p. Since the both sides are
additive with respect to exact sequences of finite flat Z,s-groups over
Ok, by an induction we may assume that G is killed by p.

Put MM = M*(G). Let Ap be the representing matrix of the map
emp : My-108 — Mz with some bases. From the definition of the
dual, we see that the representing matrix of the map oy g with the
dual bases is ¢; ' E(u)'A5". Then the equality (3.1) implies

degs(G) + degy(GY) = e v, (det(Ag) det(cy ' B(u)'Ag"))
= rankg, (M5).
This concludes the proof. 0
For any 9 € pr—Mod}g1 and i € e 'Z N [0,1], we put My, =

Ms/u“Ms. Then the map ¢g induces an G;-semilinear map M, -105,; —
Mg ;, which we denote also by ¢z. We define

Fil'Mg,; = Im(1 ® @5 0 " My-105, — Mg,,).
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3.3. Tian’s construction. Let G be a Z,;-ADBT; over O of 3-
Hodge height wgz. Put 9 = 9MM*(G) and 9y = M/uM. Then each
M is a free G1-module of rank two. By Proposition 3.2 (1) and (2),
we have an exact sequence of p-modules over Ok ;1 ® Z,s

0 — Fil'9t, ——= M —— M, /Fil'dn, —— 0,

where the O ; ® Z,s-modules Fil'0; and 9%, /Fil'9N, are free of rank
one. In particular, this splits as a sequence of Ok ; ® Z,;-modules.
Hence we also have a split exact sequence of Ok ;-modules

0——-> Fﬂlm[gJ mﬁ,l mﬁ,l/FﬂlmIﬁ’J 0,

where the modules on the left-hand side and the right-hand side are
free of rank one. As in the proof of [Hat2, Theorem 3.1], we can choose
a basis {eg, e} of My satisfying es € (1 ® p)(p*My-1,5) such that
the image of es in Mg, is a basis of Fil'dMs; and the image of € in
My /Fil'MNg, gives its basis. Then we can write as

ag,1 ag2
(32) @(60—10[37 6;7106) = (6[37 6%) (ueZB73 Uegﬁ,él)

with some invertible matrix

(a671 CL[372> < GLQ(Gl)

alﬁ73 a/ﬁ74

For any Z,s-group G over O killed by p, a finite flat closed Z,-
subgroup H of G over Ok is said to be cyclic if the IF,s-vector space
H(Of) is of rank one. Note that, for such H, the free &;-module
M (H)p is of rank one for any f € By. If G is a Z,,-ADBT), then
the proof of [GK, Lemma 2.1.1] shows that the IF,s-subspace H(Ox)
is automatically isotropic with respect to the Z,s-alternating perfect
pairing on G(Og). Moreover, since finite flat closed subgroup schemes
of G over Ok are determined by their generic fibers, this implies that
the Z,s-alternating isomorphism i : G ~ G" induces an isomorphism
H =~ (G/H)".

Now the existence theorem of the canonical subgroup of level one for
a Zyr-ADBT, over O is as follows.

Theorem 3.4. Let G be a Z,r-ADBT; over Ok with 3-Hodge height
wg. Put w=max{wg | B € Bs}. Suppose that the inequality

wg +pw0710ﬂ <p
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holds for any B € By. Then there exists a finite flat closed cyclic Z,ys-
subgroup C of G over Ok satisfying

deg,(G/C) = w.

Moreover, the group scheme C is the unique finite flat closed cyclic
Lz -subgroup of G over Ok satisfying

degs(C) + pdeg,-1,4(C) > 1

for any B € By. We refer to C as the canonical subgroup of G. It has
the following properties:

(1) Let G" be a Z,s-ADBTy over Ok satisfying the same condition
on the $-Hodge heights as above and C' the canonical subgroup
of G'. Then any isomorphism of Z,s-groups j : G — G over
Ok induces an isomorphism C ~ C'.

(2) C is compatible with base extension of complete discrete valua-
tion rings with perfect residue fields.

(3) C is compatible with Cartier duality. Namely, (G/C)V is the
canonical subgroup of GV .

(4) The kernel of the Frobenius map of G X 1y, coincides with
C x yl,w.

(5) If w <p/(p+1), then C = G w)/p-1)-

(6) If w < (p—1)/p, then C(Og) coincides with Ker(HT;) for any
rational number i satisfying w/(p —1) <i <1 —w.

(7) If w < (p—1)/p, then C = G; for any rational number i satis-
fying 1/(p(p —1)) <i < (1 —w)/(p—1).

Proof. Note that, since we have w < 1 by assumption, Proposition 3.2
(2) implies
wg = e v, (agy).
The existence and the uniqueness in the theorem are due to Tian
[Tia, Theorem 3.10]: the Z,s-subgroup C is defined as the finite flat

closed Z,r-subgroup of G over O corresponding to the quotient N =
M /L via the Breuil-Kisin classification, where £ = @ﬂeﬁf L5 is the

unique Z,s-Breuil-Kisin submodule of M satisfying £51 ., = Fillm@l_wﬁ
for any 8 € B;. In particular, the &;-module £5 is generated by

(55 =eg+ ue(lfwﬁ)yge/'g

with some yg € &;. The assertions (1) and (2) follow from the unique-
ness.

Let us prove the assertion (3). Note that, since Hdgs(G) = Hdgz(G"),
the Z,-ADBT; G" over Ok also has the canonical subgroup C’. By
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Lemma 3.3, we have
degs((G/C€)*) =1 — degs(G/C) =1 — wg
and the uniqueness assertion of the theorem and the assumption on wg
imply C' = (G/C)".
The assertion (4) is also due to Tian [Tia, Remark 3.11]. Here we give

a short proof for the convenience of the reader. Since 1 —w <1 — wg,
the construction of £ implies

(3.3) £ = Fil'on,_,.
Then Proposition 3.2 (1) shows that the natural map
wg/c & OK,l—w — wg ® OK,l—w

is zero. By [Far, Proposition 1], the closed subgroup scheme (G/C)" x
S of GY X, is killed by the Frobenius. Comparing the rank, the
former coincides with the kernel of the Frobenius of the latter. Since
GY x Y _, 1s a truncated Barsotti-Tate group of level one, we see by
duality and [Ill, Remark 1.3 (b)] that C x .#]_,, also coincides with the
kernel of the Frobenius of G X . _,,.

Next we consider the assertion (5). It can be shown similarly to
[Hat2, Theorem 3.1 (c)]. For any G;-algebra A, we define an abelian
group H(M)(A) by

H(MM)(A) = Hom, (M, A),

where we consider A as a p-module with the p-th power Frobenius
map. If we take the basis {es, €}3}gen, of M as above, it is identified
with the set of f-tuples of elements (23, 2%) € A? satisfying

, . B , agi Qg2
(3.4) (ZE071057 (xa—loﬁ)p) - (‘rﬁ’xﬁ) (ueaﬁﬁ u8a5,4) '

We define the subgroup H(9);(R) of H(M)(R) by
H(M)i(R) = Ker(H(M)(R) — H(ON)(Ry)).

Similarly, we have the subgroup H(91)(R) of H(9)(R). Note that we
have an exact sequence

0 ——HOY(R) — HOM)(R) —= H(L)(R) —0
which can be identified with the exact sequence of abelian groups
0 —=C(Og) —=G(0g) — (6/C)(Og) —=0.
Since deg;(G/C) = wg, the basis 03 of £4 satisfies
#8(05-108) = Agds With vr(Ag) = ws.
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Thus any element of #(£)(R) can be identified with an f-tuple (23)seB;
in R satisfying

(35) Zg log — /\Bzﬁ
for any 8 € By.
Lemma 3.5. For any element (23)ep; # 0 of H(L)(R), we have

vr(23) < PL_U | for any B € By.
In particular, H(L);(R) =0 for any i > w/(p — 1).

Proof. From the equation (3.5), we see that (z5)sep, # 0 if and only if
2 # 0 for any 8 € B;. This equation also implies

PUR(Zo-10p) = vr(28) + wg
for any 8 € By and thus

1 1 w
VR(Z5-105) = pr ! lwaloﬁ < F7

which concludes the proof. O

We claim that H(M)(R) = H(OM)a-w)/p-1)(R). Indeed, take any
element (zp,7})sep, of the left-hand side. Take the element yz € &,
such that

55 = €3 + ue(lfwﬂ)yge/'g
is a basis of the &;-module £3. Then (zg,7})ser, € H(M)(R) if and
only if x5 + ue(l_wﬂ)ygx/’g = 0 for any 8 € By. The equation (3.4)
implies

_wﬂ)yﬁ + u6a574)

() -108)" = ap(—agousC
and thus
pug(T, —105) > UR(l’g) +1—wg.
Hence we have
1

Wt 0,8) p— 1

/

UR(za loﬁ U ]' -

for any 5 € B; and we obtain (Iﬁ,xﬁ)ﬁeﬁf € H(M) (1—w)/(o-1) (R).
Conversely, let (75, 7)ser, be an element of H(ﬁﬁ)(l w)/(p—1)(R). By
the equation (3.4), we have

-1
a a
(3.6) (vg, uzy) = (¥, 1,5, (Th-105)") (GZ; agj)
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for any 8 € By. Recall that the matrix on the right-hand side is an
element of GLy(&;). Hence we obtain

p(1 — w)
> 7
vr(zg) = p—1
and the element zg = x5 + ue(l_wﬁ)yﬁx’ﬁ satisfies
p(1 = w)
> 7
vr(2g) = P

for any € By. By the assumption w < p/(p + 1), we have
w _p(l-w)
p—1  p-1
and Lemma 3.5 implies zg = 0 for any § € B;. Therefore we obtain
(25, 73)pen, € H(M)(R), from which the claim follows. Now Theorem
3.1 (4) shows the assertion (5).

Let us show the assertion (6). This is shown similarly to [Hat2,
Theorem 3.1 (2)]. Since ¢ < 1 — w, Proposition 3.2 (3) and (3.3) show
that the kernel of the map HT; is equal to the kernel of the natural
map

9(Og) = H(M)(R) — H(L)(R) — H(L)(R).
Since i > w/(p — 1), Lemma 3.5 implies H(£);(R) = 0 and the right
arrow in the above map is injective. Thus Ker(HT;) coincides with the
inverse image of
H(M(R) = Ker(H(M)(R) — H(L)(R))
by the isomorphism G(Og) ~ H(9M)(R), which is C(Og). The asser-
tion (7) follows from the lemma below. O

Lemma 3.6. Let G be a Z,r-ADBT, over Ok with 3-Hodge height wg.
Put w = max{wg | 5 € By} and

1 w y 1

i = -

y by, = ——.
ptp—1) p-1 p(p—1)

Suppose w < (p — 1)/p"™ for some positive integer n. Let C be the
canonical subgroup of G, which exists by Theorem 3.4. Then we have

C=6,, =20,

for any 1 <m <n.

Proof. This can be shown in the same way as [Hat4, Lemma 5.2]. We
follow the notation in the proof of Theorem 3.4. By Theorem 3.1 (4)
and Theorem 3.4 (5), it is enough to show

Home (M, m7") C H(N)(R).
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We identify an element x of the left-hand side with a solution (z, ¥;) sem,
of the equation (3.4) in R satisfying vgr(7s), vr(7}) > i, for any 8 € By.
From the equality (3.6), we have vg(xg) > pil, > w/(p — 1). Since we
have 1 —wg > 1—w > w/(p — 1), the element z3 = x5 + ue(lfwﬁ)yﬁx’ﬁ
satisfies
vr(zs) > w/(p —1).

Thus Lemma 3.5 implies zg = 0 for any § € By and x € H(M)(R). O

The description of the Hodge-Tate map via the Breuil-Kisin classi-

fication also yields a torsion property of the Hodge-Tate cokernel, as
follows.

Lemma 3.7. Let G be a Z,r-ADBT; over Ok with $-Hodge height wg.
Put w = max{wg | B € Bs}. Suppose w < (p—1)/p. Then the cokernel
of the linearization of the Hodge-Tate map

HT®1:G(0r) ® O — wgv R, O

zw/(p=1)

is killed by m7

Proof. For this, we first show the following lemma.

Lemma 3.8. Let M be a finitely generated Og-module. Let N be an
O -submodule of M. Suppose that there exist positive rational numbers
r > s satisfying m?M CN+ m?M. Then we have m?(sM C N.

Proof. Put Q = m=*(M/N). Since the assumption implies m>"~°Q =

@, Nakayama’s lemma shows () = 0 and m?{sM C N. U
Put M = wgv ®0, O and
N=ImHT®1:G(0f) ® Og — wgv ®o, Of).
We claim that
m?(w/(p_l)Coker(HTl_w ®1:G(0g) ® Og = wgv ®o, O 1) = 0.
This is equivalent to the inclusion
m=PTIM CON 4 mZ M.

The assumption w < (p — 1)/p implies w/(p — 1) < 1 — w and thus
Lemma 3.7 follows from the claim and Lemma 3.8.

Now let us prove the claim. Consider the basis d5 of £3 as in the proof
of Theorem 3.4. Using this, we identify each element of H(£)(R) with
an f-tuple (25)pep, in R satisfying the equation (3.5). By Proposition



30 SHIN HATTORI

3.2 (3) and (3.3), the cokernel of the claim is identified with the cokernel
of the natural map

H(L)(R) ® R — Home, (£, Ri_y) = £’ @ Ry_u,
(Zﬁ)BEBf ®1— Z 5%/ X 25.
BEBJI

Note that the abelian group H(£)(R) has a natural action of the ring
IF,s defined by

&(Zﬁ)geﬁf = (ﬂ(a)ZB)ge[Bf for any o € pr.

Take a generator o of the extension F,s/IF, and a non-zero element
(23)pem, of H(L)(R). Then the subset {af(25)ses, ti=o,1....;—1 forms a
basis of the IF,-vector space H(L)(R). Hence the image of the natural
map above is generated by the entries of the f-tuple

(05 ® 1)per, (B()z8)51 = (65 @ 1)ser, diag(zs)ser, (6(ap)) s

Since the matrix (8(cf))s, is invertible in M;(R), the cokernel is iso-
morphic as an R-module to

@ Rl—w/<zﬁ)'

,BEIBf

Thus the claim follows from Lemma 3.5. O

3.4. Goren-Kassaei’s theory. Here we analyze the variation of -
Hodge heights by taking quotients with cyclic Z,s-subgroups. For the
case of abelian varieties, it was obtained by Goren-Kassaei [GK, Lemma
5.3.4 and Lemma 5.3.6].

Lemma 3.9. Let G be a Z,;-ADBT; over Og with 3-Hodge height
wg. Let H be a finite flat closed cyclic Z,s-subgroup of G over Og. Put
vg = degy(G/H).

(1) If we have

Vg + PUy-10p < p for any B € By,

then wg = vg and G has the canonical subgroup, which is equal
to H.
(2) If we have

Vg + PUs-10 > p for any B € By,

then ws = p(1—v,-105) and G has the canonical subgroup, which
15 not equal to H. We refer to any H satisfying this inequality
as an anti-canonical subgroup of G.
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(8) If both of the inequalities in (1) and (2) are not satisfied, then
Wg + pwy-10 > p for some 3 € By.
Proof. Let P and 9 be the Breuil-Kisin modules corresponding to G /H
and H, respectively. We have an exact sequence of G;-modules
0 Bs Mg Qp 0

for any 8 € B;. Note that &;-modules Pz and Qs are free of rank
one. Let {fs, f3} be a basis of the free &;-module My such that fp is
a basis of s and the image of f3 is a basis of Q5. We can write as

ag b
(3.7 eolforson irro) = U £ (5 0F)
B
with some ag, bg, cs € &1 such that vg(ag) = v and vgr(cs) = degz(H) =
1 —vg. Thus we obtain
Fil'Is1 = (asfs,bafs + cafp)-

Since it is a direct summand of Mg ; of rank one over Ok 1, we have

vr(ag) =0 (vs =0),
(38) ?)R(bﬁ) =0 (0 <vg < 1),

vr(cg) =0 (vp=1)

and

11 _ <f5> (,Uﬁ = 0)7
Fil g = { (bafs +cafs) (vs>0)

Moreover, in M,.51 we have

(3 9) 90005(f5) = aUOﬂfJOﬁ?
' Poop(bfa + csfh) = (V3a00p + Cboos) foop + CiCoop frop-

Now let us consider the assertion (1). The assumption implies vyo5 <
1 for any 8 € B;. Hence w,op is equal to the valuation of the coefficient
of f,op of the right-hand side of the equality (3.9) in both cases.
o If vg =0, then wyop = Vr(Aros) = Vsos.
o If 0 < vz < 1, then vg(bg) = 0 and

Woop = UR(bgaaoﬁ + cgba'oﬁ)-

The assumption also yields v,05 < p(1 — vg) and thus we have
Weop = Voop-
Thus G satisfies the assumption of Theorem 3.4 and has the canonical
subgroup C. Since degz(H) = 1 — vg, the uniqueness of the theorem
implies H = C.
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Next we treat the assertion (2). The assumption implies v,05 > 0
for any g € By.

o If 0 < vyop < 1, then vg(byop) = 0 and
Weop = UR(bgaao,B + Cgbao,@)o

By assumption we have v,o5 > p(1 — vg) and thus we obtain
Weop = P(1 — vg).
o If vy05 = 1, then vg(cyop) = 0. This implies that w,.s is equal
to the valuation of the coefficient of f; 5 of the equality (3.9),
namely
Woop = VR(ChCo0p) = P(1 — vg).
From this we see that G has the canonical subgroup C. If C = H, then
we have

vg = degy(G/H) = ws = p(1 — vo-10p)
for any 8 € By, which contradicts the assumption.

The assertion (3) can be shown as in [GK, Corollary 5.3.7]: Take
B" € By such that vg + pv,-10s < p. Let ¢ > 1 be the minimal integer
satistying vyiop +pgi-105 > p. The minimality shows that § = 0" 1o’
satisfies
(3.10) Vg + PUs—105 <D,  Ugop + PUg > D.

We claim that
wsg > Vg, Weop > p(1 —vp).
Indeed, if vz = 0 then the first inequality is trivial. If 0 < vg < 1, then
(3.9) implies
Wa = UR(aﬁ) (Uc*loﬁ = 0),
3 VR(b, 1,508 + b 1,508) (V5105 > 0).
From this and (3.10), we obtain wg > vg. If vz = 1, then (3.9) gives
o 1 (Ug—loﬁ = 0),
P vr(c)1568) = P(1 = Vo-108) (Vo105 > 0)

and the inequality wg > vg follows from (3.10).
Let us consider the second inequality. If v,o5 = 0, then (3.10) implies
vg = 1 and the inequality is trivial. If 0 < v,05 < 1, then (3.9) implies

w = UR(GUOB) (Uﬁ = 0)7
oo UR(bgagog + Cgboog) (Ug > O)

and from (3.10) we obtain wy.s > p(1 —vg) for both cases. If vy05 = 1,
then we have vg > (p—1)/p > 0 and

Woop = VR(ChCr08) = P(1 — vp).
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This concludes the proof of the claim. Now we have

Weoop +Pw,8 Z p(l - U,B) +p’l)/5 =P

and the assertion (3) follows. O

Lemma 3.10. Let n be a positive integer. Let G be a Z,r-ADBT,
over O with Zs-alternating isomorphism i : G ~ GY. Let H be a
finite flat closed cyclic Z,s-subgroup of G[p] over Ok. Then p™"H/H
is a Zy,s-ADBT,, over Ok, with its Z,r-alternating isomorphism of self-
duality induced by 1.

Proof. We know that p~"H/H is a truncated Barsotti-Tate group of
level n over Ok. Put H' = (G[p]/H)". Since H(Ofg) is isotropic, the
map ¢ induces an isomorphism H ~ H’'. On the other hand, Cartier
duality gives a natural isomorphism j : p"H'/H' ~ (p™"H/H)" satis-
fying
<i'7](g)>p*"7-l/7-l = <{L‘, y>g

for any z € p7"H(Og) and y € p~"H'(Of), which can be shown as
in [Hat2, §4, Proof of Theorem 1.1(b)]. Thus these maps induce a
Z,s-alternating isomorphism

pHH S p T H & (0T H M)
It remains to prove that the Ok, ® Z,r-module w,-ny /3 is free of
rank one. Consider the decomposition

Wp=n/H = @ Wp=nH/H,8-
BeB;
Since we know that the left-hand side is free of rank f as an Og,,-
module, each w,-ny /34 is a free Ok ,-module of rank fg with some
non-negative integer fg. For n = 1, we have exact sequences

Xp
0 W, B Wp=13,3 —> wWgpp],p —> 0,

0 ——Wp1mym,6 —= Wp-1n4,8 Wi, 5 0

and thus gy, (wy-194/2,8) = 180, (Wgpp),8). Since the Ok ;-module wgy), 3
is free of rank one, we obtain fg = 1 and the lemma follows. U

Corollary 3.11. Let G be a Z,;-ADBTy over Ok with 3-Hodge height
wg. Suppose that the inequality

wg +pwa_105 <p

holds for any 8 € By. Theorem 3.4 ensures that the canonical subgroup
C of Glp] exists.
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(1) For any finite flat closed cyclic Z,s-subgroup H # C of G[p| over
Ok, we have

Hdgs(p'"H/M) = p~ 'woos for any B € By.
Moreover, p~'H /H has the canonical subgroup Glp]/H.
(2) Suppose that the inequality
wg + pwy—1o5 < 1

holds for any B € By. Consider the Z,;-ADBT; p~'C/C over
Ok. Then we have

Hdgﬁ(p71C/C) = pw,-105 for any B € By.
Moreover, G[p]/C is an anti-canonical subgroup of p~*C/C.

Proof. For the assertion (1), Lemma 3.9 (3) implies that # is an anti-
canonical subgroup and

degs(G[pl/H) + pdeg,-1,5(G[pl/H) > p,
Hdgs(G[p]) = p(1 — deg,-1,4(G[pl/H)) = pdeg,-1,5(H).

Hence we have

degy((p™"H/H)/(Glp]/H)) + pdeg,-1o5((p™ H/H)/(GIp]/H)) < L.

Lemma 3.9 (1) shows that p~'H /H has the canonical subgroup G[p]/H
and
Hdgs(p™'H/H) = degy(H) = p~ Hdg,04(G).
Let us consider the assertion (2). Since degs(G[p|/C) = wgs, we have

degy((p~'C/C)/(G[p]/C)) = degs(C) =1 — w.
The assumption implies

degs((p~C/C)/(Glp]/C)) + pdeg,-104((p™'C/C)/(GP]/C)) > p
and Lemma 3.9 (2) yields the assertion. O

3.5. Critical locus. In this subsection, we investigate the behavior of
the Uy,-correspondence at the locus where all the S-Hodge heights are

p/(p+1).

Proposition 3.12. Suppose f < 2. Let G be a Z,r-ADBTy over Ok
with Hdgg(G) = ws. Suppose wg = p/(p + 1) for any f € By. Then,
for any finite flat closed cyclic Z,r-subgroup H of G[p] over Ok, we

have .
_ b -1 _
degs(Glpl/H) = =, Hdgs(™H/H) = -
and p~'*H/H has the canonical subgroup G[p|/H.
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Proof. Put MM = 9M*(G[p]) and P = M*(G[p]/H). We take a basis
{es, €3} of the &1-module My as in §3.3 and consider the equation
(3.2). Take wg,ys € &; such that the element fz = rges + ysej is
a basis of the free G;-module Bg of rank one. Then there exists an
f-tuple (Ag)ges, in &, satisfying

p
(3.11) ( a1 32 ) (xgloﬂ) Y (:UB)
u a/873 u a/ﬁ74 ya'_lolB yﬁ

for any € By. Note that vg(asi) =p/(p+ 1). Since the matrix

aﬁ71 a/872
a/ﬂ73 a/1874

is an element of GLy(S;), we have vg(ag2) = vr(ags) = 0.

We claim that the inequalities 0 < wg < 1 for any § € B imply
VR(Ys-105) > 0. Indeed, if vr(y,-105) = 0, then vr(Ag) = vr(xg) = 0
and vg(yg) > 1. This is a contradiction if f = 1. Using (3.11) for
o o [ yields vr(Apop) < Weop and thus vg(Yeep) > 1 — Weop. This is a
contradiction if f = 2 and the claim follows.

Since zges+ype) generates the direct summand B of the &-module
Mg, the claim implies vg(xg) = 0. Replacing fz by xgl fs, we may
assume xg = 1 for any 8 € By. Then (ys)sep, satisfies the equation

ag + a572yg,1oﬁ = /\5,
(3.12) ; N
u(ags + agayy-1,5) = AsYs-
Next we claim that every solution (yg)ges, of this equation satisfies
vr(Ag) = p/(p+ 1) for any § € By. For f = 1, we see that y = y3
satisfies the equation

p+1
Y

An inspection of its Newton polygon shows vg(y) = 1/(p + 1). Then
the second equation of (3.12) implies vr(Ag) = p/(p + 1).
Let us consider the case f = 2. Take any 8 € B;. Put

A B — Agop,1 Agop,2 a];},l aI,(;Q
C D Udpop3 Ulgopa) \UPCah s uPal, )

Note that

— uea[§712a5,4yp + agvlgag,ly - ueag}gag,g =0.

vr(A) >p, wr(B)=—— wg(C)=1+

We have
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and thus y = y,-1,4 satisfies the equation
Y~ B7Dy” + B~'Ay — B7'C =0,
where the coefficients are all integral. An inspection of its Newton
polygon shows vg(y,-105) = 1/(p + 1). Then the second equation of
(3.12) yields vg(A;-103) = p/(p + 1). Since 8 € By is arbitrary, we
obtain .
p
v =——, wr(Ag) =——
r(Ys) o r(Ag) o
for any g8 € By.
Now the claim shows

degs((p™"H/M)/(Glp]/H)) = degs(H) = 1 = vr(Xs) = 1/(p+ 1),
degy(Glp]/H) = degy(p™"H/H) = 1/(p+1) =p/(p+1)
for any § € By. Then Lemma 3.9 (1) implies that
Hdgy(p™'H/H) =1/(p+1)
and that G[p]/H is the canonical subgroup of p~'H /H. O

Remark 3.13. A naive generalization of Proposition 3.12 has a coun-
terexample for f = 3, if p # 2. Suppose k = k and p+ 1 | e. Re-
placing the uniformizer m by a scalar multiple, we may assume that
co = p tE(0) satisfies ¢cg = 1 mod p. Let r be a positive integer. Fix
[ € B and consider the following elements of M,(S).

A= = 1 A = wrt -1
g o 'E(u) g E(u) 7,}9 oof o E(u) cgtBE(u))’

A urtt 1

Ay2o5 =
o2 co ' B(u) cytu"E(u)
We define the Z,s-Breuil-Kisin module 9t = @ 5eBs Mg by

My = Sés ®SC,  a(Cotop, E105) = (65,65) Ap.
Take ap € &~ for each 8 € B; satisfying
0(Gy108) = coB(u) " det(Ag)ag for any B € Bs.
Then the map

A VIR . 0 1
) = 6@ (O )

gives a skew-symmetric isomorphism M — MY, Since ‘J;ﬂ corresponds
to a Barsotti-Tate group I' over O, we see that 91/p*IM corresponds
to a Z,s-ADBT, G = I'[p?] over Ok. Let H be any cyclic Z,s-subgroup
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of G[p] over Og. We write the images of ég, €} in Sﬁt/pffﬂg as eg, e and
a basis of M*(G/H)s as vges + yses.

Suppose vg(ys) > 0 for any 5 € B;. Then we may assume zg = 1,
and we see that y = y,2.5 is a root of the equation

Y - BTDy” + BT Ay - BT'C =0,
where we put

e(p3+p%+p) 2 e(p®+p%+p) 2
A=u 1 4P er)7 B =2u® —y ot 4 +p)’

e(3+p2+2p+1) 2
C = U p+1 +r “I— ue(p +p+1)+r7
e(p?+p+1) 2 2
D=u »il _ ue(p +1) + ue(p+1)+r + ue(p +p+1)+7"

An inspection of its Newton polygon and derivation shows that this
equation has exactly p® roots satisfying vz(y) = 1/(p+1) and one root
satisfying vg(y) = 1+ e r.

The latter case does not occur, since it contradicts the second equa-
tion of (3.12). In the former case, put y = u®®*Vy. Then 7 satis-
fies a monic polynomial of degree p* + 1 whose reduction modulo u is
X(Xf"3 — 2 lXP 4 271). Hensel’s lemma and the assumption on k
imply y € &;. Thus G[p] has exactly p* cyclic Z,s-subgroups over Ok
such that, for any 5 € B;, we have vg(yg) > 0.

By the assumption k = k, there exist exactly p® —1 characters Gx —
]Fsg. Hence, among these p? cyclic Z,s-subgroups, two define the same
character on the generic fiber. This means that G acts on G[p|(Og)
via this character. In particular, any Fs-subspace of G[p](Of) is G-
stable. Taking the scheme-theoretic closure, we see that G[p| has one
cyclic Zys-subgroup H over O satisfying vg(ys-105,) = 0 for some
Bo € Bs.

For this H, the equation (3.11) gives vg(Ag,) = vr(zs,) = 0 and
vr(yg,) > 1. This in turn gives vgp(Ayop,) < p/(p+ 1) and vg(Yoop,) >
1/(p+1). Since Zgop,€008, + YoosyCoop, SeNerates a direct summand,
we have vg(Zy08,) = 0 and this implies vg(Ayop,) = p/(p+1). Thus we

obtain .
d d — -
€8o0, (1) + pdegg (H) p+p+1

and G[p|/H is not the canonical subgroup of p~'H /H.

3.6. Canonical subgroup of higher level. We derive from Theorem
3.4 the existence of the canonical subgroup of level n for a Z,;-ADBT,,
by following an argument of Fargues-Tian [Far, §7] as in [Hat2, §4]. A
similar result was also obtained by Goren-Kassaei [GK, Proposition
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5.4.5] except the compatibility with the Hodge-Tate kernel and lower
ramification subgroups. This compatibility shown here will be used to
enlarge the locus where the sheaf of overconvergent Hilbert modular
forms is defined from that of [AIP2].

Theorem 3.14. Let G be a Z,-ADBT,, over O with ($-Hodge height
wg. Put w=max{ws | B € By}. Suppose that we have

Wa + Py-105 < p°"

for any B € By. Then there exists a finite flat closed Z,;-subgroup C,
of G of rank p™ over O satisfying

n—1
deg,@<g/cn> = Zplwa*loﬂ'
=0

We refer to C,, as the canonical subgroup of level n of G. It has the
following properties:

(1) Let G’ be a Z,:-ADBT,, over Ok satisfying the same condition
on the 5-Hodge heights as above and C), the canonical subgroup
of level n of G'. Then any isomorphism of Z,s-groups j : G — G’
over Ok induces an isomorphism C, ~ C],.

(2) C, is compatible with base extension of complete discrete valua-
tion rings with perfect residue fields.

(3) C, is compatible with Cartier duality. Namely, (G/C,)Y is the
canonical subgroup of level n of GV.

(4) The kernel of the n-th iterated Frobenius map of G X A1_pn—1,
coincides with C,, X S _pn-1.

(5) The Zys /p"Zys-module C,(Ok) is free of rank one.

(6) The scheme-theoretic closure of C,(Og)[p'] in Cy is the canon-
ical subgroup C; of level i of G[p] for any 0 <i <n —1.

(7) If w < (p —1)/p", then C,(Of) coincides with Ker(HT;) for
any rational number i satisfying

" —1
nol4 Y i<Wl
p—1 p—1
(8) If w < (p — 1)/p", then C, = G; for any rational number i
satisfying
y 1 i< 1 w
i =——<i<ip,=— - .
pr(p—1) prip=1) p-1

Proof. We proceed by induction on n. The case n = 1 is Theorem
3.4. Suppose that n > 2 and the assertions hold for n — 1. Let G be
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a Zyr-ADBT,, satisfying the assumption. Then we have the canoni-
cal subgroup C; of the Z,-ADBT; G[p] and Lemma 3.10 implies that
p'~"C,/Cy is also a Zy-ADBT,,_;. By Corollary 3.11 (2), we have

Hdg(p'"C1/C1) = pwo-1ep

and by the induction hypothesis, p'~"C; /C; has the canonical subgroup
of level n — 1, which we write as C,/C; with some Z,s-subgroup C, of
G. Then we have

degy(G/Cn) = degy(G/p'"C1) + degy((p'"C1/C1)/(C/Cr))

n—2 n—1

= degg(G[p/C1) + Y P (pwo-i-105) = D> p'wymiop.
=0 =0

The assertions (1) and (2) follow from the construction and the induc-

tion hypothesis. The assertions (3) and (4) can be shown exactly in

the same way as [Hat2, Theorem 1.1 (b) and (1)], using the assertion

(1).

Let us show the assertion (5). By an induction, we can show C,_; C
Cn. By the induction hypothesis, it suffices to show C,,(Og)NG[p|(Ox) =
C1(Og) for any n > 2. From the assertion (6) for p'~"C;/C;, we see
that (C,/C1)(Og)[p| is the generic fiber of the canonical subgroup of
p~'C;/Cy. On the other hand, Corollary 3.11 (2) implies that G[p]/C; is
not the canonical subgroup of p~!C; /C;. Then we have (C,/C1)(Og) N
(Glpl/C1)(Ok) = 0 and thus C,(Og)NG[p](Ok) C Ci(Ok), from which
the assertion (5) follows. The assertion (6) follows from C,_; C C,, and
the assertion (5).

Next we show the assertion (7). Let ¢ be as in the assertion. Put
€ =n — 1. Since we have

w/(p—1)<1l—e<1-—w,
by using Theorem 3.4 (6) we can show fKer(HT;) < p™/ as in the proof
of [Far, Proposition 13]. On the other hand, since degg(Cy’) = wg, the
Og-module wey ® O is killed by m=". Take any element z € C,(O)

and denote its image in (G/C1)(Og) by Z. By the induction hypothesis,
we have HT;(z) = 0 for any j satisfying

n—2+4+pw/(p—1)<j<n—1—-wp"—p)/(p-1).
Thus we obtain

m " HT(Z) =0, mZ TYHT(2) = 0

and HTy_,4;(z) = 0, which yields C,(Og) C Ker(HT;). Then the
assertion (7) follows from #C,(Og) = p*/.
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Finally, we show the assertion (8) following the proof of [Hat4, The-
orem 1.2]. Using Lemma 3.6 and Theorem 3.4 (4), the same argument
as in the proof of [Hat4, Lemma 5.4] shows G, C C,. For the reverse
inclusion, we need the following variant of [Hat4, Proposition 5.5].

Lemma 3.15. The image of the map G;, (Of) al ¢ Glp" Y, (Or) con-
tains Glp" ;. (Og).

Proof. Note that the map in the lemma is well-defined by [Hat4, Lemma
5.3]. Put 9t = 91*(G[p]). Consider the basis {dg, €3} of the &;-module
M as in the proof of Theorem 3.4. Write as

Ag 1
o es) = Onni) (3 10).
We have vg(Ag) = ws and vg(vg) = 1 — wg. Then, in the same way as
in the proof of [Hat4, Proposition 5.5], we reduce ourselves to showing

Zlin—1

that for any £z, 75 € m;l

A

D P _ B Hp
(€9 8) 4 (i) = Gaon) (g 1)
for any 8 € By. We can show by recursion that the equation on (g’s
has a solution satisfying vg((s) > pi, for any € B;. Fixing such (g’s,
we obtain the system of equations on wgs’s

, there exist (g,wpg € m?" satisfying

Wﬁflog — vpwg — pgCs + 15 = 0.

Take any a € R satisfying vg(a) = i, and put wg = aag. Then (ap)sep,
is a solution of the system of equations

p Vg _uﬁCﬁJrW_ﬂ:O,

aU7105 o ap*l OZB aP aP

where all the coefficients are contained in R. This system defines a
finite R-algebra which is free of rank p/. Since Frac(R) is algebraically
closed and R is normal, we can find a solution (as)ges, in R and the
lemma follows. O

By the induction hypothesis, we have G[p"']; , = C,_;. By Lemma
3.6, we also have G[p|;, = C;. Then Lemma 3.15 implies #G; (Og) >
#Cn(Og). Now the assertion (8) follows from the inclusions G;, € Gy C

C,. This concludes the proof of Theorem 3.14. U

Corollary 3.16. Let n be a positive integer. Let G be a Z,r-ADBT,,
over Ok with 3-Hodge height wg satisfying

Wg + PWe-108 < p2_"



PROPERNESS OF THE HILBERT EIGENVARIETY 41

for any B € By. Let C,—1 and Cy be the canonical subgroups of level
n — 1 and level one of G[p"~'] and G[p|, respectively. Let H # Cy be a
finite flat closed cyclic Z,s-subgroup of G[p] over Og. Then the Z,;-

ADBT,, p"H/H has the canonical subgroup p='C,_1/H. Moreover,
the natural map C, — p~'Cn_1/H is an isomorphism over K.

Proof. By Corollary 3.11 (1), the Z,;-ADBT; p~“H/H has the canoni-
cal subgroup of level ¢ for any positive integer ¢ < n, which we denote
by C;. Moreover, we have C; = G[p]/H. By the construction of the
canonical subgroup in Theorem 3.14, the quotient C, /C; is equal to the
canonical subgroup of level n — 1 of the Z,;-ADBT,,_; pl_”C_l/C_l. We
have the map

p'"C/Cy = p TGP/ M)/ (Gl /M) = (Gl H)/(Glpl/H) = Gl
where the last arrow is an isomorphism. By Theorem 3.14 (1), we
obtain C,, = p~*C,,_1/H. Moreover, Theorem 3.14 (6) implies C,(Og)N
H(Ok) = 0 and the map C, — p~'C,_1/H is an injection over K.
Since the both sides have the same rank over O, the last assertion
follows. U

Finally, we show the following generalization of [AIP, Proposition
3.2.1] to our setting.

Proposition 3.17. Let G be a Z,;-ADBT,, over Ok with 3-Hodge
height wg. Put w = max{wg | f € Bs}. Suppose w < (p —1)/p™. Let
C,, be the canonical subgroup of G of level n, which exists by Theorem
3.14.
(1) For any i € e 'Zsq satisfying i < n —w(p™ —1)/(p — 1), the
natural map
wg Qo Ok — we, ®oy Ok
18 an isomorphism.
(2) The cokernel of the linearization of the Hodge-Tate map
HT ®1: CT\L/(O[() ® 0z — we,, @0 Or

is killed by m>"/®™V.

Proof. Put b=n —w(p™ —1)/(p — 1). For the first assertion, consider
the exact sequence

0 e (,Ug /Cn Wg we 0

n

and the decompositions

wg/c, = @ wg/C,.py WG = @ wg,5-

,BE]Bf ,BEIBf
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Note that wg 3 ~ Ok . Theorem 3.14 implies

-1
degs(G/Cn) pr_zoﬁ< (;)_1 )<n—i.
Thus the image of the natural map wg/c, 3 — Wg,3 is contained in

m7wg s for any B € B; and the first assertion follows.
For the second assertion, consider the commutative diagram

v HTgv
G'(Ok) wg o, O wg o, Ok
- | |
HTgvy)
GV pl(Og) — wgp) @0y O == wgp) @0y Ok 1,

where the horizontal composites are the first Hodge-Tate maps and
the left vertical arrow is surjective. Since the right vertical arrow is
an isomorphism, the map HTgv; factors through GY[p|(Og) and we
obtain a natural isomorphism of Og-modules

Coker(HTgv; ® 1) ~ Coker(HTgvpy 1 ® 1).
By Lemma 3.7, they are killed by m>w/ ®=1 and thus

m """ (wg @0, Og) C Im(HTgv ® 1) + p(wg ®oy Ok)-
Since w < 1, Lemma 3.8 implies that the Og-module Coker(HTgv ®1)
is killed by m>w/(p b,

On the other hand, we have a commutative diagram

HTgv
G'(Og) — wg ®o, Og — wg @0y O,

|y |

Ch(Og) —"we, @0, O — we, @0y Ok p,

where the left vertical arrow is surjective. By a base change argument
using Theorem 3.14 (2), the first assertion implies that the right vertical
arrow is an isomorphism. Thus we have a surjection of Og-modules

Coker(HTgv ® 1) = Coker(HTgv, ® 1) ~ Coker(HT¢y , ® 1)

and Coker(HT¢y, ® 1) is also killed by m>w/ ®=1 " This is equivalent
to the inclusion

m= "D (e, @0, Og) C Im(HTey © 1) + m 2 (we, ®o, O).

Since w < (p—1)/p™, we have b > w/(p—1) and the proposition follows
from Lemma 3.8. U
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4. HILBERT EIGENVARIETY

4.1. Hilbert modular varieties. Let p be a rational prime. Let F
be a totally real number field of degree g which is unramified over p.
We denote its ring of integers by 0 = Op and its different by Dp. For
any integer N, we put

Uy ={e€ Of|e=1mod N}.

We fix once and for all a representative [C1T(F)]® = {¢; = 0, ¢, ..., ¢t }
of the strict class group C1*(F') such that every c¢; is prime to p.

For any prime ideal p | p of Op, let f, be the residue degree of p. Fix
a finite extension K/Q, in (@p such that F'® K splits completely. Let &
be the residue field of K and we follow the notation in §3.1. We denote
by Br the set of embeddings F' — K and by B, the subset consisting
of embeddings which factor through the completion F,. Then we can
identify B, with By,. The set Br is decomposed as

Br = [[B,.

plp

For any subset X of F', we denote by X * the subset of totally positive
elements of X. Put g = F®R and F§ = Homg(F,R). We denote by
F the subset of [} consisting of linear forms which maps the subset
F** to Rsg. The group Uy acts on F' and F§’+ through € +— €2.

Let ¢ be any non-zero fractional ideal of F'. For any fractional ideals
a, b of I satisfying ab™! = ¢, we denote by Dec(a, b) the set of rational
polyhedral cone decompositions € = {o},c¢ of F§’+ which is projec-
tive and smooth with respect to the lattice Hom(ab, Z) such that the
elements of € are permuted by the action of Uy, the set € /Uy is finite
and for any € € Uy and 0 € €, €(0) No # () implies € = 1, as in [Hid2,
§4.1.4]. Here we adopt the convention that o is an open cone. Note
that any two elements of Dec(a, b) have a common refinement which
belongs to Dec(a, b). For any such pair (a,b), we fix once and for all
a rational polyhedral cone decomposition & (a,b) € Dec(a,b) and put

9(¢) ={%€(a,b) | ab™! = c}.

4.1.1. Hilbert-Blumenthal abelian varieties. Let N > 4 be an integer
with pf N and ¢ a non-zero fractional ideal of F. Let S be a scheme over
Ok. A Hilbert-Blumenthal abelian variety over .S, which we abbreviate

as HBAV, is a quadruple (A, ¢, A, ) such that

e A is an abelian scheme over S of relative dimension g.
e . : Op — Endg(A) is a ring homomorphism.
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e )\ is a c-polarization. Namely, A : A ®p, ¢ ~ A" is an iso-
morphism of abelian schemes to the dual abelian scheme AY
compatible with Op-action such that the map

Homp, (A, AY) ~ Homp,. (A, A R0, ¢), fr>Atof

induces an isomorphism of Op-modules with notion of posi-
tivity (Pa, P4) =~ (¢,¢™). Here P4 denotes the Op-module of
symmetric Op-homomorphisms from A to AY, P} is the subset
of Op-linear polarizations and any element v € ¢ is identified
with the element (z — = ® ) of Homp, (4, A ®0, ¢).

e ¢ : D' @ uy — Ais an Op-linear closed immersion of group
schemes, which we call a Igy(V)-structure.

Note that for such data, the O ® Og-module Lie(A) is locally free of
rank one [DP, Corollaire 2.9].

Let (A, ¢, A, ¢) be a HBAV over S with ¢-polarization A and I'go(N)-
structure 1. Let a be an ideal of Op. Let H be a finite locally free
closed subgroup scheme of A over S which is stable under the Opg-
action such that H is isomorphic, etale locally on S, to the constant
group scheme Op/a and that Im(¢)) N H = 0. Then we can define on
A/H amnatural structure of a HBAV (A/H, 7, A, 1)) with ca-polarization
A [KL, §1.9].

For any HBAV (A, ¢, \,v) over S, the group scheme A[p"| is decom-

posed as
Alp"] = P Alp"), = P Alp"]

plp plp
according with the decomposition

Or®Z, =[] O,

plp

If S = Spec(Op) with some extension L/ K of complete valuation fields,
then each A[p"] is a truncated Barsotti-Tate group of level n, height 2,
and dimension f,. Moreover, for any p | p, the Op,-module ¢ ®p,. Op,
and the Op /p"Op-module ¢/p™c are free of rank one. This implies that
any element of ¢ which generates the Op-module ¢/p™c and the given
¢-polarization on A define isomorphisms

in s Alp"] = A" = AT, g - Alp"] = Al
which are skew-symmetric by [Oda, Corollary 1.3 (ii)]. Then 4, is Op,-
alternating if p # 2 and (v,4,(ax))%,, = 1 for any x € A[p"|(Or)

and a € O, if p = 2, where L is an algebraic closure of L. For p = 2,
by choosing a generator of the Op-module ¢/p"*¢, we may assume
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that the isomorphisms i, , and 4,4, are compatible with each other.
In this case, for any lift & of « in A[p"*'](O) and a € Op,, we have

(@, inp(ax)) appr) = (2, Pint1p(a2)) appr) = (T, ins1,p(a)) At
= <£,in+1,p(ai)>i[pn+1] =L

Thus iy, is Op,-alternating also for p = 2. Hence each A[p"] is an Op,-
ADBT,, over Oy. From this, we see that 1, is Op-alternating, namely
(z,in(ax)) apr) = 1 for any x € A[p"|(Of) and a € Op. For any § € By,
we put Hdgg(A) = Hdgs(Alp]).

On the other hand, for any finite flat group scheme H over Oy with
an Op-action, we have the decompositions

H:@Hp, Wy = @w%g

plp BEBR

as above such that H, is a finite flat closed subgroup scheme of H over
Op and wy g = wy, g for any B € B,. Since the i-th Hodge-Tate map
HT; : H(Or) — wnv ®o, Of; is Op-linear, it is also decomposed as
the direct sum of the maps

HT; = @HTHW HT5,,i : Hy(Or) = wiy ®o, O
plp

For any ideal a C Op, we say that H is a-cyclic if the Op-module
H(Or) is isomorphic to Or/a. Note that, for any HBAV A over O,
as above and any finite flat p™-cyclic Op-subgroup scheme H of A over
Oy, we can define on A/H a structure of a HBAV (A/H, 7, \,v) with
c-polarization A as in [Tia, §2.1].

Proposition 4.1. Let L/K be a finite extension in K. Let ¢ be a
non-zero fractional ideal of F. Let A be a HBAV over Op with a c-
polarization. Put wg = Hdgz(A) and w = max{wg | B € Br}. Suppose
that
Wg + PWy—10p < p*m

holds for any f € Bp. For any p | p, let C,, be the canonical subgroup
of the Op,-ADBT,, A[p"| of level n, which exists by Theorem 3.14. The
finite flat closed subgroup scheme

Cu(4) = P Cu

plp
of Alp"] over Oy is stable under the Op-action. We call C,(A) the

canonical subgroup of A of level n. It satisfies

degy (Alp")/Co(A)) = 3 P10
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for any p € Br and the O /p"Or-module C,(A)(Of) is free of rank
one. Then C,, = C,(A) also satisfies the following.

(1) Let A’ be a HBAV over Oy, satisfying the same condition on the
B-Hodge heights as above. Then any isomorphism of HBAV’s
j:A— A over O induces an isomorphism C,(A) ~ C,(A’).

(2) C,, is compatible with base extension of complete discrete valua-
tion rings with perfect residue fields.

(3) C, is isotropic with respect to the Op-alternating isomorphism
in : Alp"] ~ A[p"]Y defined by the c-polarization of A and any
element x € ¢ generating the Op-module ¢/p™c.

(4) The kernel of the n-th iterated Frobenius map of A[p"] XS 1-pn—14
coincides with Cp, X S 1_pn-14.

(5) The scheme-theoretic closure of C,(Og)[p] in C, is the canon-
ical subgroup C; of level i of A[p] for any 0 <i<mn—1.

Putb=n—-wp*—1)/(p—1). Ifw < (p—1)/p", then C,, = C,(A)
also has the following properties:

(6) C.(Og) coincides with Ker(HT;) for any rational number i sat-
1sfying

w .
n—1+——<i<b.
p—1
(7) C,, = A[p™]; for any rational number i satisfying
b i< L v
prip—=1)~ ~“ptp-1) p-1

(8) For any i € v,(Or) satisfying i < b, the natural map

wa ®o, Or; = we, @0, OL

s an isomorphism.
(9) The cokernel of the map

HT®1:C(0Ok) ® O — we, o, Ok

is killed by m>"'®™".
(10) For any p | p and any finite flat closed p-cyclic Op-subgroup
scheme H # Cip of Alp] over Op, the HBAV A/H has the

canonical subgroup C,(A/H) of level n, which is equal to
(D Cua) @ (0 'Comrp/H).
qlp,q7p

Moreover, the natural map A — AJH induces a map C,(A) —
Cn(A/H) which is an isomorphism over L.
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Proof. The assertion on degg follows from that of Theorem 3.14, since
we have
deg(A[p"]/Cn(A)) = degs(Alp"]y/Cnp)

for p | p satisfying 8 € B,. The assertion on the freeness follows from
Theorem 3.14 (5). The assertions (1), (2) and (5) also follow from
Theorem 3.14.

Let us show the assertion (3). Theorem 3.14 (3) implies that (A[p"]/C,)"
can be identified with the canonical subgroup of A[p"]Y. By Theorem
3.14 (1), the isomorphisms

Alp") = AV[p"] = Ap")Y
preserve the canonical subgroups, and thus their composite induces an
isomorphism C, ~ (A[p"]/C,)". This shows the assertion (3). Put
wy, = max{wg | B € By}. Since we have 1 — p"tw < 1 — p"lw,, the
assertion (4) follows from Theorem 3.14 (4).
Suppose w < (p — 1)/p". Then we have

Sn—1+L<n—M§n_w

p—1 p—1 p—1 p—1

for any p | p. Since the map HT) is the direct sum of the maps
HTA[anb : A[pn](OR—) — WA[pn]v ®OL OR’,b»

Theorem 3.14 (7) implies the assertion (6). Since the formation of
lower ramification subgroups commutes with product, the assertion
(7) follows from Theorem 3.14 (8). Similarly, the assertions (8) and (9)
follow from Proposition 3.17. Since we have the decomposition

(AR = (P Ala) ®p " H/H,

qlp,a7p

n—1+ Y

Corollary 3.16 shows the assertion (10). This concludes the proof. O

4.1.2. Moduli spaces and toroidal compactifications. Let M (uy,c¢) be
the Hilbert modular variety over O which parametrizes the isomor-
phism classes of HBAV’s (A, ¢, A, %) such that A is a ¢-polarization and
¥ is a Tog(N)-structure. The scheme M (uy, ¢) is smooth over Ok [Gor,
Chapter 3, Theorem 6.9]. We denote by A" the universal HBAV over
M(MN, C).

An unramified cusp for M(uy,c¢) is a triple (a,b,¢y) of fractional
ideals a, b of F satisfying ab=! = ¢ and an isomorphism of O p-modules

¢N : Cl_l/NCl_l ~ OF/NOF

For each cusp, we have a Tate object Tateqp(q) over a certain base
scheme [Rap, §4], which is used to construct a toroidal compactification
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M (jun,¢) of M(uun,c). We recall the definition for unramified cusps.
Put M = ab, Mg = M ® R and M} = Hom(M,R). We identify
M ® Q with F. Then any % € Dec(a, b) gives a rational polyhedral
cone decomposition of

ME* = {f € Mg | S(M*) € Reg).
For each o € €, put
={m e Mg |l(m) >0 for any [ € c}.
Then we have an affine torus embedding
S = Spec(Ok[¢™ | m € M]) = S, = Spec(Ok[q™ | m € M NaY]).

The affine schemes {S, },c¢ can be glued via S, NS, = S,n, to define
a torus embedding S — Sy. We denote by S3° and S = (J, . S
the complements of S in these embeddings with reduced structures.
The formal completions along these closed subschemes are denoted by
S, = = Spf (Z%a) and Sy By assumption, we can construct the quotient
ch/UN by re-gluing {S }sew via the action € : S, ~ 8., for any € € Un.
The closed subscheme S2° is defined by a principal ideal I, of the
ring Z:EU satisfying \/E = fg. The ring ]:ZU is a Noetherian normal
excellent ring which is complete with respect to the I,-adic topology.
Put S, = Spec(R,), 8= = V(I,) and 5% = &, \Sgo, where the latter
is an affine scheme and we denote its affine ring by Rg.

Note that the torus with character group a is (aDr)™! ® G,,. For
any 7 € a, we denote by X" the element of O((aDr)™! ® G,,) which
the character 1 defines. We have an Op-linear homomorphism

q:b— (aDr) ' ® G, (S?)

defined by ¢ — (X" +— ¢*") with £ € b and € a. By Mumford’s
construction, we obtain the semi-abelian scheme Tate, 5 (g) over S, such
that its restriction to S? is an abelian scheme [Rap, §4]. It admits a
natural Op-action. Over S0 we have a natural exact sequence

0 —— 5 (aDr) ™" @ puy — Tateqp(q)[N]]go — 5 b/b —=0,

which defines, for any unramified cusp (a, b, ¢n), a Loo(N)-structure
on Tate,(q)|g0 using ¢n. Moreover, the natural isomorphism

((GDF)_l & Gm) Rop € — ([J'DF)_I QR Gy,
induces a c¢-polarization

Aayo : Tateqs(q)]50 ®o, ¢ — Tateya(q)|50 ~ (Tateqs(q)|50)".
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By these data we consider the Tate object Tateqp(q)|so as a HBAV
over S%, which yields a morphism S% — M (uy,¢). Then the toroidal
compactification M7 (uy,¢) of M(uy,c) over O with respect to
9(c), which we also denote by M (uy,¢) if no confusion will occur, is
constructed in such a way as to satisfy the following [Rap, Théoréme

6.18]:

e M(uy,¢) is projective and smooth over Op.

e M(juy,c) is an open subscheme of My, ¢) which is fiberwise
dense and the complement D of M (uy,¢) is a normal crossing
divisor. In particular, M (py, ¢) is quasi-compact.

e The formal completion M (uy, ¢)|7, of M (., ¢) along the bound-
ary divisor D is isomorphic to

H g%(a,b)/UN7

where the disjoint union runs over the set of isomorphism classes
of cusps.

e The universal HBAV A"™ over M (uy,¢) extends to a semi-
abelian scheme A™ with Op-action over M (uy,¢) such that,
for any o € €(a, b), the pull-back of A" by the restriction to S?
of the unique algebraization S, — M (uy,¢) of the map S, —

M (p, ¢)|7 for any cusp (a, b, ¢ ) is isomorphic to Tateq 5 (q)] g0

Let 9(uy,c) be the p-adic formal completion of M(uy,c). Let
My, c) be its Raynaud generic fiber. Let M (uy,c) be the ana-
lytification of the scheme M (uy,¢) ®p, K, which is a Zariski open
subvariety of M(uy,c). The semi-abelian scheme A" defines semi-
abelian objects A" over M (uy,c) and A™ over M(uy,¢) by taking
the p-adic completion and the Raynaud generic fiber. For the zero sec-
tion e of A™, put w un = e*Q%un/M(quc). For any g-tuple x = (kg)sen,
in Z, we define

B o _ K _ kg
WAunjﬁ - (.UAun ®0F7ﬁ OK; wAun - wAun’ﬂ‘

BEBF
We also define w gun 3 and w’,, similarly. For any 8 € Bp, let hg be
the [-partial Hasse invariant, which is a section of the invertible sheaf
Whin g-155 @ wiin”@ on M(uy,c) x % [GK, §2.5] (see also [AG, §7]).
For any extension L/K of complete valuation fields, any HBAV A over
Oy, and any 8 € B, consider the element P of M(uy,¢)(L) induced
by A and a lift ilg of hg as a section of w%‘m’a_lo 5 ®w2§n7 5 OVer an open
neighborhood of P. Then we have the equality of truncated valuations

Hdgs(A) = vy(hs(P)).
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If P € M(uy,c)(L) corresponds to a semi-abelian scheme A over O,
which is not an abelian scheme, then we put Hdgs(A) = v,(hg(P)) = 0.

Let v = (vg)gemr, be a g-tuple in [0, 1]NQ. We denote by M (un, ¢)(v)
and M(un,¢)(v) be the admissible open subsets of M(uy,c) and
My, ¢) defined by v,(hs(P)) < vs for any § € Bp, respectively.
Note that M (un, ¢)(v) is quasi-compact. We define its integral model
M(pn,c)(v) as follows: write vg = ag/bs with non-negative integers
ag and bg # 0. Take a formal open covering MM (un,c) = (J4Ll; such
that every hg lifts to a section izﬁ on each ;. Consider the formal
scheme whose restriction to each 4l; is the admissible blow-up of l;
along the ideal (ps, ﬁgﬁ ), and its locus where this ideal is generated

by ﬁzﬂ Repeat this for any 3 € Br and define M(uy, ¢)(v) as the

normalization in M (juy, ¢)(v) of the resulting formal scheme. We de-
note the special fibers of M (i, ¢) and M(uw, ¢)(v) by M (g, ¢)x and
M (1w, ¢)(v)g, respectively. We also denote by 9M(uy, ¢)(v) the com-
plement in 9M(puy, ¢)(v) of the boundary divisor of the special fiber.
Let v be an element of [0,1] N Q. When vz = v for any f €
Br, we write M(py,¢)(v) as M(uy,c)(v) . Moreover, we denote by
M (pn, ¢)(vior) the quasi-compact admissible open subset defined sim-

ilarly to M(pun, ¢)(v) with the usual Hasse invariant

h=1] hs

BEBR

instead of hg’s. We also define similar spaces for these two variants,
such as M(py, ¢)(v) and M, ¢)(vior). Note that M (uy, ¢)(0) is just
the formal open subscheme of 9M(uy,c) over which all the B-partial
Hasse invariants are invertible.

Let R be a topological Og-algebra which is idyllic with respect to the
p-adic topology [Abb, Définition 1.10.1]. By [Abb, Corollaire 2.13.9],
any morphism f : Spf(R) — M(uy, ¢) has a unique algebraization f :
Spec(R) — M (uy, ¢), and we have a semi-abelian scheme Gp = f* A"
over Spec(R). Taking the reduction modulo p, we see that f factors
through M (uy, ¢)(0) if and only if G is ordinary.

Let NAdm be the category of admissible p-adic formal Og-algebras
R such that R is normal. Note that we have R[1/p]° = R by [BGR,
Remark after Proposition 6.3.4/1]. By [Rap, Lemme 3.1], we can
see as in [AIP, Proposition 5.2.1.1] that any morphism Sp(R[1/p]) —
M (pn, ¢)(v)"8 corresponds uniquely to an isomorphism class of a HBAV
A over Spec(R) such that Hdgs(A,) < vg for x € Sp(R[1/p]).

We give a proof of the following lemma for lack of a reference.
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Lemma 4.2. Let L/K be an extension of complete valuation fields.
Let X be a connected smooth rigid analytic variety over L and F an
invertible sheaf on X. Suppose that f € F(X) vanishes on a non-empty
admissible open subset U of X. Then f = 0.

Proof. Take an admissible affinoid covering X = |J,.; &; such that A;
is connected and F is trivial on X; for any i € I. We have X;, NU # ()
for some 49. Then [FvP, Exercise 4.6.3] implies f|x, = 0.

Put Iy = {i € I | f|lx, = 0}, which is non-empty. [FvP, Exercise
4.6.3] also implies that X; N AX; = 0 for any i € [y and j € I := I\ I,.
Then for the subsets

N=Ux x={x
i€1lp €l
and s € {0,1}, the intersection X, N X; equals X; if ¢ € I, and 0 if
i ¢ I;. Hence X = A, [[ &) is an admissible covering of X'. Since X is
connected, we obtain X = Ay and f = 0. O

Lemma 4.3. The rigid analytic variety M(py, ¢)(v)c, is connected for
any v € [0,1] N Q.

Proof. Since M(juy, ¢)(v) is separated, it is enough to show that for any
sufficiently large finite extension K’/ K, the base extension M (uy, ¢)(v) g/
is connected [Conl, Theorem 3.2.1]. Replacing K by K’, we may as-
sume K’ = K.

By Ribet’s theorem (see [Gor, Chapter 3, Theorem 6.19]), the ordi-
nary locus My, ¢)(0); is geometrically connected. Since the rigid an-
alytic variety M (uy, ¢)(0) is the tube for the immersion 9t(puy, ¢)(0), —
M (un,c), [Ber, Proposition 1.3.3] implies that M (uy,c)(0) is con-
nected.

Consider the case of v > 0. Suppose that M (uy,c)(v) is not con-
nected. Then we can take its connected component U which does not
intersect M (py,¢)(0). Since U is quasi-compact, there exists a finite
admissible affinoid covering U = |J;*, U; of U such that any [S-partial
Hasse invariant can be lifted to a section over U;. Using the maxi-
mal modulus principle on each U;, we see that there exists a positive
rational number ¢§ satisfying

max{Hdgs(z) | B € Bp} > 6

for any x € U. Then, for any rational number ¢ satisfying 0 < ¢ < 9,
we have M(un,¢)(e) NU = 0.
On the other hand, let us consider the specialization map

sp i M(un,¢) — M(pn, ¢k
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with respect to My, c). Take any P € U and consider its specializa-
tion P = sp(P). Since P ¢ M(un,¢)(0), it corresponds to a HBAV.
Then [GK, (2.5.1)] and [deJ, Lemma 7.2.5] give an identification

(4.1) sp ' (P) = ] Asl0. 1),

BEBR
where Ag[p, p') is the annulus with parameter tg defined by p < |t5| <
p'. By [GK, §4.2], we may assume that the parameter tg satisfies

ts(Q)) (B € 7(P))

4.2 Hdgy(A) = { s i

2 ) ={ § (5 ¢ 7(P)

for any Q € sp~'(P) and for any 3 € Bp, where A is the HBAV
corresponding to @ and 7(P) is defined by [GK, (2.3.3)]. In particular,
we have Hdggz(A) < v,(t5(Q)) for any 3 € Br. For any positive rational
number &, put

Sp I]: ¢45 € 1 I]: f%go 1

ger(P B¢ (P)

Since sp~1(P)(v)’ is a connected admissible open subset of M (puy, ¢)(v)
containing P, it is contained in &. However, for any e satisfying ¢ <
min{d, v}, we have

0 #sp~(P)(e) € M(un,c)(e)NU,

which is a contradiction. O

4.1.3. Canonical subgroups over moduli spaces. Let n be a positive in-
teger. Let v = (vg)gem, be a g-tuple satisfying

vs €[0,(p—1)/p")NQ
for any 5 € Bpr. Note that the 1/(p™(p — 1))-st lower ramification
subgroups can be patched into a rigid analytic family [Hat4, Lemma
5.6]. Let R be an object of NAdm and put & = Sp(R[1/p]). Let
U — My, ¢)(v)"® be any morphism of rigid analytic varieties over
K. This defines a HBAV A" | over Spec(R). For any rig-point = €
Spec(R), we have the canonical subgroup C,((A"|r),). Theorem 4.1
(7) implies that they can be patched into an admissible open subgroup
of A" [p"]|y;. By [AIP, Proposition 4.1.3], it uniquely extends to a finite
flat subgroup scheme C, of A™|g over Spec(R).

On the other hand, on a formal open neighborhood 4 of a point of the
boundary satisfying 4 C 9(uw, ¢)(0), the unit component A" [p"]°]
is quasi-finite and flat over 4l with constant degree on each fiber by
[Rap, p.297 (ii)]. Thus it is finite and flat. Then, by gluing along
M1y, ¢)(0), we obtain a finite flat formal subgroup scheme C,, of 2™
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over M(puy,¢)(v) and its generic fiber C),, which we refer to as the
canonical subgroup of level n.

Let R be a topological Og-algebra which is quasi-idyllic with respect
to the p-adic topology [Abb, 1.10.1.1]. Since any finitely generated R-
module is automatically p-adically complete [Abb, Proposition 1.10.2],
any finitely presented flat formal group scheme over Spf(R) can be
identified with a finitely presented flat group scheme over Spec(R).
Thus we have a theory of Cartier duality for any finitely presented
flat formal group scheme over any quasi-idyllic p-adic formal scheme.
Then, from the construction, we see that the restriction of the Cartier
dual C)|gi(uy.c)0) to the ordinary locus is finite and etale.

We have the following variant of [AIP, Proposition 4.2.1 and Propo-
sition 4.2.2].

Lemma 4.4. Let v = (vg)pen, be a g-tuple of non-negative rational
numbers satisfying

v:=max{vg | S € Bp} < (p—1)/p".

Let R be an object of NAdm. For any morphism of admissible formal
schemes f 1 Spf(R) — M(uw, ¢)(v) over Ok, consider the pull-back
G = A™|g by the unique algebraization Spec(R) — M (uy, ¢) of f and
My = Culspr(r), which is a subgroup scheme of the formal completion
of G.

(1) For any rational number i € e~ Zsq satisfying i < n — v(p" —
1)/(p — 1), the natural map we @o, Ok — wi, Qo Ok is
an 1somorphism.

(2) Assume that we have an isomorphism of Op-modules H, (R) ~
Or/p"Op. Then the cokernel of the linearization of the Hodge-
Tate map

is killed by m;"/ Y.
Proof. Since the ordinary case is trivial, by a gluing argument we may
assume that f factors through 90%(uy, ¢)(v). By replacing Spf(R) with
its formal affine open subscheme, we may assume that R is an integral
domain and wg is a free Op ® R-module of rank one. The first assertion
follows by reducing it to Proposition 4.1 (8) in the same way as [AIP,
Proposition 4.2.1]. For the second assertion, take surjections RY —
H(R)QR ~ (R/p"R)? and RY ~ wg — wy,,. Then the map HTyy @1
can be identified with the reduction of the map defined by some matrix
v € My(R). It suffices to show m?/(p_l)Rg C ~(RY). Let p be a
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prime ideal of R of height one and Rp the completion of the local ring
R,. Proposition 4.1 (9) implies m;"/* VRS C ~(RY). This shows
m7"/ PV RS C y(RY) and det(y) # 0. Since R is normal, v(R9) is the
intersection of y(Ry) for every such p and the assertion follows. O

4.2. Connected neighborhoods of critical points. Let Y., be the
moduli scheme parametrizing the isomorphism classes of pairs (A, H)
over schemes S/Spec(Of ), where A is a HBAV over S with a c¢-polarization
and a ['gg(V)-structure, and H is a finite locally free closed Og-subgroup
scheme of A[p] of rank p? over S such that H is isotropic in the sense
of [GK, §2.1]. Then Y, is projective over M (pn,¢) [Sta, p.415]. For
S = Spec(Op) with some extension L/K of complete valuation fields,
‘H is isotropic in this sense if and only if H is p-cyclic.

Let 9., be the p-adic formal completion of Y , and ), its Raynaud
generic fiber. Note that they are separated. By [Rap, Lemme 3.1], we
have Ve p(L) = D p(Or) = Y ,(Oy) for any extension L/K of complete
discrete valuation fields. In this subsection, we construct a connected
admissible affinoid open neighborhood of a point @ = [(A, H)] of V.,
satisfying Hdgz(A) = p/(p+1) for any 3 € Br inside the base extension

Vepc, = ygp@K(Cp, assuming f, < 2 for any p | p.

Lemma 4.5. There exists a point of M(uy,c) corresponding to a
HBAV A over the integer ring Or, of a finite extension L/K satisfying
Hdgg(A) = p/(p+1) for any B € Br.

Proof. Consider the stratum Wg, of the special fiber M (uy,c¢); as
in [GK, §2.5]. Since Wjg, is non-empty, there exists a point P €
M(pun,¢) such that P = sp(P) € Wi, for the specialization map
sp 1 M(pun,¢) = M(un, )i as before. Since 7(P) = Bp, the identifi-
cation (4.1) and (4.2) yield the lemma. O

Proposition 4.6. Suppose f, < 2 for any p | p. Let L/K be a finite
extension in @p and [ the residue field of L. Let K' be the composite
field of K and Frac(W (1)) in Q,. Let [(A,H)] be an element of Y, ,(Op)
satisfying Hdgg(A) = p/(p + 1) for any B € Br and Q the element of
Ve p(L) it defines. Let

Sp - yc,p — ()/c,p)k - K,p Xog Spec(k:)
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be the specialization map with respect to 9., and put Q = sp(Q). We
define

= 1
Vo={Q = [ H)] €07 (@) | - < degy(Apl/H) < .
Hdg(A") < pi - for any § € Br},
Va(ir) ={Q' = (4 H)] € Vo | Hdgy(A') < —— for any § € By}

Then they are admissible affinoid open subsets of Y., defined over K’
such that VQ®K/(CP 18 connected.

Proof. By the assumption f, < 2 and Proposition 3.12, we have the
equality degs(Alp]/H) = p/(p + 1) for any 8 € Bp. [Tia, Proposition
4.2] shows that this value is equal to the one denoted by vg(Q) in
|GK, §4.2]. In particular, the definition of v4(Q) in [GK, §4.2] implies
I(Q) = Bp with the notation of [GK, (2.3.2)].

We claim that the complete local ring @Yc 20 of Yo, at Q@ is isomor-
phic to the ring

(4.3) B = Ow[[Xp, Y5 | B€Br|]/(XsYs —p| B € Br)

and there exists g € (B')* such that for any finite extension £/K’
and any Og-algebra homomorphism = : B8’ — Op, the corresponding
Op-valued point [(A’, H')] of Y, satisfies

degg(A'[p]/H') = vp(Xp(x)), Hdgg(A) = v,((Xp + g5Y,1.5) (@)
Indeed, let Y be a moduli scheme over W similar to Y, considered in
[GK, §2.1]. Let R be the affine algebra of an affine open neighborhood
of Q in Y, and mg the maximal ideal of R corresponding to Q. The
ring (’AJYWQ is equal to the completion of the local ring of R @y Ok
at the kernel ng of the map R ®w Ox — [ associated to mg. Since
K /Frac(WW) is finite totally ramified and p € mg, the ring R, @w Ok
is local with maximal ideal ng (R, o ®Ow Of) and thus it is equal to the
localization (R ®@w Ok )n o We also see that the mg-adic topology on
the local ring Ry, ®@w Of is the same as the topology defined by its
maximal ideal.

By Stamm’s theorem [Sta] (see also [GK, Theorem 2.4.1°]), the mg-

adic completion R, o of the localization R, is isomorphic to the ring
B =W()[[Xs Ys | B €Br|]/(XsYs—p| B €Br).

Moreover, since Hdgg(A) # 0 for any 8 € Bp, (4.2) implies 7(Q) =
Bp. Thus, for any finite extension E/Frac(W (1)) and any W (l)-algebra
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homomorphism z : B — Op, the corresponding HBAV A’ satisfies
v(tg(r)) = Hdgg(A’). By [GK, Lemma 2.8.1] and the definition of

v3(Q) in [GK, §4.2], the isomorphism R,, o = B gives an identification
of degg and Hdgg for the ring B as claimed before.
Since the ring B /mB is finite over W, we have

Since the mg-adic topology on the ring %5’ is the same as the topology
defined by its maximal ideal, we obtain the claim.
By [deJ, Lemma 7.2.5], we have

sp~ ' (Q) = (Spf(%B))".

Thus Vg is the K'-affinoid variety whose affinoid ring is the quotient
of the Tate algebra

K'(X3,Y3,Us, Vs, Wp | B € Br)
by the ideal generated by
X5 —pUs, X5V —pP, XgYs—p, Wi(Xs+gsYP ) —p

for any f € Bp. From this, we also obtain a similar description of
Vol Zﬁ) as a K'-affinoid variety.

Next we prove that the base extension Vo®g:C, is connected. Put
r=1/(p+1) and s = p/(p+1). Fix a (p+1)-st root w = p"/*+ of p
in Q,. Then the affinoid ring Bgc, of Vo®x/C, is also isomorphic to
the quotient of the Tate algebra

CP<X57 Ys,Us, Vg, W | pe IB%F>
by the ideal generated by
Xg—ng, XﬂVﬂ—wp, XﬂYﬂ_wp+1, Wg(Xg+g5Y:,1oﬁ) — w?

for any 8 € Br. Note that in the ring Bg c, we also have Y3 —wVj = 0.
Hence Bgc, is isomorphic to the quotient of the ring

Cp(Us, Vs, W5 | B € Bp)
by the ideal generated by
UsVs — "™, Fpi=Ws(Us+ @ g5V ,5) — "
for any 8 € Br with some gj € A ¢ , where
g, = Oc,(Us, Vs | B € Bp)/(UsVs — ="' | B € Bp).
From these equations, we see that
Gﬁ = Vg - Wg(l + ggVBVUP,loﬁ) =0
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in this quotient. Since
Fs = —UsGg mod UgVjs — P!,
we obtain
Bqc, = Cp(Us, V3, Wp | B € Br)/(UsVs — w* ", G5 | B € Bp).
Note that the ring
Bo,c, = Oc,(Us, Vs, Ws | B € Br)/(UsVs — "™, Gg | B € Br)

is a flat Oc,-algebra. Indeed, consider the polynomial ring 2 ¢, [Wj].
Since the coefficients of Gz as a polynomial of W3 generate the unit
ideal 2lg c,, by a limit argument reducing to the Noetherian case and
using [Mat, (20.F), Corollary 2] we see that the 4 c,-algebra

RAo.c,Ws | B €Br]/(Gs | B € Br)

is flat. By [Abb, Proposition 1.10.2 (ii)], the p-adic completion of
this algebra is B c,. Since the Oc, -algebra g c, is flat, the p-adic
completion Bg ¢, is also flat over O, .

Put G5 = G5 mod mc, and

R= Fp[Ug,Vg,Wg ‘ B e BF], J= (Ung,Gﬁ | B € BF).

Next we claim that the reduction Boc, = R/J of B, is reduced
and Spec(Bg,c,) is connected. For the reducedness, it suffices to show
that the localization at every maximal ideal is reduced. Let 90t be any
maximal ideal of R containing .J. Then we have

since, supposing the contrary, Gﬁ € M implies Vg € M and 1 € I,
which is a contradiction. Thus, in the ring Ryy we have

Wg — Vg(l + glﬂVgi_loﬁ)il € jRgm

for any 8 € Br. Hence the localization (E_BQ7(CP>§)R is isomorphic to the
localization of the ring

FolUs, Vs | B € Br]/(UsVp | B € Br)

at the pull-back of 91, which is reduced.

Let us show the connectedness. Let B = By [[By be a decom-
position into the disjoint union of two subsets. Consider the closed
subscheme Fp,, g, of Spec(%Q,@p) defined by U = 0 for § € By and
Vs = 0 for 8 € By. Since every Fg, , contains the point defined by
Us = Vg =W3 =0 for any 8 € Bp, it is enough to show that Fg, g, is
connected for any such decomposition of Br. Put

Ap, 5, = Fp[Us, Vs | B € Br]/(Us (B €By), Vs (B €By)).



58 SHIN HATTORI
Note that the A, 5, -algebra
g, 5, [Ws | B € Br]/(Gs | B € Br)

is flat. From this we see that the affine algebra of Fg, g, can be iden-
tified with the subring

Vs
1 + glﬁvﬁva_loﬁ

| B € Br]

2_lBUJBV [

of Frac(2g, s, ), which is an integral domain. Hence we obtain the

connectedness of B ¢,. By [deJ, Lemma 7.1.9], sp~!(Q) is reduced and

[Conl, Lemma 3.3.1 (1)] shows that Vo®x:C, is also reduced. Then

[BLR, Proposition 1.1] and [BGR, Remark after Proposition 6.3.4/1]

imply that Bgc, is integrally closed in Bg ¢, and thus we have
mo(Vo®x:Cyp) = mo(Spec(Bo,c,)) = mo(Spec(Boc, ).

This shows that Vg&/C, is connected. O

Lemma 4.7. Suppose f, < 2 for any p | p. Let L/K be a finite
extension. Let [(A,H)] be an element of Y. ,(OL) satisfying

degs(Alp]/H) <p/(p+1), Hdgs(A) <p/(p+1)

for any 5 € Bp. Then, for any p | p, we have either Alpl, has the
canonical subgroup of level one which is equal to H,, or Hdgs(A) =

p/(p+1) for any B € B,.

Proof. Suppose Hdgg (A) < p/(p+1) for some By € B,. Since we have
Hdgs(A) < p/(p+ 1) for any B € Bp, the assumption on f, implies
that the inequality

Hdgs(A) + pHdg,-1.,5(A) < p

holds for any 8 € B,. By Theorem 3.4, the Op,-ADBT; Ap], has the
canonical subgroup C,.
Suppose H, # C,. For any 8 € B, Corollary 3.11 (1) implies that

Hdgﬁ(p_al/HP) = p_lHdgaoﬁ(A[P]p) = p_lHdgao,B(A[p]) <1/(p+1)

and that A[p|,/H, is the canonical subgroup of p~'H,/H,. Thus we
have

degs(Alp]/H) = degyz(Alply/H,) = 1 —Hdgs(p~ ' Hy/Hy) > p/(p+ 1),

which yields degg(A[p]/H) = p/(p+1) and Hdgz(A[p]) = p/(p+1) for
any 3 € B,. This contradicts the choice of (. O
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Corollary 4.8. Suppose f, <2 for anyp | p. Let L/K be a finite ea-
tension. Let [(A’,H')] be an element of Y. ,(Or) such that [(A}, H})] €
Vo(L). Then, for any finite flat closed p-cyclic Op-subgroup scheme D
of A'[p] over Oy, satisfying D, N H;, = 0, we have

Hdgs(A'/D) < 1/(p+1)
for any B € Br and A'lp|/D is the canonical subgroup of A’'/D of level
one.

Proof. Write as D = P, Dy. The assumption implies D, # H, for
any p | p. If H; is the canonical subgroup of A’[p],, then Corollary 3.11
(1) implies that

Hdg,(A'/D) = Hdgg(p~' Dy/Dy) = p~ ' Hdg,ep(A'[p]) < 1/(p + 1)

for any 8 € B, and that A’[p],/D, is the canonical subgroup of p~'D, /D, =
(A'/D)[pl,. Otherwise, Lemma 4.7 yields Hdggz(A’) = p/(p+1) for any
B € B,. By Proposition 3.12, we see that

degy(A'[ply/Dy) = p/(p+ 1), Hdgs((A'/D)[ply) =1/(p+ 1)

for any § € B, and that (A’/D)[p|, has the canonical subgroup A'[p|,/D,.
Hence the HBAV A’/D satisfies

Hdgy(A'/D) <1/(p+1)
for any 8 € Br and it has the canonical subgroup
A'lpl/D = P A'lply/ D,
plp

of level one. This concludes the proof of the corollary. O

Lemma 4.9. Suppose f, <2 for any p | p. Then we have

Volsq) # 0.
Moreover, for any finite extension L/K and any element [(A",H")] of
Y p(Or) satisfying [(AL, Hy)] € VQ(;ﬁ)(L), the HBAV A’ has the
canonical subgroup H'.
Proof. Recall that we have sp~1(Q) = (Spf(8’))"® with the ring B’ of
(4.3) in the proof of Proposition 4.6. From the description of degs in

terms of the parameter Xz of the ring B’, we see that there exists a
point [(A',H')] € Y.,(Or) with some finite extension L/K such that

(A, H,)] € sp~1(Q) and
degs(A'lp]/H') =1/(p+1)
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for any 8 € Bp. Then Lemma 3.9 (1) implies that Hdggz(A') = 1/(p+1)
for any 3 € Br and thus [(A}, H})] € Vo(517)(L). The last assertion
follows from Theorem 3.4. U

Since )., is separated, Proposition 4.6 implies that the base exten-
sion Vo ¢, = Vo®kC, is an admissible affinoid open subset of V. ,c,
whose connected components are all isomorphic to Vo®C,. Each
connected component contains an affinoid subdomain of VQ([%)(ZA{) xC,
which is isomorphic to Vg (517)®xCp. By Lemma 4.9, we have

VQ(#)QA@K’CP # 0.

The point @ € Y.,(L) defines a point of V., c,(C,) by the natural
inclusion L — C,, which we also denote by (). Let V&Cp be the con-

1

nected component of Vg ¢, containing @) and Vgg,cp( ) be a copy of

p+1
VQ(}%)Q@ x'C, which is contained in V%,(C,; These are both non-empty

admissible affinoid open subsets of Y, ,c,-

4.3. Overconvergent Hilbert modular forms and the eigenva-
riety. In this subsection, we recall the construction of sheaves of over-
convergent Hilbert modular forms and the associated eigenvariety, due
to Andreatta-Iovita-Pilloni [AIP2].

4.3.1. Querconvergent modular forms over Hilbert modular varieties.
Put T = Reso,/z(Gwm). Let T be its formal completion along the unit
section. For any w € e™1Z>1, let T2 be the formal subgroup scheme of
T over Spf (Ok) representing the functor

B — Ker(T(B) — T(B/7°B)).

on the category of admissible formal Og-algebras B. Then TC is a
quasi-compact admissible formal group scheme over Ok.
Let W be the Berthelot generic fiber of Spf(Ok|[[T(Z,)]]) and we

denote the universal character on this space by

£ T(Zy) = O° (W) = Ok |[[T(Z)]]"
Here O° is the sheaf of rigid analytic functions with absolute value
bounded by one and the last equality follows from [deJ, Theorem 7.4.1].

For any morphism X — W of rigid analytic varieties over K, we denote
by k% the restriction

kY T(Z,) S O°(W)* — O°(X)*
of k"™ to X. Consider the case where & is a reduced K-affinoid variety

U = Sp(A). Then the subring A° of power-bounded elements is p-
adically complete. For any positive integer n, put ¢, = 2 if p = 2 and
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n =1, and g, = 1 otherwise. When we consider the case of p = 2 and
n = 1, we assume that 2 splits completely in . The character x¥ is
said to be n-analytic if the restriction to TY(Z,) factors as

RZ/{

Tg(Zp) —1 +pn(OF ® Zp) —— (A°)*

logl T exp

mp"(OF @ Z)) —— qiprA°

with some Z,-linear map . In this case, we also say that the mor-
phism U — W is n-analytic. Any & is n-analytic for some n by the
maximal modulus principle. Note that any n-analytic character defines
an analytic character T%(Z,) — A*, even for the case of p = 2 and
n=1.

Proposition 4.1 and Lemma 4.4 enable us to generalize the construc-
tion in [AIP2, §3.3]. Let n be a positive integer and v = (v3)sen, a
g-tuple in [0, (p — 1)/p") N Q. Put v = max{vg | B € Br}. Let C), be
the canonical subgroup of A" of level n over M(uy,¢)(v), as before.
Put

M(T1(p"), v, €) () = Isom i o) (Cois Dt @ fipn ).
We denote by (T, (p™), iy, ¢)(v) the normalization of 9 (u, ¢)(v)

in M(Ty(p"), v, ¢)(v). Note that, since CY is finite and etale over
M(pn,¢)(0), we have

(44) th(rl(pn)’ KN, C)(O) = Isomfﬁ?(m\m)(ﬂ) (Cm D}_«“l ® :up”)v

which is a T(Z/p"Z)-torsor over M(py, ¢)(0).

Let F be the locally free Or @ Ognr, () juy ) (wy-module of rank one
constructed as in [AIP2, Proposition 3.3]. Let w be an element of e7'Z
satisfying n — 1 < w < n — p"v/(p — 1), which exists for a sufficiently
large K. Let

Yo I, — ML (P"), v, ) ()
be the p-adic formal TC -torsor over M(Ty (p"), uuw, ¢)(v) classifying, for
any R € NAdm and any morphism of p-adic formal schemes v :
Spf(R) — M(T1(p"), piwv, ¢)(v), the isomorphisms « : v*F — Op @ R
such that the composite

Op/p"Op(R) = CY(R) "5 ~v*F /ny*F & Op @ R/T“R

sends 1 to 1 [AIP2, §3.4]. We also write J20;) as I, (v). We denote
the Raynaud generic fiber of J20; by IW and also by ZW; (v).
From (4.4), we see that the moduli interpretation of 32U, (0) as above
is also valid for the category of quasi-idyllic p-adic Ok-algebras R.
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For the structure morphism

b+ ML (P"), v, €) () = M(pv, ©) (v),

we put 7, = h, 07,. We denote by 78, hl& and 77 the induced mor-
phisms on the Raynaud generic fibers. Let T,, be the formal subgroup
scheme of T over Spf (Ok) whose set of B-valued points are the inverse
image of T(Z/p"Z) by the map T(B) — T(B/7°“B) for any admissi-
ble formal Og-algebra %B. The natural action of T% on I} induces
an action of T,, on I} over M(uy,¢)(v) and also on the Raynaud
generic fiber ZW/ over M(uy, ¢)(v). Then, for any reduced K-affinoid
variety U and n-analytic morphism U — W, we define

o = (ng)* (OIV% <) [—"fu]-

By [AIP2, Proposition 3.12], it is an invertible sheaf which is inde-
pendent of the choices of n and w. Let D be the boundary divisor of

My, c). We also put
M (v, ¢, 1) (@) = HO(M(p, €) () x U, ),
S(pw, e, i) (v) = B (M(py, ¢)(v) x U, @ (=D))

Note the equality DM (py, ¢)(v)™ = M(un, ¢)(v) \ sp~ (Di), where
Dy, is the boundary divisor of the special fiber 9 (uy, ¢)(v). For any
R € NAdm, let us consider tuples (A, ¢, A\, %, u, ) over R consisting
of a HBAV (A4, ¢, A, 9) over Spec(R) such that Hdgz(A.) < vs for any
x € Sp(R[1/p]), an isomorphism of Op-group schemes

w: Colrjp = Dy’ @ fipe
for the canonical subgroup C, of A and an isomorphism
a:VF~0r®@R

satisfying the compatibility with v as above. Then any element f €
HO (M (pun, ¢)(v)"e, ) can be identified with a rule functorially asso-
ciating, with any such tuple over R endowed with a map Sp(R[1/p]) —
U, an element f(A, ¢, A\, ¥, u,a) of R[1/p] satisfying

f(A, ¢, Mgt ) = liu(t)f(A, LA, U, Q)

for any ¢ € T(Z,). Similarly, any element f € HO(90%(u, ¢)(0)", Q)
has a similar description as a rule over any quasi-idyllic p-adic Og-
algebra R endowed with a morphism Spf(R) — 9(ux, ¢)(0).

For a later use, we also recall the definition of an integral structure
of the sheaf Q" for an n-analytic map & : U = Sp(A) — W with
some reduced K-affinoid algebra A. Note that A° is topologically of
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finite type [BGR, Corollary 6.4.1/6] and thus l = Spf(A°) is an admis-
sible formal scheme over Spf(Qx). The map % extends to a formal
character )

kYT, x U — Gy x S
We put

s

Q= (Ww)*(oﬁmgxu)[—"ﬁu]-

It is a coherent Ogy,\, ¢)(v)xy-module which is independent of the choice

of w such that its Raynaud generic fiber is Q" [ATP2, Proposition 3.12].
Since the map h, is an etale T(Z/p"Z)-torsor over the ordinary locus
M (1w, €)(0), the restriction of @ to M(uy, ¢)(0) x 4 is an invertible
sheatf.

Let x : T(Z,) — K* be a weight character which is integral, namely
it is written as

T(Z,) = (Or ®Z,)" 3 t® 1 [] 80" € K~
BEBFR

with some g-tuple of integers (ks)gen,. In this case, the sheaf QF is
isomorphic to the classical automorphic sheaf [AIP2, Corollary 3.9].
Indeed, consider Z = Isom gy, .0(Or @ Oxyguy.c)Wam). Since the
Raynaud generic fiber of the sheaf F is w zun, we have a natural map
IW:; — Z, which induces an isomorphism Whin — Qr. We also say
that an integral weight x is even if every kg is even.

Moreover, we say that a weight character x : T(Z,) — K* is n-
integral (resp. n-even) if its restriction to T%(Z,) is equal to the re-
striction of a character of some integral (resp. even) weight (kg)sen,-
Then, from the construction of the sheaf (2%, we see that the pull-back
(h2#)*Q to M(T'y(p"), puv, ¢) (1) is isomorphic to (72%)* (R ez, @ 5)-
Note that for the case where p = 2 splits completely in F', a 1-integral
weight is 1-analytic if and only if it is 1-even.

4.3.2. Overconvergent arithmetic Hilbert modular forms. We define the
weight space WY for overconvergent Hilbert modular forms as the
Berthelot generic fiber of Spf(Ok|[[T(Z,) x Z;]]). Any morphism X" —

WE defines a pair (v, w?) of continuous characters
v T(Z,) — O°(X)", w’ : ZY — O°(X)*
with respect to the supremum semi-norm on X'. The map
T(Zy) = T(Zy) x Y, t— (t*,Npsq(t))

induces a morphism k : W% — W. For any morphism X — WY, put
kY = k(v¥, w?). When X is a reduced K-affinoid variety, we say that
(v*, w?) is n-analytic if »¥ and w?® are both n-analytic. Note that
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if (v, w?) is n-analytic, then k% is also n-analytic. We say that a
character (v,w) : T(Z,) x Z; — K* is integral if it comes from an
algebraic character T x G, — Gy,. Then it is written as

T(Z,) x Z; — K*, (t®1,s) [] B(t)*s*
BEBR
with some g-tuple of integers (ks)sen,, and an integer ko. We say that
it is even if every ks and ko are even. We also say that (v,w) is n-
integral (resp. n-even) if its restriction to TY(Z,) x (1 + p"Z,) is equal
to the restriction of some integral (resp. even) character. If (v, w) is
n-integral (resp. n-even), then k(v, w) is also n-integral (resp. n-even).
Let U be a reduced K-affinoid variety and & — WY an n-analytic

morphism. Note that for any c-polarization A : A®e, ¢ = AY and any
x € [>T, the multiplication by x gives an x~!c-polarization

2A: A®o, ¢ ~ A®o, ¢ 2 AV,
Then the group A = 0" /U% acts on the space M (uux, ¢, k%) (v) by
([e]-F)(A e\ u, ) = H(e) f(A, 1, €N ¥, u, @)
for any f € M(un,¢,4)(v) and € € Op'". We define

MEC (. e, (M, 0M)) (v) = M (s ¢, 574)(0)2,
SG(MNa ¢, (Vu7 wu))(y> = S(MN? ¢, Hu)(y)A'

Let Ft(®) be the subgroup of F** consisting of p-adic units. For
any z € F*T®) we define a map

Ly : M€ (un, ¢, (7, w))(w) = M (uy, ™ te, (M, u!)) (v)
by the formula
(Lx(f))<A7 Ly /\7 wv u, a) = VM(ZL‘)f(A7 2 x_l/\, Tb, u, Oé).

Let Frac(F)® be the group of fractional ideals of F which are prime
to p. Then the spaces

MG(MNa(VM’wu))(Q)v SG(MN7<VU’U)U))(Q)
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of arithmetic overconvergent Hilbert modular forms and cusp forms are
defined as the quotients

P MOun.e, (H )W) | [(Lalf) — f | x € FH0),

c€Frac(F)(®)

D s, (M) (@) | J(Lalf) — | |2 € FH0),

c€Frac(F)®)

By the same construction, we also have the spaces
MG(MNa(Vu’wu))(Utot)’ SG(ﬂ’N’(Vu7wu))(vt0t)'

4.3.3. Hecke operators and the Hilbert eigenvariety. Next we recall the
definition of Hecke operators on the space of overconvergent Hilbert
modular forms, following [AIP2, §3.7]. Let n, v, v and w be as above.
For any HBAV (A4, ¢, \, 1) over a base scheme S/Spec(Of), the closed
immersion ¢ : Dz' ® uy — A gives a subgroup scheme Im(¢)) of A
which is etale locally isomorphic to D'/NDy'. Let [ be any non-zero
ideal of Or. We define

Ver(w) € M(pn,¢)(v) x M, le) (v)

as the subvariety classifying pairs ((A,¢, A\, ¢), (A", N, ¢")) and an
isogeny 7 : A — A’ compatible with the other data such that Ker () is
etale locally isomorphic to O /IOk, Ker(m) NIm(¢)) = 0 and Ker(m) N
C1 = 0, where (] is the canonical subgroup of A of level one. Consider
the projections

p1: Ve(w) = M(un, ¢)(v),  p2: Vi (v) = M(pw, ke)(v).

Note that the map p; is finite and etale. For the case where [ is a
prime ideal dividing p, we suppose that p~'v,.s < vg for any § € By.
Set v = (vj)pen, by v3 = vs for B ¢ By and vj = p tugep for B € By
Then Corollary 3.11 (1) implies that the map p, factors through the
admissible open subset M (un, lc)(v") € M(uy, lc)(v).

Let U be a reduced K-affinoid variety and &/ — W an n-analytic
map. Then Proposition 4.1 (10) and the proof of [AIP2, Corollary
3.25] (see also [AIP, Lemma 6.1.1]) show that the map 7 : war — wa
induces an isomorphism

o pyIW

w,lc

(v) = PIIW,, (v),
which in turn defines an isomorphism

* * KUY * Y
m :pi(Q )ﬁpz(Q )-
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This gives the Hecke operator

HO M (g, 1) () x U, ) B3 BV (0) x U, pi™)
* —1
T HO () x U, g

Np ([)_lTrpl KU
ST HO My ) (0) x UL Q)

which can be seen as a map M (uy, Ie, s4)(v) — M (un, ¢, s4)(v) by
[Liit, Theorem 1.6]. We denote this map by T; if (I, p) 1 and T/
otherwise.

On the other hand, for any ideal [ with ([,p/N) = 1, we have a map

st M(pw, ) (@) = M(uy, Pe)(v), (A6, 10) = (AQo, [T, A y).

Here ¢/ and 1’ are induced by ¢ and v via the natural isogeny A —
A/JAJl = A®p, I, and )\ is the [c-polarization on A®e,. [T defined
by

(A ®(9F [_1) ®(/)F [2C = (A ®(')F C) ®0F [)\81 A\/ ®(/)F [ ~ (A ®OF [—1)\/‘

Then we can show that there exists a natural isomorphism 7| : O~
st as in [AIP, Lemma 6.1.1] and we define the operator

Sp: M(pw, e, i) (v) = M (pn, ¢, &%) (v)

by St = Npjg(l)~2(mf) " o sf. This operator satisfies S =1 for some
positive integer m.

To define arithmetic Hecke operators for [ with (I,p) # 1, let v, be
the normalized additive valuation for any p | p. We fix once and for all
elements z, € F" such that v,(z,) = 1 and vy (z,) = 0 for any p’ # p
satisfying p’ | p. We define a map

oy My, e, 54 (v) = M (s ¢, 1) (v)
by f— ((A e, \, ) — f(A,t,2,),1)). Then we denote the composite
[T o 1y MGun, [Ty *Vtes i) (0) = Mpu, . ()
plp plp

by Ti. We also write it as U, if [ divides a power of p. Then the operators
T for any [ and S for (I, pN) = 1 define actions on M (uy, (¥, wH))(v)
and S (uy, (Y, wH))(v) which commute with each other. Note that
Tw =TTy if (I,V') = 1 and that Proposition 4.1 (10) implies

T+ Nijg(m)SuTnez (mf Np)

for any maximal ideal m.
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Let v an element of Q N (0, ’%1). Note that the above definitions

of Hecke operators are also valid for S¢(puy, (1, w"))(vier). Then the
operator U, is a compact operator acting on S (uy, (4, w4))(vier)
which factors as

SG(MM (Vuawu))(vtot) C SG(MNa (Vuawu))(pflvtot) - SG(MNa (Vuawu))(vtot)

and, for v < (p — 1)/p?, also as
S (s (1 0) (i) = S (uw, (4, w0) (poior) € S (un, (4, w)) (v1or)-

Let T be the polynomial ring over K with variables T for any [ and
Sy for (I,pN) = 1. Then the ring T acts on S(uy, (WM, w4))(v) and
SE (pn, (M, wt))(vier) via the Hecke operators defined above.

Now we can construct the eigenvariety from these data, as in [AIP2,
§5]. For any positive integer n, we fix a positive rational number v,, <
(p —1)/p" satisfying v, > v, for any n. For any admissible affinoid
open subset U/ C W, we put

n(U) = min{n € Zsq | (WM, w)
We define a Banach O(U)-module M, with T-action as

Mu = SG(/.LN, (Vu,wu))(vn(L{),tot)a

on which U, acts as a compact operator. The proof of [AIP2, Theorem
4.4] remains valid also for p = 2 and implies that the O(U)-module
My, satisfies the condition (Pr). For admissible affinoid open subsets
U, C Uy of WE, we have n(U;) < n(Uy) and [AIP2, Proposition 3.13]
yields a map

Oy Uy * Mul — SG(MNa (Vul7wu1))<vn(u2)vt0t> = MU2®O(M2)O(Z/{1)7

where the first arrow is the restriction map. Note that, for any positive
rational numbers v, v’ satisfying v/ < v < pv’ < (p—1)/p, the restriction
map

is n-analytic}.

S (v, (M, 0") (wior) = S (v, (7, w)) (vier)
is a primitive link. Thus the map oy, 14, is a link satisfying the cocycle
condition. Hence, by applying the eigenvariety machine [Buz, Con-
struction 5.7}, we obtain the Hilbert eigenvariety & — W as in [AIP2,
Theorem 5.1].

4.4. The case over C,. Since we are ultimately interested in over-
convergent Hilbert modular forms over C,, we need to give a slight
generalization of the construction in [AIP2] over C,. As before, for
any quasi-separated rigid analytic variety X over K and any coherent
Ox-module F, we denote the base extensions of & and F to C, by



68 SHIN HATTORI

Xc, and Fc,, respectively. Similarly, for any quasi-separated admis-
sible formal scheme X over Spf(Ok) and any coherent Ox-module §,
we denote their pull-backs to Spf(Oc,) by Xo., and §o, , respectively.
Then, on the Raynaud generic fiber, we have

(X7)c, = (%ocp)rig, (3"8)c, = (Socp)rig.

Let U = Sp(A) be a reduced C,-affinoid variety. From [BLR, The-
orem 1.2] and [Abb, Proposition 1.10.2 (iii)], we see that A° is an
admissible formal Oc, -algebra. Put & = Spf(A°). For any morphism
U—We, ord — ng, we have an associated character kX or (14, w¥)
and a notion of n-analyticity defined in the same way as above. Con-
sider the base extensions

hn,OC _

~ ’Yw,OC _ n
Tw0e,  IWy 0. =" MILP"), v, )(Wo,, —" M(uy, ) (@)og,

of the maps v, h, and m,. Then, for any n-analytic morphism U —
We,, we can define the sheaves

U ri U
Q= (Ww,gcp)*(ozwz’cp xu)[_liu]v 0" = <7Tw70cp>*(03w$,oc xu)[_h"u]

such that Q' = ()8 is an invertible O Kt ) (0)c, xu-module, as
before. [Abb, Proposition 1.9.14 and Proposition 1.10.2 (iii)] implies
that 2 is coherent and that its restriction to (., ¢) (0)o,, is invert-
ible: The latter follows from a similar argument to the proof of [Mum,
§7, Proposition 2] combined with the fact that h, o is a T(Z/p"Z)-
torsor over M (uy, ¢)(0)og, - Using Q™ we define M (uy, ¢, i) (v) and
its variants in the same way as the case over K.

For any reduced K-affinoid variety )V and any n-analytic morphism
V — W, consider the base extension V¢, — Wc, and the associated
character kY. Then we can show that there exist natural isomor-
phisms

\ VY
(4.6) (), 2 Q"7 QY (=D)g, ~ O 7 (=D)

in the same way as the proof of [AIP2, Proposition 3.13]. Similarly,
for any morphism f : U’ — U of reduced C,-affinoid varieties, we have
natural isomorphisms

(4.7) ot~ (-D) ~ 0 (—D).

Let M*(uy,¢) be the minimal compactification of M(uy,c). We
have a natural proper map

M (py, ¢) = M (s, ).
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Note that a sufficiently large power of the usual Hasse invariant can be
considered as a global section of an ample invertible sheaf on M*(ux, ¢).
Let 9 (un, ¢)(vior) be the normal admissible formal scheme defined

similarly to DM (uy, ¢)(vier) using M*(uy, ¢) instead of M (uy,¢c). Let

M*(pn, €)(veor) be its Raynaud generic fiber. By the above ampleness
property, we see that M*(uy, ¢)(vior) is a K-affinoid variety. We also
have proper morphisms

p IMTL(P"), kv, ) (Vhor) — I (v, €) (Vrot),
PUEM(T1 ("), v, ©) (Vo) — M (pv, €) (Vi)
By the base extension, these induce proper morphisms
Poc, MLy (p"), v, €) (Utot>(’)cp — I (v, C)(Utot)Ocpa
ng M(TL (D), v, €) (Vo) e, = M (1w, ©) (Veet e,

Lemma 4.10. Let V be a reduced K -affinoid variety and V — WS an
n-analytic morphism. Then the natural base change map

(p X (27 (=D))or, = (poc, X 1)-(% (=D)o,)
1s an isomorphism. Moreover, we have
Rq(pocp X 1)*(QHV(_D)OCP) =0
for any q > 0.

Proof. Tt is enough to show the claim formal locally. Put V = Sp(A)
and U = Spf(A°). Let QY be a formal affine open subscheme of
M (11, €) (Veor) and put X = p~1(2). Since p is proper of finite pre-
sentation and Q%" (—D) is coherent, [Abb, (2.11.8.1)] implies that the
restriction

RY(p x 1).(2 (= D)) |y
is the coherent sheaf associated to the O( x U)-module

HY(X x 0, Q% (—D)).

By [AIP2, Corollary 3.19], we have HI(X x 0, Q" (—=D)) = 0 for any
q > 0.

Since X is quasi-compact, we can take a finite covering X = |J;_, X;
by formal affine open subschemes ¥;. Consider the Cech complex for

the coherent sheaf Q%" (—D)
0= H(X x 0,9 (=D)) = C°(2* (=D)) — CHQY (=D)) = - - -

with respect to the covering X x U = J_, X; x U, which is exact
by the above vanishing. From the definition, we see that the sheaf
Q" (D) is flat over O and each Ox-module C*(Q""(—D)) is also
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flat. By taking modulo p", tensoring Oc, and taking the inverse limit,
we see that the sequence is exact even after taking —®e,. Oc,. This
means that the Cech complex for the coherent sheaf Q2+ (=D)o,, with
respect to the formal open covering Xo. X Vo, = Ui, Xi0¢, X Vo,
is exact except the zeroth degree. Taking the zeroth cohomology gives
an isomorphism

H(X x 0,92 (~D))®0, Oc, —+ H'(Xo., X Vo, 2 (~D)o.,)
and the g-th cohomology for ¢ > 0 gives
H(Xo,, x Vo, (=D)o,,) = 0.
This concludes the proof. 0

Lemma 4.11. Let V be a reduced K -affinoid variety and V — WE an
n-analytic morphism. Then the natural map

S (v, (7, 10Y) (Vo) @k Cp — S (v, (V7 0¥ (Vi)
s an isomorphism.

Proof. Put V = Sp(A). By taking the Raynaud generic fibers and
[Abb, Proposition 4.7.23 and Proposition 4.7.36], we see from Lemma
4.10 that the base change map

(P78 x 1)u(Q" (=D))c, = (pc, x 1).(2” (=D)c,)
is an isomorphism. By (4.6), the latter sheaf is isomorphic to the sheaf

(pc, x 1)*(9"%” (=D)). Since M*(pun, ¢)(vot)c, X Ve, is a Cy-affinoid
variety, taking global sections yields an isomorphism

HOM(T1(p"), piw, ©) (0ir) X V, Q2 (=D))&KC, —
HY ML (07), i, ) (0ot )c, X Ve, @ 7 (=D)).

Taking the T(Z/p™Z)-equivariant part and the A-fixed part, we obtain
the lemma. ]

(4.8)

Lemma 4.12. Let V = Sp(A) be a reduced K-affinoid variety. Let
V — W be an n-analytic morphism and x € V(C,). Let z* : A — C,
be the ring homomorphism defined by x. Suppose that the maximal
ideal m, of Ac, = A®K(Cp corresponding to x is generated by a reqular
sequence. Put (v,w) = (VY (z),wY(x)). Then the specialization map

S (v, (v, W) (Vtot)®4,-Cp — S (v, (v, w)) (Vo)

s an isomorphism.
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Proof. This is essentially proved in [AIP2, Proposition 3.22]. Put ¥ =
k(vY,wY) and k = k(v,w). By the assumption on m,, we have the
Koszul resolution

0— Ac, = Ag — -+ = Agl = Ac, = Ag,/my = 0

with some non-negative integers nq, . .., n,, which induces a finite reso-
lution of the sheaf (1xx),(Q27(—D)) by finite direct sums of Q" (=D)c,.

By Lemma 4.10, the push-forward of this resolution by the map pgf x 1

is exact. Since M*(un, ¢)(viot)c, X Ve, is a Cp-affinoid variety, the se-
quence obtained by taking global sections is also exact. This and (4.8)
yield isomorphisms

HO (ML (57), v, ) (Vo) X Vo Q7 (=D))@.4,4-C,
~ HO(M(Ty(p"), v, ©) (Vo )c, X Ve,, 0% " (—=D))®ac, o+ Cy
= HO(M(Fl(pn)> HUN, C) ('Utot)(Cp? QH(_D))

Taking the T(Z/p"7Z)-equivariant part and the A-fixed part shows the
lemma. 0

We can extend naturally the Hecke operators over C,: Let U be a
reduced C,-affinoid variety and U — ng an n-analytic morphism.
Consider the base extension of the isomorphism 7

e, P IW (v)e, ~ p*l‘IW;;c(v)@p,

w,lc
which defines an isomorphism
* * KUY * KUY
e, CpI(Q7) = py(Q7).
We define the Hecke operator T; over C, for (I,p) =1 by

*

) 3 HO(V, (0)e, x U, p3™)

c,) !

= HYL()e, x U, pir)

Npg()~1Tr
/ s P1

u

HO(M(,UN, [c)(y)@p X L{, QF

(nf

HO(M(pn, ¢)(v)c, x U, ).

Similarly, we have Hecke operators 1} for (I,p) # 1 and S; over C,. We
can show that they are compatible with the Hecke operators over K
and that the specialization map in Lemma 4.12 is T-linear.

5. g-EXPANSION PRINCIPLE

In this section, we study the g-expansion map for arithmetic over-
convergent Hilbert modular forms. For any reduced C,-affinoid variety
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U, any m-analytic map U — ng and any v € QN [0, pp%nl), we have
isomorphisms

MOy, (M) = @ M, e, (4 u))(v),
c€[CIH(F)]®)
SG(MNv(Vu7wu))<v) = @ SG(MN7C7(VM7MU))<U)
c€[CIT(F)] (@)
by which we identify both sides. For any element f € MY (uy, (M, w"))(v),
we write (fc) (it (@ for the image of f by the above isomorphism.

We say that f is an eigenform if it is an eigenvector for any element of
T.

5.1. q-expansion of overconvergent modular forms. For any ¢ €
[CIT(F)]®), let us consider an unramified cusp (a, b, ¢) of M(uy,c) as
in §4.1.2. Usmg any polyhedral cone decomp051t10n % € Dec(a,b) of
Fp " we have the I, -adically complete ring R, and the semi-abelian
scheme Tateu,b(q) over S, = Spec(R ) for any 0 € €.

Let S, = Spf(R,) be the (p, I,)-adic formal completion of S,. The
smoothness assumption on ¢ implies that there exists a basis &, ..., &,
of the Z-module ab satisfying

with some r. For any ring B, we write as

B[X<,, X% = B[X1,..., X, X5, ..., X7

g

For any extension L/K of complete valuation fields, we denote the
p-adic completion of Oy [X<,, XZ| by Op(X<,, XZT,) and put

L{X<, X23,) = Op{X<,, X2,)[1/p].

Then the Og-algebra R, is isomorphic to the completion of the ring
Ok[X<r, XZ,] with respect to the principal ideal (Xi---X,) via the
map X, — ¢%, and the ring R, is isomorphic to the p-adic completion
of I%o. Hence the ring }?U is normal and the formal scheme ga is an
object of the category FSp,. of [deJ, Definition 7.0.1]. In fact, the ring
R, is isomorphic to the ring

(5.1) Ok (X, X5)([2))/(Z = X1+ X,).
Moreover, since the natural map
Ok m|[Xe<r, X/ (X1 X,)" —
OkmlXi5rs - XX, X/ (X - X)"
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is injective for any positive integer m, by taking the limit we may
identify the rings R, and R, with Og-subalgebras of the Og-algebra

(’)K<qi£r+17 o ,qi59>[[q51, o ,q&]].

We denote by g;ig the Berthelot generic fiber of S,. Similarly, we
denote by Sy and S’fgig the formal completion of Sy along the boundary
of the special fiber and its Berthelot generic fiber. From the definition,
we have formal open and admissible coverings

Se= U8, &= g

ocEY oEC

Since the quotient of S¢ by the action of Uy is obtained by a re-gluing,
so is the quotient 5'(,0 /Ux and this coincides with the formal completion
of Sy /Ux along the boundary of the special fiber.

Consider the case € = %(a,b). Since the map S, — M (uy,c)
defined using Tate, p(¢) induces an isomorphism

H S’cg(mb)/UN — M(;LN, C)|g

to the formal completion of M (puy, ¢)|7, of M (ux, ¢) along the boundary
divisor D, taking the formal completion we obtain an isomorphism

I St /Un = Muy, o),

to the formal completion M(suy, €|, of M(uy, ) along the boundary
D, of the special fiber. Let sp : M(un,c) — M(py, c)x be the spe-
cialization map with respect to MM (uy,c). Then [deJ, Lemma 7.2.5]
implies (M(p, )|, )7 = sp~(Dy).

Let S';ifcp and 5';}%@? be the base extensions to Sp(C,) of S and SLE,
respectively. Note that g;%:p can be identified with the rigid analytic
variety over C, whose set of C,-points is

g| T € Oc, (i <7), 3, € OF (i >7),
(5.2) {(xl,...,xg)ECp vy € me,
for r as above. Then, with the notation of [Con2, Theorem 3.1.5], we
have

S o\rig _ Grig S \rig _ Grig
(Scr)/(cp - Sa,tcpa (S‘zf)/cp — ME.Cpe
Since the functor (—))¢ sends formal open immersions to open immer-
P

sions and formal open coverings to admissible coverings, each S'¢. is
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S™8  is an

. orig arig —
an admissible open subset of S¢°¢. such that S = U, e 0.Cp

admissible covering. Moreover, we have
& rig _ Qgrig
(S%”/UN)/CP - S%’,(CP/UN'

Note that the formation of the tube sp~'(Dy) is compatible with the
base extension to C, [Ber, Proposition 1.1.13]. Thus, for ¥ = % (a, b),
we obtain maps

(5.3) I 555 — Sg&. /Un = M(uy, <),
oE?

where the first map is a surjective local isomorphism and the second

map is an open immersion factoring through M (s, ¢)(0)c, .

We denote by Ra,Ocpa 5’07@% and 5’%)7@% the base extensions to Spf (Ocp)

of Ry, S, and Sy, respectively. From the identification (5.1), we can
show

Roo, = Oc,(X<p, XENZ2))/(Z — X1 -+ X,).
Indeed, first note that the ring Rmocp is isomorphic to

(5.4) lim lim Oc, o[X<r, X5, Z21/(Z = X1+ X, Z7).

n>0 m>0
Since the ring
OcyulXer X2, 2)/(Z = X1 -+ X,)
is Z-torsion free, its Z-adic completion is
Oc,n[X<r, XSNZN/(Z = Xy X)),
Similarly, since an elementary argument shows that the ring
Oc, [ X<, XS 2N/(Z - X1+ X,)

is p-torsion free, taking the p-adic completion yields the claim (The
reason of this ad hoc proof is that in general we do not know if the
completion is compatible with quotients for non-quasi-idyllic rings).

Lemma 5.1. For any extension L/K of complete valuation fields with
residue field ky,, the rings

O(Xer, XENZ)/(Z-X1 -+ X0), kX<, XE(2))/(Z- X0+ X)

are integral domains. In particular, the ring Ra,Ocp 15 an ntegral do-
main.
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Proof. For the former ring, we can show that it is a subring of the ring
Ry = L(X<p, XINZN/(Z = X1+ X,).

It suffices to show that Ry is an integral domain. Since the ring
L(XST,X;> is Noetherian and normal, the ring Ry is also normal.
Since Ry, is Z-adically complete, Z-torsion free and Spec(R./(Z)) is
connected, we see that Spec(}u%L) is also connected and the lemma fol-
lows. We can show the assertion on the latter ring similarly. O

From the description (5.2) of g;i’%:p, we see that there exists an in-
clusion

% v

O(Ss0.,) = Reo., € O°(S5%. ).

0,Cp

By gluing, this yields an inclusion
(5.5) O(S¢.0.,) C O°(S55 ).
By the description (5.4) of the ring RQOCP, we have a natural inclu-
sion
(5.6) Roo., € [ Oc, 4,
£eab

which is compatible with the restriction map RmOcp — RUHOC,, for any
o and ¢’ such that ¢’ is a face of the closure . Then we have an
isomorphism

O(S¢.0.,) ~ [ Reoe,.

oEE
Note that, if the dimension of the R-vector space Spang(o) generated
by the elements of ¢ is g, then we have

(ab) N 0" = Z061 @ -+ - © Zxo§,

with some &,...,§, € ab. Thus any element of éo,Ocp is a formal

power series of ¢*1, ..., ¢% and the ring Oc,[[¢* | £ € (ab) N "] can be
identified with the subset

{(aeq®)ccas € H Oc,¢* | ag =0 for any & ¢ (ab) NoV}.
£cab

From the equality
(ab)™ U{0} = m{(ab) No'| o €€, dimg(Spang(c)) = g},
we have an inclusion

Oc,[ld° | € € (ab)™ U{0}]] 2 O(Se.0,)-
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On the other hand, if we identify as
For I R 2®10 (8(2)s,

BEHomq_,1g. (FR)

then every boundary 7 of ¢ is outside the closure of the positive cone
F" of Fg. Hence, for any positive real number p, the number of
elements & of (ab)™ such that the distance from £ to 7 is less than p is
finite. This implies that any element of Og,[[¢* | € € (ab)™ U {0}]] is
contained in the completion of the ring

O(Cp [q£17 cee 7q£T7 qingrlv ce qugg]

with respect to the ¢t - - - ¢*-adic topology. We can see that this com-
pletion is contained in RJ,OCP. Therefore, we obtain an identification

Oc,[l¢* | € € (ab)™ U {0}]] = O(S¢.0,)

which is compatible with the inclusion (5.6).

Let ¢ be an element of [C17(F)]® and a, b fractional ideals satisfying
ab™! = ¢. Suppose a C o and (a, Np) = 1. Then the natural inclusion
o C a~! induces isomorphisms

¢ap:a ' /Na~'~0/No, ¢&,,:a'/p"a~" ~o/p"o.

Consider the unramified cusp (a, b, ¢qp) of M (un, ¢). Take € € Dec(a, b)
and o € € as above. By the construction of the Tate object, the map

wp vields a natural immersion D;l ® pn — Tateqs(q) over S,, which
induces an isomorphism

Wateq o(q) D0k O = WL @ppn

Note that the map Trp/ ® 1 : D' @ Gy — Gy, gives an element
(Trrjp @ 1)*4E of the Op ® O(S,)-module Wp-lgg, ™ Watequ(q): BY

%

the pull-back, we obtain a Tate object over Spec(R,) with a canonical
invariant differential which are compatible with those over Spec(R;)
for any 7 € € satisfying 7 C 4.

We denote the p-adic completion of S, by S,. We have S, = Spf (RU),
where we consider the p-adic topology on R,. Its base extension to Oc,
is denoted by 507(9@? = Spf (}?g,ocp). Here the affine algebra RU,@CP is
the p-adic completion of the ring R, ®ox Oc,.

The identity map R, — R, is continuous if we consider the p-adic
topology on the source and the (p, fU)—adic topology on the target.
Then, for the case of ¢ = €(a, b), its composite with the p-adic com-
pletion of the map S, — M (un, ¢) gives a morphism of formal schemes

Sy = Sy — My, ¢)(0), and also a morphism Sy — M(uy, ¢)(0) by
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gluing. Since R, is Noetherian, the moduli interpretation of ()

as in §4.3.1 is also valid for R,. We have a commutative diagram

Z/p"L(R,) — Of /p"Or(R,)

i |

(k)" (Rg) — (D" @ pipn)¥ (Ro)

| B

Wypn @ R, Wp @ ® R,

where the top horizontal arrow is the natural inclusion and the other
horizontal arrows are induced by the map Trp/g ® 1. Thus the above
moduli interpretation and the base extension give a morphism of formal
schemes over Spf(Oc, )

.3 G 20188
Ta,b - SU,O(CP — SU,OCP — me,c«))ocp'

By gluing, this defines a morphism gggp(cp — jﬁﬁfgyc(())ocp, which we
also denote by 7, .

Lemma 5.2. The natural map ]hid’oﬁocp — Ro,ocp is injective. In par-

ticular, the ring RG,OCP is an integral domain.

Proof. We have an isomorphism
(5.7) Reoc, = limlim O, [ X<, XENZ))/(Z = X1 X,),
n L/K

where the direct limit is taken with respect to the directed set of finite
extensions L/K in Q,. Since the map

Opn[X<r, X5)/(X1 - X)™ = Ocyn[X<r, X3,1/ (X1 -+ X))

is injective for any such L/K, the injectivity of the lemma follows from
(5.4). Lemma 5.1 yields the last assertion. O

For any finite extension L/K, we write the p-adic completion
Ry60,01 = Op(Xey, XENZ]]/(Z = X1+ X,)

also as R@L. Let 7, be a uniformizer of L. By Lemma 5.1, the ring
Ro, /() is an integral domain. Since Rp, is normal, the localization
(Ro, )(=;) is a discrete valuation ring with uniformizer 7, such that
Z is invertible. Put R, = @L/K Ro, and my, = @L/K(Wg)’ where

the direct limits are taken as above. Then the localization (Ry)m., =

oo
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lim K(ROL)(WL) is a valuation ring. Let Ok, be its p-adic completi~0n.
By (5.7), the ring RU,O«:p coincides with the p-adic completion of R..

Since the p-adic topology on R is induced by that on (Reo)m.., we
obtain an injection RU,@CP — Oy, . This defines a morphism of p-adic

formal schemes Spf(Oy,) — 5’07@% for any o € €(a,b). In particular,
we have the pull-back of Tate, (q) over Spec(Oy,) which is a HBAV.
Since Oy, is quasi-idyllic, we have the moduli interpretation of any
morphism Spf(Oy,) — IW,, (0)o,, over M, ¢)(0)o., as in §4.3.1.

v

The additional structures of the Tate object over Spec(R,) defines a
canonical test object

(Tateas(q), tabs Aaps Yabs Uabs Qo)

over Spec(Oy,). This corresponds via the moduli interpretation to a
map
Tap,0x, * SPH(Ok,) = 3, (0)o

Cp

Ta,b

satisfying the following property: The composite S'mocp — §{7@CP —
SQH$7C(O)@CP factors through g{,,ocp and its restriction to Spf(Okx,)
equals 745 0., as in the diagram

S¢,0c,

(5.8) l iw

Spf(Ok,) — Sr.0., — I, (0)o

SO',O(CP

Cp*

_Let k € W(C,) be any n-analytic weight. Since the formal scheme
M(pn, ¢)(v)og, is quasi-compact and the sheaf Q2% is coherent, we have

M(pn, ¢, k) (v) = H (M(pn, o) (v)o,, 2)[L/p] € OGFW,, (v)oc, )[1/p]-
For any element f. of M(uy,c¢,x)(v), we define the g-expansion f.(q)
of fc by
fe(@) = 51 (fe) € O(Sy.0.,))[1/P) = Oc,llg° | € € ()T U{0}][1/p].
Thus, for any f = (fo)ceiort (7))@, We can write as
fc(Q) = Qg1 (f7 0) + Z ao,cfl(fa £)q§
ge(em )t

with some a, -1(f,§) € C,. For any refinement ¢” € Dec(o, ¢ ') of €,
the natural map Syr.0., — 5%,0c, induces the identity map on the ring
Oc,|l¢° | € € (¢71)TU{0}]][1/p]. Thus we can compute the g-expansion
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by taking any refinement of the fixed cone decomposition €(0,¢™!) in
Dec(o,¢™1). We say that an eigenform f is normalized if a,,(f,1) = 1.

5.2. Weak multiplicity one theorem. Let (v,w) € W%(C,) be an
n-analytic weight. Let f = (fc)cjcr+(mm be a non-zero eigenform
in S¢(uy, (v,w))(v). For any non-zero ideal n C o, let A(n) be the
eigenvalue of T;, acting on f. We set ®(n) to be the eigenvalue of S, for
(n, Np) = 1 and ®(n) = 0 otherwise. We put p, = (D' ® G,,)[n]. Any
element ¢ of p1,(L) C (D' ® Gy, )(L) with some extension L/K defines
a ring homomorphism ¢ : O(D;' ® G,,) — L. We put (7 = ((X") for
any 1 € o, which gives a homomorphism o/n — L*. We fix an element
¢ € [CIF(F)] .

5.2.1. g-expansion and Hecke operators. For any € € Dec(a,b) and
any maximal ideal m of 0, we can find 4’ € Dec(a,m~1b) which is a
refinement of ¢. For any 0 € € and 7 € ¢’ satlsfymg o2 T, we
have natural maps R, — R., R — R® and R, — R,. Consider the
case a = 0. Let ¢ be an element of um(K ). Fix an isomorphism of
o-modules

p:m 'b/b~o/m.
Then we have a natural ring homomorphism
" Re = R, ¢t ¢

We denote by Tate, u-15(g¢”) the pull-back of Tate, n-1,(¢) by this map.
On the other hand, we have Dec(a,b) = Dec(a,nb) for any cusp

(a,b (Z5) and n € T, Thus any o € € gives similar rings to R,, R°
and R, for the cusp (a,nb, ¢), which are denoted by RW,, ROU and

}v%n,g, respectively. We have a natural ring homomorphism
q¢": Ry = Ryo, ¢ g

We denote by Tate, 5(¢") the pull-back of Tate, p(¢) by this map.
We will omit entries of test objects (A, ¢, A, ¥, u, @) for overconvergent
Hilbert modular forms if they are clear from the context.

Lemma 5.3. We have an isomorphism of test objects over 1%270

(Tatey e-1(q), Aome-1) = (Tatey -1(q7), NAoc-1).

Proof. We denote by |;n the pull-back along the map ¢”7. Consider the
composite

C_l — DEI X Gm(Rg) — DEI & (gmlq77 (Rg,cr)
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of the map o — (X¢ — ¢ (£ € 0)) and the map ¢”, which we
also denote by ¢7. We also have a similar map q" et = DR @

m en the following diagram over » 18 commutative.
Rm7 Th he foll g diag R i i
ne! ne !

Df:l ® Gm(R?],U) D}_7'1 ® Gm<R2,o)
Dy @ Gulyn(RY,) = D5 @ Gl gn (1))
/ \
¢! net

xn

This yields an isomorphism Tate,,.-1(q) — Tate,-1(¢") as in the
lemma. ]

Lemma 5.4. Let m be a mazimal ideal of o satisfying m { pN. Let ¢
be an element of [C11(F)|®). Take any elements x,y € F*® such
that ¢ = xmc and ¢’ = zy~'m~'c are elements of [C17(F)]®). Fir an
isomorphism of o-modules p : (zme)~'/(z¢)™' ~ o/m. Then we have

V($> NF/Q(m) ( ) T p
N o(m) ORI SRR G

Cepm(Qp)

Proof. For any € € Dec(o,¢™ ') and ¢” € Dec(m, ¢™1), we choose ¢ €
Dec(o, (mc)™!) such that €” is a common refinement of 4" and ¢”. For
any 0 € ¢ and o' € €', take 7 € €" satistying 7 C o,0’. By the
diagram (5.8) and the inclusions

(Twf)e(a) =

RT,O(CP 2 RT,O(CP g OICr’

it is enough to show the equality of the lemma after pulling back to
Spt(Ok, )

Choose an element &, € (zmc)~' which gives a generator of the
principal o/m-module (zme)™!/(z¢)”". We define an element ) €
D' ® Gm(RI 1 ) by X"+ ¢* for any n € 0. Then, over Spec(Ox, ),
the m-cyclic OF subgroup schemes of the Tate object Tate, (,)-1(q) are
exactly those induced by the closed subgroup schemes

fms Hoe = (0/m)QC (¢ € pm(Qy))

1
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of Dz ® Gy,. Then the pull-back of (T, f).(q) is equal to

(LT fo)(Tate, c—1(q), Apo—1) = v(2) (T for ) (Tate, -1(q), 27 Ao 1)
= V(l')(Tmfc )(Tateo (ze)~ (qx), )\o,(:cc)—1>

which equals

v(x)

W fc (Tateo (z¢)~ ( )/,me) Z f (Tateo (z¢) ( )/HQ C‘q )

CEpm(Qp)

For the first term, we have the exact sequence
00— tin — D' @Gy, —m ™ 'D' @ G, — 0.

For any ¢ € (x¢)™!, the natural map D' ® G, — m™ D' ® G, sends
the R) , -valued point (X" = ¢*" (1 € 0)) to (X7 + ¢*" (n € m)) and
this gives an isomorphism

Tate, (ze)-1(q)/ pm = Taten (zo-1(q)

compatible with natural additional structures. This implies that the
evaluation fo(Tate, me)-1(¢")/1m) equals

fc’ (TI‘aten‘t,(:cc)*1 (q )7)\m,(azc)*1)
= fc/ (m_l ®OF Tateovm(xc)_l (qx), m2)\07m(m)_1)

N : .
B Z%;?y;i)@ysmfu)(Tatem(c")—I(qu )s Ao (ery-1)

= NF/Q (Vn;;;I)(m) fc” (Tateo,(c”)*1 (qu_l))'

For the second term, the subgroup

{(x7 = ¢71¢7 (n € 0)) | € € ()7} C DR ® Gu(R)-4 )

is generated by Hq ¢ and the image of the subgroup
{(X"—= ¢ (n€0)) €€ (z0)'} C DR @ CGu(R)-1,)
via the natural map Ro,l — }?O,l . This yields an isomorphism

Tateo (x¢) ( )/HQ ¢ — Tate“ () <q<p)

compatible with natural additional structures. Hence the lemma fol-
lows. U

A similar proof also gives the following variant for m | Np.
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Lemma 5.5. (1) For any maximal ideal m | N, take any element
v € F¥HW satisfying ¢ = ame € [CIT(F)]P. Fix an iso-
morphism of o-modules p : (zme)™t/(z¢)™t ~ o/m. Then we
have

Tuheld) = <22 S poger).

N m A
F/Q ( ) CEMm(Qp)

(2) For any mazimal ideal p | p, take any element x € F>*+(®)
satisfying ¢ = xx, 'pc € [CIT(F)]®). Fiz an isomorphism of
o-modules p : (a:x;lpc)’l/(am’lc)*l ~ o/p. Then we have

ST el ).

Cepp(Qp)

(Upf)e(a) =

NF/@

5.2.2. q-expansion and Hecke eigenvalues. For any & € F*, we put
p(&) = Hp‘p x;p(ﬁ)‘ For any non-zero ideal n C o, take n € F*7*
satisfying ¢ = n~'n € [C1T(F)]® and put

Cn, f) = v 'xp(n)) o1 (f 1)

By Lemma 5.3, this is independent of the choice of 1. Then we have
the following variant of [Shi, (2.23)] in our setting.

Lemma 5.6. For any non-zero ideal I,n of 0, we have

C(n,Tif) = Z Nrg/g(a)®(a)C(a M, f).

[+nCaCo

Proof. We can easily reduce it to the case [ = m® for some maximal
ideal m. Consider the case of m{ Np and s = 1. We follow the notation
of Lemma 5.4. Since z7'n € (:cc)_l, we have

1
> ¢ = Niyg(m).
Ceﬂm(@p)
Moreover, x~tyn € (¢")7! if and only if m | n. Thus Lemma 5.4 implies

ClnTnf) = { FramiH WO S+ Clmn ) |

and the lemma follows for this case. The case of m | Np and s =1
can be shown similarly from Lemma 5.5. For s > 2, using the relation
(4.5), we can show the lemma by an induction in the same way as the
classical case. 0
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Proposition 5.7. For any ¢ € [CIT(F)]® and any n € (¢74)*, put
n=mnc Co. Then we have

o1 (i) = v(xp(n) T A(M)a0o(f, 1).
Proof. We have a, -1(f,n) = v(nx,(n)"1)C(n, f)and C(o, f) = a,,(f, 1).

By Lemma 5.6, we obtain
A(n)ao,o(fa 1) = A<n)0(0> f) = C(O, Tnf)
= C(n, f) = v~ xp(n)) o1 (f,n),

from which the proposition follows. U

5.3. g-expansion and integrality. Let x € W(C,) be any n-analytic
weight. Put

M(MNv ¢, "i) (0) = H()(gjt(:qu c)(0>0cp7 Qn) - M(MNv 2 H)(O)

This is an Oc,-lattice of the Banach C,-module M (uy,¢,)(0). Con-
sider the cusp (o, ¢!, id), the fixed cone decomposition ¢ = €(0,¢!) €
Dec(o,¢71) and o € €. By the definition of the g-expansion, every co-
efficient of the g-expansion of f € M(uy, ¢, £)(0) is an element of Oc,.
We also have the following converse, which can be considered as a ¢-
expansion principle for our setting.

Proposition 5.8. Let f. be any element of M(un,c,)(0). If ev-
ery coefficient of the q-expansion f.(q) is in Oc,, then we have f €
M(MN)C7 R)(())

Proof. First we show the following lemma.

Lemma 5.9. Let X be a quasi-compact separated admissible formal
scheme over Oc,. Let § be an invertible sheaf on X. Let X5, be the
special fiber of X and §g, the pull-back of § to X, .

(1) Suppose that X"¢ is reduced and X is integrally closed in X8,
Then, for any non-zero element f € H°(X,§)[1/p], the Oc,-
submodule of C,

I={reC,|zf € H'(X,3)}

18 principal.
(2) Let g be an element of H(X,§). Suppose that the image of g
by the map

H°(%X,3) — H°(X5,, 3%,)

is zero. Then there exists x € mc, satisfying g € rHO(X,F).
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Proof. For the first assertion, take a finite covering X = J;_, t; by
formal affine open subschemes l; = Spf(2;) such that §|y, is trivial.
Since X is separated, the intersection 4; ; = &; N 4l; is also affine. Put
A; =241 /p], M =T, §) and M, ; = I'(L;,F). Then we have a

commutative digram

0

F(%, S) H::1 Mm; H:,j=1 mi,j

| | |

0 ——T(X,8)[1/p] — [Limy M[1/p) == T1; joy M [1/p),

where the rows are exact and the vertical arrows are injective. Put
I ={z € C, | zf|y, € M;}. Note that I; = C, if f|y, = 0. Since
the above diagram implies I = (._, I;, it is enough to show that I; is
principal if f|y, # 0.

By choosing a trivialization, we identify 9t; with 2(; and fly, €
M;[1/p] with a non-zero element g; € A;. Note that A; is a reduced
C,-affinoid algebra. Since 24; is an admissible formal Oc, -algebra which
is integrally closed in A;, [BGR, Remark after Proposition 6.3.4/1]
implies A7 = ;. Thus, for any z € C,, we have

xg; € Q(l A |x‘|gi‘sup S 17

where |g;|sup 1 the supremum norm of g; on Sp(A4;). By the maximum
modulus principle, there exists a non-zero element ¢ € C, satisfying
0] = |¢i|sup- Hence we obtain

L={zeC,||z| <6} =6"Oc,

and the first assertion follows.

For the second assertion, consider the covering X = [ J;_, I; as above.
Since the reduction of gly, is also zero, we can write gly, = x;h; with
some z; € mc, and h; € M;. Replacing x; by a generator z of the
ideal (z1,...,z,), we may assume g|y, = xh; for any i. Since 9; and
9N, ; are torsion free Oc,-modules, the elements h; can be glued to
define h € H°(X,J). Then we obtain g = zh and the second assertion
follows. 0

Put DM = My, ¢)(0), M(T1(p")) = M(T1(p"), v, €)(0) and
et = I .(0). Recall that 7 is invertible on 9. We denote
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the reduction of 952‘291"3 by 2. Consider the commutative diagram
P P

Tn,c_l

v 9

So.00, — T (80,0¢,) — ' (S¢,00,) — IWE

~ R -

v

S0, ——= M4 .

Smocp
Recall that f. € O(JWZ! )[1/p]. The assumption on fi(g) implies
oc—l(fi) € O( 7,0¢, )
Consider the spemal fiber
T I I (T (p))5 oy I
of the map m, and the closed immersion ¢ 9)?0“1 Sﬁord . From
the construction of the sheaf Q“\mord as the fixed part of a ’JI‘(Z JD"Z)-

equivariant Oc -flat sheaf on a ']I‘(Z/ p"7Z)-torsor, we see that the sub-
sheaf "|yora C (T)« Oyt (0 Yo, 18 formal locally a direct summand.
Cp w,c P

Since 7, is affine, for any morphism of formal schemes f : S — mtfggg ,
P

the composite of natural maps
P (¥ gnga ) = [ (710)Osqyga = (Tl p-1(5))+ O
P P
is injective. This yields a commutative diagram

Q= (Mg ) oW )

(5.9) (M)

O(35)

Z‘*Qﬂ&g’ﬁp (S%,Fp) — O(ﬁil(@ﬁ,ﬁp))

with injective horizontal arrows, where the base extension gc@»jp =
5’<g®kF » is equal to the special fiber of §g7ocp.
On the Tate object Tate, 1 (q) over Spec(R,), we defined the canon-
ical trivialization of the canonical subgroup and that of the TY (S )-set
390°4(S,), which are denoted by Up -1 and o, 1. Since R, is Noe-
therian, the moduli interpretation of JY*? is available over R, and
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these trivializations give isomorphisms

So Xgoa MI1(P )™~ [ Sov 7' (S)~ [ SoxT,
a€T(Z/p™Z) a€T(Z/p"™Z)

where the latter is an isomorphism of formal T -torsors. By the base

extension, we also have similar isomorphisms over Oc,. Since the latter

isomorphism is defined using the trivializations w, .1 and o, -1, the

unit section on the component ¢ = 1 coincides with the above map

S’U,Ocp - W;1<‘§0,Ocp)'

The T? -representation O(Sa,ocp x T?) is decomposed into the direct
sum of the free }?07@% -modules }?07@% sy for any formal character x of
TY, where s, is a section generating its y-part. Thus we have

fc|ﬂ;1(§g,ocp) € H (Ro0c, [1/pP]k)-
a€T(Z/p"7Z)
Write this element as (Fisy)qer(z/przy With F, € ]U%mo@p [1/p]. Since
k(1) = L and 77 . (f:) € f‘)a,Ocpa we obtain F; € R‘LOCP' Since f. is
k-equivariant for the T(Z/p"Z)-action, we have F, = k(a)F; with a lift
a € T(Zp) of a. Since the image of the character « is contained in O¢ ,

we see that F, € Ra,Ocp for any a € T(Z/p"Z). This means

(510) fclﬂal(go,ocp) € O(Tr;l(gmocp))'

To prove the proposition, we may assume f, # 0. Consider the ideal
J={x € Oc, | vf. € M(un,c,x)(0)}, which is principal by Lemma
5.9 (1). Put J = (z) and suppose x € mg,. Then the g-expansion
zf(q) is also integral, and zero modulo m¢,. Thus the commutative
diagram (5.9) and (5.10) imply that the pull-back of z f. € Q”””(?th%rgp)
to i* Q" ’S%,Fp (S'%Fp) vanishes.

Note that the reduction of §<,,<on — 95?‘5& induces the map on the
special fiber ) ) )

S5, = (S¢,0,)5, = M (1w, ¢)f,-
Let M (pn, C)FPQ)FP be the formal completion of M (juy, ¢)z, along its
boundary Dg, . Recall that this map induces maps

S’%”,Il_“p — S‘ﬁ,I_Fp/UN — M(:u]\ﬁ c)ﬁ_‘},'/ﬁ]ﬁp?

where the first arrow is a surjective local isomorphism and the second

arrow is an open immersion. Hence xf, vanishes on a formal open

subscheme of the formal completion M(un,¢)g,|p, - We know that
p
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the smooth scheme Dﬁord is irreducible. Since the sheaf % is invert-
ible on the ordinary locus Krull’s intersection theorem implies that x f.
vanishes on a non-empty open subscheme of zmord and thus it also van-
ishes on Dﬁ%;d. Then Lemma 5.9 (2) implies that zfe € yM(un, ¢, £)(0)
for some y € mg,. Since the O¢,-module M(py,¢,x)(0) is torsion
free, this contradicts the choice of x. Thus we obtain z € (’)Ep and
fe € M(un, ¢, £)(0), which concludes the proof of the proposition. [

Corollary 5.10. Let f = (fo)ecr+ ()@ be a non-zero eigenform in the
space S (py, (v,w))(v) of weight (v,w) € WY (C,). For any non-zero
ideal n of o, the Hecke eigenvalue A(n) is p-integral.

Proof. By (4.5), it is enough to show the case where n is a maximal
ideal m. Put x = k(v,w). Note that by Lemma 4.2 and Lemma 4.3,
the restriction map S (uy, (v, w))(v) = S€(un, (v,w))(0) is injective.
We consider A(m) as an eigenvalue of the operator T, acting on

M = @ M (un, ¢, k)(0).
ce[CIT(F)]®)

This is a Banach C,-module with respect to the p-adic norm |—| defined
by the Oc,-lattice

M = @ M(pun, ¢, k)(0).

ce[CIH(F)](®
Namely, we put
|f| = inf{|z|" | reC), xf € M}.
By Lemma 5.9 (1), we can find an element x € C, of largest absolute
value satisfying z f. € M(uy, ¢, )(0) for any ¢ € [C1T(F)]®). The norm
| f] is equal to |x|~!. Moreover, any coefficient of the g-expansion z f.(q)

is contained in O¢,. By Lemma 5.6, so is 2T, f. Hence Proposition 5.8
shows 2Ty, f € M. This implies

and the corollary follows. O

Corollary 5.11. Let f = (fo)cejcrt (@ be a normalized eigenform in
SC(un, (v,w))(v) of weight (v,w) € WY (C,). Then we have

ao,c*l(fv 77) € O(Cp
for any ¢ € [CIT(F)]®) and any n € (¢71)*.
Proof. This follows from Proposition 5.7 and Corollary 5.10. U
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Corollary 5.12. Let (v,w) be an element of W¢(C,).

(1) For any ¢ € [CIT(F)]®), there exists an admissible affinoid open
subset V. C M(un,¢)(v)c, such that (7€)1 (V) meets every
connected component of IW$7C(U)CP and, for any normalized
eigenform f = (fe)eeicrt (o 1 S (un, (v,w))(v), the restric-
tion fc|(ﬂ_$g)_1(vc) has absolute value bounded by one.

(2) Let f = (fo)cejart (@ be any normalized eigenform in the space
Sy, (v,w))(v). If f(q) = 0 for any ¢ € [CIT(F)]P) then
f=0.

(3) Let f = (fc)ce[01+(F)](p> and f' = (fc/)ce[cﬁ(F)](p) be normalized
eigenforms in S (uy, (v,w))(v). Suppose that the eigenvalues
of the Hecke operator T, acting on f and f' are the same for
any non-zero ideal n C o. Then f = f'.

Proof. Let us prove the first assertion. For any 0 € € = €(o0,c¢7}),
Corollary 5.11 and (5.5) show that 77 . (f:) is a rigid analytic func-
tion on gi%p with absolute value bounded by one. As in the proof of
Proposition 5.8, we can show that fcl(ﬂfig)’l(g%%p) is a rigid analytic
flmction int.h absolute value bounded by one. Since the natural map
S;%Cp — S;jgcp /Uy is a surjective local isomorphism, the restriction
fc|(ﬂ_$g)_1 (35, /Ux) is also with absolute value bounded by one. Thus,

for any non-empty admissible affinoid open subset V, C S*;;’g(cp/ Uy, the

absolute value of fc‘(ﬂ_"rjg),l(vc) is bounded by one. Since gf;,g(cp JUn is

an admissible open subset of M(un,¢)(v)c,, we see that V, is also its
admissible open subset.

On the other hand, since the rigid analytic variety M (uy, ¢)(v)e, is
connected by Lemma 4.3 and the map

hy® s M(Ty(p"), v, ©)(v)e, — M, ©)(v)e,

is finitely presented and etale, it is surjective on each connected com-

ponent of the rigid analytic variety M(I'y(p"), un,¢)(v)c, and thus
(hF&)~1(V,) meets every connected component of it.
We claim that the map

Vg IWE (v)c, = M(T1(p"), v, ©)(v)c,
induces a bijection
Wo(IW:;’c(U)(Cp> — 7T'0(-/\;l<rl(pn)7 U, C)(U)(Cp)

between the sets of connected components. Indeed, by [Conl, Corollary
3.2.3], it is enough to show the claim with C, replaced by a finite
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extension L/K. By a finite base extension, we may assume L = K.
Since the formal schemes I, (v) and M(Ty(p"™), uwv, ¢)(v) are both
normal, it is enough to show a similar assertion for the formal model ~,,.
Since it is a formal T? -torsor, it is surjective and the map between the
sets of connected components is also surjective. Let ) be any connected
component of M(Ty(p"), v, ¢)(v) and {X;};cs the set of connected
components of I, (v) which v,, maps to 9. Suppose fJ > 2. Since
Yw 1s finitely presented and flat, it is open and the connectedness of Q)
implies that 7, (X;) N v, (X;) # 0 for some j # j'. However, for any
element y of this intersection, the fiber . !(y) is connected since it is
isomorphic to the special fiber of TY | which is a contradiction. Since
yHg i surjective, the claim shows that every connected component of
IW; (v)c, meets the admissible open subset (7€)~ (V) and the first
assertion follows.

Now suppose that f,(¢) = 0 for any ¢ € [C1T(F)]®. Then we have
fc](ﬂﬁ)g),l(m = 0. Since the rigid analytic variety IW::,c(U)Cp is smooth
over C,, the first assertion and Lemma 4.2 show the second assertion.

The third assertion follows from Proposition 5.7 and the second one.
O

5.4. Normalized overconvergent modular forms in families. Let
U = Sp(A) be a reduced Cp,-affinoid variety and put § = Spf(A°).
Let U — ng be an n-analytic morphism and consider the associ-
ated weight characters (11, w") as before. Let f = (fo)ccicrt(pyw be

an eigenform in the space S (uy, (M, w"))(v). Recall that each f, is
an element of O(Jﬁﬂz,c(v)ocp x U)[1/p]. For the cusp (o,¢7,id) of
M(py,¢) and any o € € = €(0,¢!), we have the map

Toe-1 X 1 SO',O(CP X U — jwi,c(”)ocp x U

over M(py, ) (v)oe, x .

As in §5.1, we see that the ring R,,@Cp ®@CP A° is isomorphic to the
completion of the ring

A°lg™, . g [ )

with respect to the (p, ¢ - --¢*)-adic topology for some &y, ... &, €
¢ ' NoY and thus it can be considered as a subring of the ring

Ao(qig”l, . ,qifg)[[qgl, . ,qf"'ﬂ.

Hence we obtain the map of the ¢'-coefficient

pr¥h O(S'U,ocp x Y)[1/p] — A.
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For any eigenform f € S(uy, (W, w"))(v) as above, we put a¥,(f, 1) =
prf]’l((ﬂ,?o x 1)*(f,)) € A.

For any = € U(C,), put (v,w) = (M (x),w"(z)). The specialization
f(@) = (fe(x))cjart ()@ is an element of the space S¢(uy, (v, w))(v)
over C,, and we have the usual ¢'-coefficient a,,(f(z),1) of the ¢-
expansion of f(z). By the commutative diagram

To,o X1

So0e, X U= 09 (V)0 X U

ler Tlxm
~

0.0, —— IWL (V)0
we obtain
(5.11) aglo(f, 1)(2) = aoo(f (), 1).
Lemma 5.13. Suppose that f(x) # 0 for any x € U(C,). Then we
have

azl,{o(f,l) e A*.

In particular, the specialization f'(x) of [ = aﬁfu(f, 1)1 f is a normal-
ized eigenform with the same eigenvalues as f(x) for any x € U(C,).

Proof. We claim that a,o(f(x),1) # 0 for any z € U(C,). Indeed,
suppose that a,,(f(x),1) = 0 for some z € U(C,). Since f(x) is an
eigenform, Proposition 5.7 implies that the g-expansion f(z).(q) of f(x)
is zero for any ¢ € [C17(F)]®). By Corollary 5.12 (2) we have f(z) = 0,
which is a contradiction.

Now (5.11) implies that a¥,(f,1)(x) # 0 for any = € U(C,). Hence
we obtain a¥f,(f, 1) € A*. O

5.5. Gluing results. Here we prove two results on gluing overconver-
gent Hilbert modular forms, based on the theory of the g-expansion
developed above. Let X = Sp(R) be any admissible affinoid open sub-
set of WY, Put n = n(X) and v = v, as in §4.3.3. Consider the Hilbert
eigenvariety £|y — X, which is constructed from the input data

(R7 SG(N]\U (VX7 wX>>(Ut0t)7 T, Up)

5.5.1. Gluing local eigenforms.

Lemma 5.14. Let U = Sp(A) be a C,-affinoid variety and U — X, a
morphism of rigid analytic varieties over C,. Let f be an eigenvector
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of the space S (un, (v°,w"))(vior)ORA for the action of T such that
for any x € U(C,), the specialization

fla) € S%(un, (v, w™)) (Vo) O Cy
15 non-zero. Then the image of f by the natural map
S (s (1, w™)) (Vo) ORA — S (s (W, w)) (Vi)
1s an eigenform with the same property.

Proof. Put (v,w) = (¥(z),w"(z)). Then we have the commutative
diagram

S (s (v, w?)) (Veor) O R A S (v, (4, 0H)) (Vi)

l -

S (v, (%, w™)) (Vi) O R ar Cp — S (v, (4, ) (U10) © 4,0 Cp

]

SG(NN; (V7 w))(Utot)-

Here the lowest two arrows are the specialization maps. Since WY is
smooth, the maximal ideal of R®xC, corresponding to x is generated
by a regular sequence. By Lemma 4.12, the left oblique arrow is an
isomorphism. This implies the lemma. O

Proposition 5.15. Let Z be a smooth rigid analytic variety over C,
which is principally refined. Let ¢ : Z — (E|x)c, be a morphism of
rigid analytic varieties over C,. Then there exist an element

fe P o0@W (v, x 2)
c€[CIT(F)]®)

and an admissible affinoid covering Z = |J,.; U; such that the restric-
tion fly, for eachi € I is an eigenform of S (un, (V4 whi)) (vier) with
eigensystem p* : T — O(Z) — OU;) and f(z) is normalized for any
z € Z.

Proof. By Proposition 2.5 (2), there exist an admissible affinoid cover-
ing Z = {J,c; Ui, Us = Sp(A;) with a principal ideal domain A; and an
eigenvector f; in the space

SG(/’LNa (VX7 wX>>(Utot)®RAi
such that for any z € U;, we have f;(z) # 0 and
(h®1)fi = (L& ¢"(h)) [
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for any h € T. By Lemma 5.14, the image f/ of f; in the space
SE (1, (M whi)) (v ) is an eigenform with eigensystem ¢* : T — A,
such that f/(z) # 0 for any z € U;. Since UY; is reduced, by Lemma 5.13
we may assume that f/(z) is a normalized eigenform for any z € U;.
For any » € U;NU; and any h € T, the h-eigenvalues of f/(z) and fj(z)
are both ¢*(h)(z). Since they are normalized eigenforms, Corollary
5.12 (3) implies fj(2) = fi(2).

Since the rigid analytic variety IWJC(Utot)@p x Z is reduced, this
equality means that f/ and f; coincide with each other as rigid analytic
functions on

H IW$7c(Utot)CP X (Z/{l ﬂu])
ce[CIH(F)| @

Thus we can glue f/’s to produce an element

f € @ O(qu—;7c(vt0t)cp X Z)

ce[CIH(F)]®

This concludes the proof. 0

5.5.2. Gluing around cusps. Consider the unit disc D¢, over Sp(C,)
centered at the origin O. Put D¢ = D, \ {O}.

Lemma 5.16. Let Z be a quasi-compact smooth rigid analytic variety
over C,. Then the ring O(Z x Dg ) can be identified with the ring of
power series Y . a,T" with a, € O(Z) such that

(5.12) lim supla,(2)] =0, lim supla_,(z)[p" =0
n—+oo ez no+o0 sez

for any rational number p satisfying 0 < p < 1.

Proof. For any non-negative rational number p < 1, let Alp,1]c, be
the closed annulus with parameter 7" over C, defined by p < |T| < 1.
Then we have an admissible covering

D = J Alp. 1,

p—0+

of D¢ . Note that, for any connected reduced Cp-affinoid variety U,
[BLR, Proposition 1.1] implies that the rigid analytic varieties U x
Alp, 1], and U x D¢ = are connected. This shows that, for any con-
nected reduced rigid analytic variety X over C,, the fiber products
X x Alp,1]c, and X x D¢ are also connected. By Lemma 4.2, we have
injections

O(Z2 xD¢,) = O(Z x Alp,1]c,) = O(Z x A[p, 1]c,)
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for any p < p’ and thus
O(ZxDg) = (] OZ x Alp, l]c,)-

p—0+

Take @ € O, satisfying || = p. We define O(Z)(T, %) as the ring
of formal power series ) _, a,T" with a,, € O(Z) satisfying (5.12) for
p. It suffices to show

w
O(Z X A[pa 1](Cp) = O(Z) <T7 T>
Take a finite admissible affinoid covering Z = |J,.; U; with U; = Sp(A4;).
We have an inclusion

w n
OUs x Alp.1e,) = AT, ) C };[ZAZT

which is compatible with the restriction to any affinoid subdomain of
U;. Take f € O(Z x Alp,1]c,) and put

f Uix Alpl]c, = Z ai,nTn

neL

with a;,, € A;. Then a;,’s can be glued to obtain an element a, €
O(Z). Put &(f) = >,z anT". Since [ is a finite set, we can check
that a,’s also satisfy (5.12) and thus ®(f) € O(Z)(T, Z). On the other
hand, for any element g = > _,a,T™ of O(Z)(T, %), put ¥(g); =
Y nez Gnlu, T Then U(g); € Ai(T, %), which can be glued to obtain
U(g) € O(Z x Alp,1]c,). Then ® and ¥ are inverse to each other and
the lemma follows. O

Next we show the following variant of [BuC, Lemma 7.1].

Lemma 5.17. Let Z be a quasi-compact smooth rigid analytic variety
over C,. LetV be an admissible open subset of Z which meets every
connected component of Z. Let f be an element ofO(Zx'Dép). Suppose
that f|Vngp extends to an element of O(V x D¢,). Then f extends to

an element of O(Z x Dc,)).
Proof. By taking an admissible affinoid open subset of the intersection
of V and each connected component of Z and replacing V with their

union, we may assume that ) is quasi-compact. By Lemma 4.2, the
assumption on V yields injections

O(2) = 0(V), O(ZxDg)— 0V xD¢ )<« OV xDe,).

From Lemma 5.16, we see that the intersection of O(Z x D¢ ) and
O(VxDc,) inside O(VXDg, ) is the set of formal power series >, -, a,T™"
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with a, € O(Z) satisfying

D Seplan(a)l =0,

which is equal to O(Z x Dg,). O

Lemma 5.18.
(’)O(D(ép) - O(Dcp).

Proof. Let [ = _;a,T" be an element of O°(D¢ ). Consider the
Newton polygon of f. Then the assumption implies that any point
(n,v,(a,)) lies above the line y = —rx for any non-negative rational
number r, which forces a,, = 0 for any n < 0. O

Proposition 5.19. Let ¢ : Dép — (€|x)c, be a morphism of rigid
analytic varieties over Cp, such that the composite D¢ — (E|x)c, —

Xc, extends to De, — Xc,. Let (VDCp,wD‘Cp) be the weight associated
to the map D¢, — Xc,. Suppose that, for some non-negative rational
number v' < (p — 1)/p", we are given an element

= (f)eeciort mym € @ O(IW:Z,C("U/)CP X Dcé,,)
ce[CIF (7)) @)

and an admissible affinoid covering D(ép = U,e; Ui such that the restric-
tion fly, for each i € I is an eigenform of S (un, (M, w"))(v') with
eigensystem " : T — O(D¢,) — OU;) and f(z) is normalized for any
z € D¢, . Then there exists an eigenform f' € S (un, (WP, wPe)) (V")
such that f'(z) is normalized for any z € D¢, and it is an eigenform
with eigensystem ¢*(z) : T — O(Dg, ) — C,, for any z € D¢ .

Proof. Consider the map mj& : IW{ (v')c, = M(un,¢)(v))c, as be-
fore. Let V; be an admissible affinoid open subset of M (uy, ¢)(v')c, as
in Corollary 5.12 (1). Put Z, = (7%¢)~!(),). Then Z, is an admissible
open subset which meets every connected component of IW;Z’C(U, )c,
such that fc(z)|z, has absolute value bounded by one for any z € D¢ .
Hence fc’chDg also has absolute value bounded by one.

Note that Icpis quasi-compact, since m,, is quasi-compact. By Lemma
5.16, we can write as

fC‘LXDé IE :anTn
P
ne’

with some a,, € O(Z;). Lemma 5.18 implies a,(x) = 0 for any x € Z,
and any n < 0. Since Z, is reduced, we obtain a,, = 0 for any n < 0
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and thus

Therefore, by Lemma 5.17 we see that f. extends to an element f. of
(’)(ZWL(U’)CP x Dc,).

Write as D¢, = Sp(C,(T)). Note that the ring O(ZW; (v')¢, X Dc,)
is T-torsion free. We claim that, if f. ¢ 0, then there exists a non-
negative integer m, satisfying

fo € T™O@W, (V)¢ x De,) \ T™ M OIW] ('), x D).

Indeed, since IWL(U’ )c, is smooth, we can take an admissible affinoid
covering
WS (e, = Vi, Vi =5Sp(4))
jed
such that every A; is a Noetherian domain. Suppose that

ﬂ "0 IW+ /)(cp X D(cp).
m>0
Since A;(T) is also a Noetherian domain, Krull’s intersection theorem
implies ﬁ‘vjxpcp = 0 for any j € J and thus f. = 0, which is a
contradiction.
Put m = min{m, | ¢ € [CI*(F)]®, f. # 0}. Let f’ be the unique
element of O(ZWy (v')¢, x Dg,) satisfying fo=T™f!. Since the maps

O(IW$7C(U/)CP X D(C ) — O(IW+ (Ul)(c X Dé )
— [Jo@w; (v)c, x )

el
are injective by Lemma 4.2, the element f’ is also k7 -equivariant and
A-stable. Hence the collection f' = (f! )eejcr+ (@ 18 an element of
SG (p, (VP wPe))(v') such that f'(z) # 0 for any z € Dc,.
Let A(n) be the image of T,, (resp. Sa) by the map ¢* : T — O(Dg, ).
By Corollary 5.10, the specialization A(n)(z) is p-integral for any z €
D¢,. Thus Lemma 5.18 shows A(n) € O(Dg,). By the above injectiv-

ity, we see that f’ is an eigenform on which T} (resp. S,) acts by A(n).
Now Lemma 5.13 concludes the proof of the proposition. O

6. PROPERNESS AT INTEGRAL WEIGHTS

Let £ — WY be the Hilbert eigenvariety as in §4.3.3. In this section,
we prove the following main theorem of this paper.
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Theorem 6.1. Suppose that F' is unramified over p and for any prime
ideal p | p of F, the residue degree f, satisfies f, < 2 (resp. p splits
completely in F) for p > 3 (resp. p = 2). Consider a commutative
diagram

1% ®
D(Cp &Cp

|

G
DCP ,¢ > W(CP

of rigid analytic varieties over C,, where the left vertical arrow is the
natural inclusion. Suppose that ¥ (O) is 1-integral (resp. 1-even) in the
sense of §4.3.2. Then there exists a morphism D¢, — Ec, of rigid ana-
lytic varieties over C, such that the above diagram with this morphism
added is also commutative.

Proof. Let ey, ..., e, be a basis of the Z,-module 2p(Op ® Z,) and put
E; = exp(e;) € 14+ 2p(Of ® Z,,). Similarly, let e,41 be a basis of the
Zy,-module 2pZ, and put Ey1 = exp(eg+1) € 1+ 2pZ,. Let (v™, w"™)
be the universal character on W¢. Note that ch is the dlSJOlnt union
of finitely many copies of the open unit polydisc defined by

’X1’ < 1,...,’Xg+1‘ <1

with parameters X1, ..., X 1: the connected components are parametrized
by the finite order characters

e : T(Z/2pZ) x (Z/2pZ)* — OF

and on each connected component, the point defined by X; + x; cor-
responds to the character (v, w) satisfying v(F;) = 1+ x; for any i < g
and w(EgH) =1+ LTgt1-

Put g =pif p > 3 and ¢ = 8 if p = 2. Since ¢(0O) is l-integral, it
comes from a K-valued point of W€, which we also denote by (0O).
This corresponds to a finite order character ep and a map X; — x;
with some x; € qOk. For p = 2, the assumption that (O) is 1-even
implies that ¢ is trivial on the torsion subgroup of 1+2(Or®Z,). Put
E! = (=1)P7'E;. The group 1+ p(Or ® Z,) is topologically generated
by E;’s and E!’s. We have

(" w™) (Er) = (™ w™)(E) =1+ X;

on the ep-component of W¢. Let U = Sp(R) be the admissible affinoid
open subset of the ep-component of WY defined by |X; — x;| < |g| for
any i. Then 1+ X; =14+ z; + (X; — x;) € 1 + ¢R° and the universal
character (v"™*,w"") is l-analytic on U.
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We denote by D, ¢, the closed disc of radius p centered at the origin
over C,. Consider the element ¥*(X;)(7T") of the ring O(Dc,) = C,(T).
Since ¥*(X;)(0) = x;, there exists a positive rational number p < 1
such that

[t < p= [ (Xi)(t) — 2] < gl
for any 7. This means ¥(D,c,) € Uc,. If we can construct a morphism
D,c, — &c, which makes the diagram in the theorem commutative,
then by gluing we obtain the desired map D¢, — &c,. Thus, by shrink-
ing the disc, we may assume that ¢ factors through Uc,.

Put n = 1 and v = v;. We may assume v < 1/(p + 1) so that we
have

M(pn, ©)(vor) € M, ) (57)-
By Remark 2.4, the rigid analytic variety Dép is principally refined.
Applying Proposition 5.15 to the map ¢ : D¢ — (€u)c,, we obtain
an element
fe € o@W (v, x D)
ce[CIH(F)] @)

and an admissible affinoid covering D¢ = |J;c; Ui such that the re-

striction f|, for each i € I is an eigenform of SY(uy, (4, w"))(vier)
with eigensystem ¢* : T — O(Dg,) — O(U;) and f(z) is normalized
for any z € Dép.

Since ¢* comes from the eigenvariety £, the U,-eigenvalue ¢*(U,) €
OU;) of flu, satisfies p*(U,)(2) # 0 for any z € U;(C,), and thus we
have ¢*(U,) € O(U;)*. Since U, improves the overconvergence from v
to pv, taking ©*(U,)"'U,(f|u,) repeatedly, we can find an eigenform

gi € S (pw, () (547)

with eigensystem ¢* : T — O(D¢ ) — O(U;) which extends fly;. Note
that for any z € U;(C,) we have a commutative diagram

S (uw, (4, wH)) (537) S (e, (44, W) (vt

|

S (v, (144 (=), w0t (2))) (57) —> Sy, (4(2), 0 (2)) (t1en),

where the horizontal arrows are the restriction maps and the vertical
arrows are the specialization maps. This implies that the specialization
gi(2) is also non-zero for any z € U;(C,). Since the g-expansion is deter-
mined by the restriction to the ordinary locus, g;(z) is also normalized
for any z € U;(C,). Since the Hecke eigenvalues of g;(z) are also given
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by the eigensystem ¢*(z) : T — O(U;) N C,, a gluing argument as in
the proof of Proposition 5.15 shows that ¢;’s can be glued. In other
words, we may assume

fe @ 0@V, (), xDz).

ce[CIH(F)] ()

By Proposition 5.19, we may replace f by an eigenform of the space
SC(un, (VPer, wDCp))( +1) such that every specialization on D¢, is nor-

malized, which we also denote by f = (fc).cicr+(#)@ - By Lemma 4.12,
we have an isomorphism

SE (v, (M, ) (040 @ 2+ k(2) = S (v, (V7% (2), WP (2))) (Vgor)

for any z € D¢,. Thus the map T — O(Dc,) defined by the eigenvalues
of f is a family of eigensystems in S (puy, (4, w"))(vor) over Dg, such
that its restriction to D¢ is ¢* : T — O(Dg¢,). In particular, it is of
finite slopes over Dép. If f(O) is of finite slope, then Proposition 2.7
yields a morphism D¢, — & ‘Ucp with the desired property.

Let us prove that f(O) is of finite slope. Put ¥(0O) = (v(O),w(0))
and k = k(v(0),w(0)), which are 1-integral by assumption. Let r; =
(ks)pep, be the integral weight corresponding to the restriction [0 ,).
Put X, := M(un,c)". We also write as X.(v') = M(un, ¢)(v')" for
any v’ < 1. For the morphism h; : MM(Ty(p), pn,¢) — M(un,c), we
put b = AY® and X} (v') = b1 (X.(v)) for any v/ < (p—1)/p.

Consider the rigid analytic variety )., as in §4.2 and the natural
projection 7 : V., — X.. Put V. ,(v') = 77 1(X.(¢")). For the universal
p-cyclic subgroup scheme H"™ over ), ,, we put

y&p = Isomy, (Dp ® pp, H™).

We denote by r the natural projection yép — Vep- Put 7 =707 and
VL) = (7)1 (X (v")). We write the base extensions to C, of these
maps also as h, m, r and 7!, respectively. We consider U := Xl(pH)
as a Zariski open subset of yc{p(ﬁ). Then we have an isomorphism
h*Q)F ~ (Wl)*Q”|uép. Note that the sheaf h*Q2" in this case of 1-integral
weight is isomorphic to the sheaf h*(2"1 ~ h*w Zlun c, a8 in §4.3.1. The
sheaf (71)*Q" is defined over the whole rigid analytic variety V., ¢,

and satisfies (7!)*Q1 g =2 h*Q". Thus each f(O) defines the element

ge = W"f(0) = (7)) f(O)ly € H'Ue,, (') Q™ (=D)),
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on which any element a of the Galois group T(Z/pZ) of h : Ut —
Xe( acts via the multiplication by x(a) with any lift a € T(Z,) of
a.

Moreover, we define Zép as the scheme over K classifying triples
(A,u, D) consisting of a HBAV A over a base scheme over K, an
Op-closed immersion u : Dz' ® p, — A and a finite flat closed Op-
subgroup scheme D which is etale locally isomorphic to Op/pOpF sat-
isfying Im(u) N D = 0. We denote by Zip the analytification of
Zép restricted to X,. We have two projections ch’p — yc{p given by
(Ayu,D) — (A,u) and (A,u, D) — (A/D,u) with the image u of u
in A/D, which are denoted by ¢; and ¢, respectively. Put Zc{p(v’ ) =
a1 (Ve ().

We denote the restriction of the rigid analytic variety yg,p(lﬁ) de-

fined in §4.3.3 to Xc(}%) also by yg’p(zﬁ). We have a finite etale
morphism

1
1)

gt U) — yc’,p(ﬁ), (Aju, H) — (A, H).

The base extensions of these maps to C,, are also denoted by ¢, g2 and
I1, respectively. By Corollary 3.11 (1), we have ¢; *(U') C ¢, (') and
thus ¢ ' (U¢)) € g5 '(UE,). This yields commutative diagrams

Ut ~—=— U)oU) Ul

hl ln nl lh
1 / 1 / 1 1
Xep(57)e, <5 Yoo Giglo  Yoolgiile, =57 Xn(Gig)o,
where the latter is cartesian.

Take any point @ = [(A,H)] € Y.,(Or) with some finite extension
L/K such that Hdgs(A) = p/(p + 1) for any 3 € Bp, which exists

by Lemma 4.5. Consider the admissible open subsets Vg, ng,(cp and
Vcog,cp(ﬁ) defined in §4.2. By Corollary 4.8, we have

G (1 (Vo)) S gt (UY).
Taking the base extension, we also have
0 (' Voe,) Sa (1 (Voe,)) € ¢ (Ug,)-

Similarly, Lemma 4.9 shows 7~ (V3 ¢, (537)) € Ug, . Since the weight
k1 is integral, we have a natural isomorphism m : ¢;(7')*Q" —
¢ (m')*Q™ over Z! . From these and the above commutative diagrams,
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we see that the operator U, extends to an operator
Ug : HOWUE,, (7)) = HO(r (VY c,), () ™)

which makes the following diagram commutative.

U
HOWUE,, () Q) ——= H (! (Vg e, ), (7))

e H(r= (Vg c, (7)), (1) Q%)

e

H(X(;7)c,, )

p+1

UP
Now suppose that f(O) is of infinite slope. Then

= (U 0D 4o . =0,

Va9, oG

1
Q’Cp(m))
Since V&CP is connected and r is finitely presented and etale, the map
r defines a surjection from each connected component of r~'(Vg ¢ )

to VCDQ,CP‘ Since the admissible open subset V&(Cp( is non-empty,

1)
Pt
we see that r‘l(V&CP(ﬁ)) intersects every connected component of
r‘l(Vg,Cp). Thus Lemma 4.2 implies Ugg. = 0. In particular, if the
point [(A, £)] € Y;,(Oq,) satisfies Hdgs(A) = p/(p+1) for any 3 € Bp,

then for any Op-isomorphism m : D' ® u, ~ L, we have

(6.1) S g(A/Dm) =0,

DNL=0

where the sum is taken over the set of finite flat closed p-cyclic Op-
subgroup schemes D of A[p] satisfying Dy N Lk = 0.

Lemma 6.2. For any p-cyclic Op-subgroup scheme H of Alp| and any
Op-isomorphism u : D7 @ w, — (Alp]/H) k., we have g.(A/H,u) = 0.

Proof. For any p-cyclic Op-subgroup scheme M of A[p], write as M =
@p‘p M,. Similarly, any Op-closed immersion m : D' ® y — Ag
defines a closed immersion m,, : D' /pDr' ® p, — Alp]k for any p | p.
By fixing a generator of the principal Op-module Dz'/pDy' and a
primitive p-th root of unity in @p, we identify an Op-closed immersion
m : D' @ p, — A with an element of A[p](Q,). Let B be the set
of maximal ideals of Op dividing p. For any subset S C P, we put
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Se=9x\ S and

Ms =P M, M =PM,.

pes pese

We define mg and m® similarly. We write Im(m) also as (m).

For any p | p, we fix non-zero elements e,; € H,(Q,) and e,» €
Alp](Q,) such that {e, 1, €2} forms a basis of the 0 /p-module A[p](Q,).
Put I, = {ep1,apep1 +epo | ay € 0/p} and eg; = (epi)pes for i = 1,2.

We claim that, for any element m® of Hpe ge Iy, we have

(6.2) > g(A/(Hs x D5),e50 x mS) =0,

DEN(mS)=0

where the sum is taken over the set of finite flat closed (][ . p)-cyclic
Op-subgroup schemes D? of A satisfying D3 N (m?) = 0.

To show the claim, we proceed by induction on #S. The case of S = ()
is (6.1). Suppose that the claim holds for some S # B. Take p € S°
and put S’ = SU {p}. Fix m¥ ¢ [Tie(srye g Taking the sum of (6.2)
over the set {m% =m, x m® | m, € I,}, we obtain

Z Z Z 9e(A/(HsxDyx D), €55 x my x m¥) = 0.

mp€ly Dy, xN(my)=0 DIS(/ﬁ(mS,)ZO

We compute terms in this sum for each D,.
o If Dy(Qy) = (0o/p)epy = Hyp(Qp) and Dy i N (my) = 0, then
my = ayep1 + €, 2 with some a, € 0o/p. In this case, m, is equal
to the image €, 5 of e, .
o If D,(Q,) = (0/p)(apey1 + €p2) and Dy x N (my,) = 0, then we
have either my, = e, or my, = bye, 1 + €, 2 with some b, # a, €
o/p. In each case, m, is equal to the element é, ; or (b, —ay)ép 1.

We put
Sp = Z k([a])

a€(o/p)*
with the Teichmiiller lift [a] € OF, of a.

Thus the sum of the terms in which D,’s of the second case appear is
equal to

(1+ sp) Z Z 9e(A/(Hs x (0/p)(apep1tep2) x DY),

DY N(mS")=0 ap€o/p

es2 X €p1 X mY).
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This equals
(1+s,) > ge(A)(Hs x DY), es2 X ep1 x mS),

D3-N{ep,1 xmS’)=0

which is zero by the induction hypothesis (6.2). What remains is the
sum of the terms of D,’s of the first case, which equals

pf'g Z gc<A/<HS/ X 'DSI),€5/72 X ms') =0
D%ﬁ(ms/>:0
and the claim follows. Setting S = B, we obtain ¢.(A/H,éyp2) = 0.

For any v as in the lemma, the map u, corresponds to a,é, o for some
€ (o/p)*. Thus we have

g(A/H, u) H H k([ap]) | 9.(A/H,ép2) =0

plp ap€(o/p)*

and the lemma follows. O

Consider the admissible open subset of )., defined by
{[(A,3)] | Hdg,y(A) = p/(p+ 1) for any § € Bp)

and let V be a non-empty admissible affinoid open subset of it. Note
that the map

W :Vep = Vep, (A H) — (A/H, Alp]/H)

is an isomorphism. By Proposition 3.12, we have r (W (V)) C U'.
Consider the base extensions We, @ Ve pc, — Vepc, and Vc,, where
the latter is an admissible affinoid open subset of )., c,. By Lemma
6.2, * f.(O) vanishes on the subset W (V)(Q,) of the admissible affinoid
open subset W¢, (Ve,) = W(V)c, .

Lemma 6.3. Let A be a reduced K-affinoid algebra. Put X = Sp(A),
Ac, = A®KC, and X¢, = Sp(Ac,). We consider the set X(Q,) as a
subset of Xc,(Cp) by the natural inclusion Q, — C,. Suppose that an
element f € Ac, satisfies f(x) =0 for any x € X(Q,). Then f = 0.

Proof. For any positive rational number e, we put
Ue ={r € X, [ [f(2)] <e}.
We can find an element f. € A ®x Q, such that
|(f = fo)(x)] < e for any x € X,

Then we have U, = {z € X¢, | |f-(x)| < €}. Take a finite extension
L/K satistying f. € Ay := AQx L. Put X = Sp(AL). The assumption
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implies X(Q,) C U., namely |f.(x)| < ¢ for any z € X(Q,). This shows
X ={zx € X | |fe(x)|] < e}. Since the formation of rational subsets
is compatible with base extensions, we have X¢, = U, for any ¢ > 0,
which implies f(x) = 0 for any € X¢,. Since X¢, is reduced, we
obtain f = 0 and the lemma follows. U

Since the invertible sheaf 7%(2" is the base extension to C, of a sim-
ilar invertible sheaf over K, it is trivialized by the base extension
of an admissible affinoid covering over K. By Lemma 6.3, we have
7 f(O)lw), = 0. Thus f(O) vanishes on the admissible open sub-

set (W (V)c,) of M(un, c)(ﬁ)«;p. By Lemma 4.3, M(uy, c)(}%)(cp
is connected. By Lemma 4.2, we obtain f,(O) = 0 for any ¢, which
contradicts the fact that f(O) is normalized. This concludes the proof

of the theorem. O
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