INTEGRAL p-ADIC HODGE THEORY AND
RAMIFICATION OF CRYSTALLINE REPRESENTATIONS

SHIN HATTORI

ABSTRACT. This is a survey on integral p-adic Hodge theory, especially
on the Fontaine-Laffaille theory, and a ramification bound for crystalline
representations due to Abrashkin and Fontaine, based on the author’s
talks at the spring school “Classical and p-adic Hodge theories”.
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1. INTRODUCTION

Let p be a rational prime, k a perfect field of characteristic p and W =
W (k) the Witt ring for k. Put W,, = W/p"W for any n € Z~o. We write
o for the p-th power Frobenius maps of various p-torsion rings, and also
for the natural lift (zg,z1,...) — (zf,2],...) to W of the Frobenius map
on k. Put Ky = Frac(W). Let K be a finite totally ramified extension of
Ky of degree e with integer ring Ok, maximal ideal myx and uniformizer
7x. We fix an algebraic closure K of K and let k be the residue field
of K, which is an algebraic closure of k. Let vp and vk be the p-adic
valuations on K normalized as v,(p) = 1 and vg(mg) = 1, respectively.
Put Gx = Gal(K/K). Let C be the completion of K and O¢ its integer
ring. Let K™ be the maximal unramified extension of K inside K and
I = Gal(K/K") the inertia subgroup of G. For any extension of rings
A C B and any free B-module M of rank d, we say an A-submodule N of
M is an A-lattice of M if it is a free A-module of rank d which generates
the B-module M.

A p-adic Gk-representation is by definition a finite dimensional QQ,-vector
space with a continuous Q,-linear G g-action for the p-adic topology. On the
other hand, we also have the category of Z,-modules with a continuous Z,-
linear G g-action for the p-adic topology, which is denoted by @ZP(G K)-

It is this “integral” variant of the category of p-adic G i-representations that
we are concerned with in this article.
Recall that p-adic Hodge theory has the following two aspects:
(i) to study, or classify if possible, nice p-adic G g-representations (such
as Hodge-Tate, de Rham, semi-stable and crystalline representa-
tions), using semi-linear algebraic data (such as filtered (¢, N)-
modules).
(ii) to study a relation between p-adic etale cohomology of algebraic
varieties over K and other cohomology theories on the differential
side, such as de Rham, log-crystalline and crystalline cohomology.

Integral p-adic Hodge theory is its variant of Z,- or p-power torsion coef-
ficients. Namely, its aim can be summarized as:

(i) to study, or classify if possible, Z,-lattices and subquotients of nice
p-adic Gi-representations, using semi-linear algebraic data which
are in a sense lattices and subquotients of the data attached to
p-adic G-representations (such as filtered (¢, N)-modules).

(ii) to study a relation between etale cohomology of Z,- or p-power tor-
sion coefficients of algebraic varieties over K and other cohomology
theories on the differential side, such as de Rham, log-crystalline
and crystalline cohomology.

Example 1.1. (i) Let A be an Abelian variety over K of dimension

g. Let T,(A) = Y&lnA[p”](K) be the Tate module of A and put
Vp(A) = T,(A) @z, Qp. The module T),(A) is a free Zy-module of
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rank 2¢g on which G acts continuously (for the p-adic topology).
Similarly, the module V,(A) is a p-adic G k-representation of dimen-
sion 2¢g, and moreover it is de Rham with Hodge-Tate weights in
[0,1]. The module T),(A) is a G g-stable Z,-lattice in V},(A), and the
G -module A[p"](K) is isomorphic to the quotient T,(A)/p"T,(A).
These subquotients of V,(A) are typical examples of what integral
p-adic Hodge theory studies on the aspect (i).

More generally, let V' be a de Rham Gg-representation. Then
we want to study any G g-stable Zy-lattice 7" in V' and the quotient
T/T' for any such lattices T2 7" in V.

(ii) Let X be a proper smooth scheme over K. Then the etale cohomol-
ogy groups H (X, Zp) and H (X, Z/p"7Z) are what we want to
study on the aspect (ii).

The integral theory captures more subtle information than the p-adic
counterpart, such as ramification of Galois representations. We can pass
from the theory of Z,-coefficients both to that of Q,-coefficients by inverting
p, and to that of IF,-coefficients by reducing modulo p. For example, let V'
be a semi-stable G g-representation with associated filtered (y, N)-module
D and T a Gg-stable Zy-lattice in V. By integral p-adic Hodge theory,
we can associate with T a semilinear algebraic data M. The data M is a
finitely generated module over a coefficient ring which is a W-algebra, and
M is endowed with additional structures (such as a Frobenius map). We can
recover the filtered (¢, N)-module D via M ®w Ky, and the data M/pM
has information of the Gi-representation T'/pT. In some cases M is defined
as a W-lattice in D as we will see in §2, while it is not the case in general.

Downsides are the following: In the integral case, the coefficient ring of
semi-linear algebraic data is not a field, unlike the coefficient field K of fil-
tered (¢, N)-modules. Actually, it is not even a complete discrete valuation
ring but a larger W-algebra, unless the base field K is absolutely unramified
(namely, K = Kj), and the theory becomes more complicated compared to
the p-adic theory. Moreover, it is often very hard to describe explicitly the
semilinear algebraic data associated with a given integral G i-representation.

In this article, we will focus on the classical integral theory of Fontaine-
Laffaille [FL82], which treats the subquotients of crystalline G g-representations
with Hodge-Tate weights in [0, p — 1] for the case where K is absolutely un-
ramified. We introduce basic definitions and state main theorems of the
theory in §2. We also give a sketch of proofs for some of the main theorems
(Theorem 2.9 and Theorem 2.19) in §4. In fact, now we have an integral the-
ory without these three restrictions (crystalline representations, small range
of Hodge-Tate weights, absolutely unramified base field) thanks to works of
many people including Breuil, Kisin and Liu. We will discuss such recent
developments of the integral theory in §3.

The author would like to thank Victor Abrashkin, Yoshiyasu Ozeki, Takeshi
Saito and Yuichiro Taguchi for helpful comments on an earlier draft of the
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article. He also would like to thank the anonymous referee for comments
and suggestions, which helped improving the article. The interested reader is
recommended also to consult other survey articles [Bre02, BMs02, BC14+],
to which this article owes very much.

2. FONTAINE-LAFFAILLE MODULES

Let the notation be as in §1. Let V be a p-adic Gx-representation and
D = D¢, ys(V) = Homg, [G,](V; Barys) the associated filtered ¢-module. The
module D is a Ko-vector space satisfying dim, (D) < dimg, (V). We say
V' is crystalline if the equality holds. Put D = D ®k, K. The Hodge-Tate
weights are the integers ¢ such that griD;( # 0. Note that here we adopt the
convention such that the cyclotomic character Q,(1) has the Hodge-Tate

weight one.

Remark 2.1. This dual convention to the usual Derys(V) = (V®q, BcryS)GK
is preferred in integral p-adic Hodge theory. A reason for this dual preference
seems to be the following: The module D, (V') is a Hom group, and so is
its quasi-inverse V1 (D) = Homp, o, Fil (D, Berys). In the integral theory, we
use a similar Hom group to construct Galois representations from semilinear
algebraic data, as we will see later. One of the advantages of Hom and Ext
compared to ® and Tor is that we can study them in a more explicit way, by
using the Yoneda extension. This makes the analysis of the associated Galois
representations easier especially in the integral theory, where the coefficient
ring of semilinear algebraic data is not a field and we cannot always resort
to dimension calculation or flatness. However, in many cases we can develop

covariant integral theories and they are also useful (for example, see §2.3).

Now we concentrate on the case of K = K. Let V' be a crystalline Gg,-
representation with Hodge-Tate weights in [0,p — 1] and put D = D¢, (V).
The module D is a Ky-vector space of dimension dimg, (V') endowed with
a decreasing filtration {D};cz and a o-semilinear bijection ¢ : D — D
satisfying the admissibility condition.

The idea of the integral p-adic Hodge theory of Fontaine-Laffaille is to clas-
sify G i,-stable Z,-lattices in V' and their quotients by ¢-stable W-lattices
M in D and their quotients. We have to impose on M an integral version of
admissibility; namely, the conditions that ¢(M N D) C p'M for any i and
that > ,c, p “0(M N D") = M. In fact, these conditions originated from a
structure of integral crystalline cohomology [Fon83, 1.3, Proposition]. This
idea leads to the following definitions.

2.1. Definition of Fontaine-Laffaille modules.

Definition 2.2. (i) A Fontaine-Laffaille module over W is a triplet
(M, {M"}icz,{¥" }iez), which we denote abusively by M, consist-
ing of

e a W-module M,
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e a decreasing ﬁltrati'on {M"}iez Qf M by W-submodules satis-
fying M = (J;c;, M* and ;e M' =0,
e afamily of o-semilinear maps {¢%, : M* — M };cz which makes
the diagram
v

MiJrl ™~ oM

|

M
commutative for any i. We often drop the subscript M in goZM
if no confusion occurs.

(ii) A morphism of Fontaine-Laffaille modules f : M — N over W is
a W-linear map f : M — N between the underlying W-modules
satisfying f(M?) C N and f o ¢}, = ¢% o f for any i.

(iii) A sequence of Fontaine-Laffaille modules 0 - L — M — N — 0 is
exact if the sequence on the underlying W-modules 0 — L — M —
N — 0 is exact, and also the sequence induced on the i-th filtration
0— L' — M"— N — 0 is exact for any i.

We denote the category of Fontaine-Laffaille modules over W by MFy;.
We also denote by MF, its full subcategory consisting of those killed by
p. With the above notion of exact sequence, the categories MFy;, and MFE,,
are exact categories in the sense of Quillen [Qui73]. Thus we can define
Ext™ groups via the Yoneda extension and we have long exact sequences of
Hom and Ext for these categories. Though Yoneda Ext™ groups in an exact
category may be a proper class in general, we can see that Extll\/[FW (M, N)

and Extll\/[Fk (M, N) are sets, since any equivalence class of such an extension
is represented by a Fontaine-Laffaille module whose underlying set is N x M.

For any W-module M, put M, = M ®y,-1 W. We often identify the
underlying module of M, with that of M and think that the action of W on
M, is twisted by o from that on M. We also identify the data {¢%,}icz in
the above definition with a family of W-linear maps {¢%,; : M" — M, }icz
making the diagram there commutative. Note that if M is of finite length,
then so is M, and gy, (M) = lgy (M, ).

We define a category of torsion Fontaine-Laffaille modules satisfying a
torsion version of the admissibility condition, as follows.

Definition 2.3. (i) For any integers a < b, we denote by M[g/’b] the
full subcategory of MFy;, consisting of M such that M = M and
MO =0.
(ii) We denote by m{/lf,‘cor the full subcategory of MFy;, consisting of
M such that
e M is a W-module of finite length,

o Yicn ¢ (M) = M,
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The full subcategory of M%’b] defined by the same conditions is

f,[a,b
denoted by MFwﬁtm]r

(iii) We denote by MF wotgr 1" the full subcategory of 1\/[FW£tor U con-

sisting of M such that
e There exists no non-zero quotient M — N in 1\/11;‘%037r U satis-
fying N = NP~ L.

This category is denoted in [FL82, Théoréme 6.1] by MELP
that MER?~2 € Mp2—1,

(iv) Similar full subcategorles of MF, are denoted by Mka’b], MFE,
MEL T ang Mpb 0P

Note

—==tor *

Finally, we define the category of free objects over W, which classifies
G ,-stable Z,-lattices in crystalline G g,-representations.

fd,[a,b]

Definition 2.4. For any integers a < b, we denote by MF; the full

o]

subcategory of MLV consisting of M such that

e M is a free W-module of finite rank,
e M’ is a direct summand of the W-module M for any i,

o Yoo ¢ (M) = M,
The sign fd stands for the French word fortement divisible, or strongly di-
visible (Definition 2.10).

What is striking for the category MFMLtOJr is the following.

Proposition 2.5 ([FL82], 1.10 (b)). Any morphism f : M — N of the
f,[a,b]

category thor is strict with filtrations. Namely, we have
f(MY) = f(M)N N

for any 1.

Proof. First let M be any object of MF[G bl

the exact sequence

and define a W-module M by

b Om b v
OH@ZZGHMZ ——=®,_ M — M —0,
where 0, is given by

(Tat1y-- > 2p) = (Tat1, —PTar1 + Tat2, - -, —PTp—1 + Tp, —PTp).
Then the map
b

b
@Ml _>Mcr; (ya,~--7yb) = Z@l(yl)

l=a l=a

induces a W-linear map oM : M — M,. These constructions are functorial,
and the functor M — M is exact by the snake lemma. If the underlying
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W-module M is of finite length, then we have the equality

lgy (M) = lgy (M).

Moreover, such M is contained in MFf [a b} if and only if ¢, is surjective,

and from the above length equality, 1t 1s equivalent to saying that ¢y is
injective or bijective.

To prove the proposition, first we assume that f is injective, and identify
M with a submodule of N. By the commutative diagram

M ——N

M,“~—— N,
the induced map ]\_{ — N is injective (note that here we cannot use the
exactness of M — M, since the cokernel object N/M is well-defined only if
M! = M N N* for any [). On the other hand, suppose that there exists an
element x € (NN M)\ M*. Take j < i such that x € M7\ M7+, Since M

is p-power torsion, we have p*z ¢ M’T! and p**lz € M7+ for some integer
s > 0. Replacing z by p°z, we may assume px € M7+, Put

b
y=1(0,...,0,2,—pz,0,...,0) G@Ml,

where z is at the j-th entry. Then y ¢ Im(0)/) since z ¢ M+ while
y € Im(fy) since z € N* C N9+, Thus the image of y in M is non-zero,
while the image in N is zero. This contradicts the injectivity of M — N.
For a general f, put L = f(M) and L* = f(M?"). Since Ker(M® —
Li) = Ker(f) N M and f o ¢}, = ¢’ o f, the map ¢, induces a map
. L' — L for any i. Then the triplet L = (L, {L};icz, {4} }icz) is an
obJect of MF[ a9 whose underlying W-module is of finite length, and the
natural maps M — L — N are morphisms of this category. Now we have
the commutative diagram
M——s
{

M, 4>>L07

<~

which yields the surjectivity of the map L — L,. This implies that L €
MF%%E Applying the former half of the proof to the injection L — N, we

obtain f(M?") = f(M) N N*. O
Corollary 2.6. (i) ([FL82], Proposition 1.8) The category MFV[%:E
Abelian.

(i1) ([Win84], Proposition 1.4.1 (ii)) For any object M € MFVéatﬂ, the

W -submodule M* C M is a direct summand for any i.



8 SHIN HATTORI
Proof. For the first assertion, let f : M — N be a morphism of mmg and
put Ker(f)? = Ker(f) N M. Then, by using the exact sequence

0 — Ker(f) M L 0

with L as in the proof of Proposition 2.5, we can show that the triplet

(Ker(f), {Ker(f)" Viez, {¢h|ker(syi Yiez)

is an object of mwﬁl, just as in the proof of the latter part of Proposition

2.5. Moreover, since the map % induces a map @% : N¢/f(M?) — N/ f(M),
Proposition 2.5 implies that the Fontaine-Laffaille module

(Coker(f), {N'/f(M")}iez, {# }iez)

is well-defined, and it is an object of Mwiﬂ similarly. These construc-

tions give the kernel and cokernel of f in mwatﬂ To show this category

is Abelian amounts to showing that the filtrations {f(M*)};cz (coimage fil-
tration) and {f(M) N N'};cz (image filtration) on f(M) coincide, which is
Proposition 2.5.

On the other hand, applying Proposition 2.5 to the map p"™ : M — M
yields p"M*® = M* N p"M for any n, which implies the second assertion by
an Ext calculation. U

2.2. Associated Galois representations. In this subsection, we will at-
f7[0’p71]

tach to any object M € MF ;" a G i,-module T, (M) in a similar way
to VC*;ys(D), using Acrys instead of Berys. Recall that we have the projective
limit ring

R =1im(O¢/pOc + Oc/pOc¢ + --+),

where every transition map is the p-th power map. For any element x =
(zo,x1,...) € R, take any lift Z; € O¢ of z; and put (™) = lim;_, jfrlurl €
O¢, which is independent of the choice of lifts. Then the ring R is a com-
plete valuation ring of characteristic p with algebraically closed fraction field
whose valuation is given by vg(z) = v,(z(®)) for any element z € R. This
ring admits a natural action of Gk, induced by the action on each entry.
Moreover, using the natural inclusion W (k) — O¢, we consider R as a k-
algebra by the map k — R given by a — ([a], [a*/?], [a*/P°],...). Then the
Witt ring W (R) has a natural W-algebra structure.

We also have a natural W-linear, G g,-equivariant surjection 6 : W(R) —

Oc¢ sending (rg,r1,...) € W(R) to Zlf%o plrl(l). Cho%se a system of p-power
roots of —p in O¢ satisfying ((—p)Y/?"" )P = (=p)V/#' for any 1. Put

B=(=p.(=p)"".(=p)"""",--) € R
and £ = p+ [B] € W(R). Then we have Ker(6) = (). The ring Aeys is by

definition
n

Aarys = W(R)[; | n € Zs]",
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where A means the p-adic completion.

The natural G g,-action on R induces a G'i,-action on Acrys. Other addi-
tional structures on Acys are defined as follows: The p-th power map R — R
induces a natural map ¢ : W(R) — W(R) by (ro,71,...) — (r§,7],...) and
it extends to a ring endomorphism ¢ : Acrys — Acrys. Note that

Ep
»

p—1
WO =p+ ] =t (6= pr =plL+ (174 3 (Pt £
=1

¢p
o+ ).
p
Let FiliAcryS be the closure of the ideal of Acys generated by £"/n! for any
n > 4. Then we have cp(FiliAcrys) C piAcryS for i = 0,1,...,p— 1. Put
p; = p‘igolFﬂi Aerys for such i. The above equality implies

P
(1) (Pl(g) =1+ ; mod pAcrys-
All these structures are compatible with the G'k,-action. By putting
) Acr.ys ('L < 0) ‘ p_igo() (’L < 0)
Azcrys = FﬂZAcrys (0 < { < b — 1) and @%CWS = Pi (0 < l < b— 1)
0 (i = p) 0 (i > p)

we consider the ring Acys as a Fontaine-Laffaille module over W with a
natural G, -action. On the other hand, since Acyys/ Fil"ACWS is p-torsion free
for any ¢, the natural map FiliAcrys / ;U”FiliAC]ryS — Acrys/D" Acrys 1s injective.
Put Fili(Acrys /D" Acrys) = FiliAcrys / p”FiliAcrys. We also have the induced
map @; : Fil'(Acrys /P Acrys) = Acrys/D™" Acrys from ;@ Fil'Acrys = Acrys.
Using these induced structures, we consider Acys / " Acrys and

Acrys,oo = Acrys QLW (KO/W) =~ ligAcrys/pnAcrys

as Fontaine-Laffaille modules over W with a natural G'x,-action similarly,
by setting i-th filtration to be zero for any i > p.

Let M be an object of Miﬂgf U, We define

T"< (M) = Hommw (M7 Acrys,oo)-

crys
This is a W-module with a G,-action induced by the natural action on
Acrys,0o- This construction is functorial on M, and we obtain a functor
. fv[ovp_l]
Torys : ME 00 — RGPZP(GK0)~

crys

Remark 2.7. In [FL82, Théoréme 3.3], an associated Gg,-module with
M is defined as U(M) = Extllvliw(M, Srr) by using the subring Sp;, =
W(R)[%] of Acrys which they denote by S [FL82, Lemme 5.4] and it is
identified by [FL82, Lemme 3.8] with Homwyr,,, (M, SFL,c0), Where Spp, oo =

St @w (Ko/W). In fact, we can show that the natural map Spp, oo —
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Acrys, 0o induces an isomorphism of G r,-modules U(M) ~ T7 (M) (Remark
4.13).

Note that M + M ®y W (k) defines a functor

£,[0,p—1] £,[0,p—1]
MFWtOI‘ MF (k) tor’

The effect of this base extension on the associated Galois representation is
the following. Let I, be the inertia subgroup of G'i,, which we identify
with the absolute Galois group of K§* = Frac(W (k)). By using the natural
embedding W (k) — O¢, we identify the associated Ix,-module T, (M’)

crys
of an object M’ € MF;%S U with

Hommw(m (M, Acrys o)
From this we can see:
Lemma 2.8 ([FL82], 3.11). For any object M € MFV(/[*tfr ”, the natural
map -
Torys(M)| 1, = Torys(M @w W (k)
is an tsomorphism of Ik,-modules.
Now the first main theorem of this article is the following:
Theorem 2.9. (i) ([FL82], Théoreme 3.3 (ii)) The functor T is
exact and faithful.

(ii) ([FL82], Théoréme 3.3 (i)) For any M € MFth’fr U the Zyp-module
Tc*ryS(M ) is of finite length. Moreover, the mvamant factors of the
Zp-module Tpy (M) and the W-module M are the same.

(i13) ([FL82] Theoreme 6.1 (ii)) The restriction of Tp, s to the full sub-
category MFMR’Q U s full.

(iv) The essential image of the restricted functor T : M{/’Iﬁi’f;l]/ —
Rep, (Gk,) is stable under subquotients.

- “p
Next we consider the case where M is free over W. Let r be an integer
satisfying 0 < r < p—1 and M an object of MFfd 0],
G k,-representation with M is defined by
Tc*ryb(M ) = Homyp, (M, Acrys).
f [O r]

Then the associated

Note that M/p"M is an object of MF; From Theorem 2.9 (ii) and
M ~lim M /p" M, we can show that 7 (M ) is a free Z,-module of rank

crys
equal to rankyy (M).

Moreover, put D = M @w Ky, D' = M @y Ko and ¢ = ¢° @ 1. These
define on D a structure of a filtered p-module over Ky, which is admissible
by a theorem of Laffaille [Laf80, Théoreme 3.2]. From the definition, we can

show that the natural map

T (M) ®z, Qp = V(D) = Homg, o ril(D, By,)

crys crys crys
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is an isomorphism of Gk, -representations.

Conversely, let us start from a crystalline G, -representation V' with
Hodge-Tate weights in [0, 7]. Put D = Dy, (V'), which is a filtered ¢-module
over K.

Definition 2.10. A strongly divisible lattice in D is a W-submodule M of
D such that

e M is free of finite rank and M ®w Ko = D,
e o(MND")C p'M for any i,
* ez I%SO(M ND*) = M,.

For such M, put M = M N D and ¢’ = Z%g0| ai- With these structures

we consider M as an object of M%[O’T], and the structure of a filtered ¢-

module on D can be recovered by D! = M @y Kq and ¢ = ¢©° ® 1. Then
we can show the following.

Theorem 2.11. (1) ([FL82], Théoréme 8.4 (1)) For anyr € {0,...,p—

1} and any M € M%[O’T], the p-adic Gk,-representation V =

T:rys(M) ®z, Qp is crystalline with Hodge-Tate weights in [0, 7] sat-
isfying Dg,ys(V) = M @w Ky as filtered p-modules over K.

(i1) ([Bre99], Proposition 3) Suppose v < p — 1. Let V be a crys-
talline Gk, -representation with Hodge-Tate weights in [0, 7] and put
D = D, s(V). Then the functor Tg;ys induces an anti-equivalence
between the category of strongly divisible lattices in D and that of
Gk, -stable Zy-lattices in V.

In fact, the first assertion is now a part of the “weakly admissible implies
admissible” theorem of Colmez-Fontaine [CF00, Théoreme A]. The second
assertion follows from Theorem 2.9, except the essential surjectivity. For
this, by the theorem of Laffaille [Laf80, Théoréme 3.2], D contains a strongly
divisible lattice M. Using Theorem 2.9 (iv), we can modify M to produce the
strongly divisible lattice corresponding with a given Gi,-stable Z,-lattice
in V.

Definition 2.12. A G, -representation T’ € Rep, (Gk,) is said to be tor-
- _ “p

sion crystalline with Hodge-Tate weights in [0, 7] if there exist a crystalline

G k,-representation V' with Hodge-Tate weights in [0, r] and G k,-stable Z,-

lattices T2 T" in V such that T' is isomorphic as a Gk,-module to T/T".

Corollary 2.13 ([BMs02], Theorem 3.1.3.3). For anyr € {0,...,p—2}, the
functor TZ. s induces an anti-equivalence between the category Mwotgl and
the full subcategory of RepZP(G K,) consisting of torsion crystalline G, -

representations with Hodge-Tate weights in [0, 7].
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For this, first we can show by using Corollary 2.6 (ii) that any object

M e M%’iﬂ has a resolution in MFy,

0 L L M 0

with objects L, L' € m;?,’[a’b] [Win84, Proposition 1.6.3]. This and Theorem

2.11 show that the functor in Corollary 2.13 is well-defined, since we have
Toys(M) =~ T:rys(L,)/T:rys(L)‘ Theorem 2.9 and Theorem 2.11 imply that
it is an anti-equivalence.

As we will see in §4, the proof in [FL82] of Theorem 2.9 is based on a
classification of the simple objects of the category Mi 0r=1 3nd an explicit
description of their associated Galois representations, for the case where k is
algebraically closed (Propositions 4.7 and 4.9). They also have the following
interesting corollary. Let h be a positive integer. We define a character

On - Iy — F%, by

g(pl/(ph_l)) —

On(g) = e mod m € pyn (k) = F,,

1

which is independent of the choice of a (p" — 1)-st root pr"-1 of p. It
factors through the quotient Ik,/Pk, by the wild inertia subgroup Pk, .
The character 6y, is called the fundamental character of level h.

Theorem 2.14 ([FL82|, Proposition 4.4 and Théoréme 5.3). Let r be an

integer satisfying 0 < r < p—1 and M an object ofmwlﬂ. Then the semi-

simplification of the Ir,-module T¢. . (M)|ry, is a direct sum of characters
of the form

0’50+pi1+"'+ph_1ih71
h
with integers h > 1 and i; € [0, 7].

In fact, each character appearing in the semi-simplification comes from a
Jordan-Hélder factor N of the Fontaine-Laffaille module M ®y W (k) over
W (k), and the ij’s in the theorem are exactly the integers 7 satisfying Nt £
N+l Thus we have a complete understanding of the semi-simplification
of Tys(M)|r,, in terms of M. As for the extension structure of these
characters, we will prove an estimate of ramification of 77, (M) (Theorem
2.19).

2.3. Relation to crystalline cohomology. Let X be a proper smooth
scheme over W and put X,, = X xy Spec(W,,). For any r € {0,1,...,p—1},
we can give the r-th de Rham cohomology group Hgg (X;,) = H"(X,, Q% ) a

structure as an object of m%r], as follows. The ¢-th filtration for 0 < i <r

is the usual Hodge filtration:
IJSR(‘XH)z = HT(XTH 0’21'93(“),
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where 0>;Q% is the truncation (0 = - =0 — Q% — Q?ﬂl — -+ ) of the
de Rham complex of X,, over W,,. Note that we have the isomorphism

H (X, 050%,) = H'(Xo/Waerys, Ty )s

where the right-hand side is the r-th crystalline cohomology group of the i-
th divided power of the natural ideal sheaf Jx,, ;w, on the crystalline site of
X, /W, [Bert74, Chapitre V, Corollaire 2.3.7]. Hence we obtain a crystalline
Frobenius map ¢° : Hz(X,) — Hiz(X,), and by [FMe87, 11, 2.3] we can
also define a o-semilinear map

¢t H' (X, 05:0% ) = Hip(Xy).

Theorem 2.15 ([FMe87], II, Corollary 2.7 (ii)). With these structures,

Hl(X,) is an object of mfw[(lﬂ

£,[0,7]

For any M € MF;/ -, the map FillAcrys Qw Mt - Acrys @w M is

injective, since Acrys/ FillAcrys is p-torsion free and the W-submodule M~ of
M is a direct summand by Corollary 2.6 (ii). Using this, we give Acrys@w M
the tensor product structure as a Fontaine-Laffaille module. Namely, we put

(Acrys Rw M)Z = Z Af:rys Qw Mi_l
leZ

and cpfélcrys owM = 2olez gof%rys ® soi]\}l. We define
TcryS(M) = ((Acrys Qw M)T)LPTZI(_T%

where (—r) means the Tate twist. Note that we can show Tepys(M) =~
Téys(M)Y [Bre98b, Proposition 3.2.1.7]. Then we can state a torsion version
of the comparison isomorphism between etale and de Rham cohomology.

Theorem 2.16 ([FMe87|, III, Remark 6.4). For any r € {0,...,p — 2},
there exists a natural isomorphism of G g,-modules

TcryS(HgR(Xn)) ~ Hy (X xw SPGC(K%Z/F”Z)‘

From this and Theorem 2.14, we obtain the following corollary, which
settles a conjecture of Serre [Ser72, 1.13] on tame characters appearing in
torsion etale cohomology of proper smooth schemes over Ok, for the case
where K is absolutely unramified.

Corollary 2.17 ([FMe87], I, 3.2). Let X be as above. Then the semi-

simplification of the Ix,-module Hy (X xw Spec(K),Z/p"Z)|1y, is a direct
sum of characters of the form

9*(i0+pi1+-"+ph_lih71)
h

with integers h > 1 and i; € [0,7r].
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2.4. Ramification of torsion crystalline representations. For any fi-
nite Galois extension L/K in K and any j € R>_;, we have the j—th'up-
per numbering ramification subgroups Gal(L/K)’ C Gal(L/K) and G%, =
I'&nL/K Gal(L/K)’ C Gk [Ser68, Chapitre IV]. Put G%) = G?l. We also

define G]I? to be the closure of the union | J G]I‘;, and similarly for G%”.

J'>j
Then GQH is equal to the inertia subgroup Ix, and G?;’ is equal to the wild
inertia subgroup Pg. For any finite Galois extension L/K in K, the value

upx = inf{j € Rag | G C Gr}

measures the extent of ramification of L/K. For example, uy g = 0 if and
only if L/K is unramified and uy,x = 1 if and only if it is tamely ram-
ified and not unramified. It is also related to the different Dy [Fon85,
Proposition 1.3], and used as a local term to calculate the different and
the discriminant of a finite extension of number fields. In algebraic num-
ber theory, imposing local constraints in terms of ramification everywhere
often yields the finiteness, and even the non-existence, of number fields. For
example, the Hermite-Minkowski theorem states that for any integer d and
any finite set S of primes, there exist only finitely many number fields of
degree d which are unramified outside S, and that there exists no nontrivial
unramified extension over Q.

More generally, a Gg-representation V is said to be unramified (resp.
tamely ramified) if Ix (resp. Pk) acts trivially on V. We want to study
ramification (resp. wild ramification) of V', namely how far V is from un-
ramified (resp. tamely ramified) ones. For any p-adic Gi-representation V'
of finite local monodromy (in other words, when Ik acts on V' through a
finite quotient), the Artin and Swan conductors

Art(V) = 3 jdimg, VIR /VER | Sw(v) =3 jdimg, VOK VO,

§>0 §>0
which are integers by the Hasse-Arf theorem, measure the extent of ram-
ification and wild ramification of V', respectively. They are also used, for
any number field F' with absolute Galois group Gr and any p-adic Gp-
representation V' which factors through a finite quotient, to compute the
global Artin conductor of V'

Ay = I pMlen),
pESpec(OF)
which appears in the functional equation of the Artin L-function of V.

If V' is not of finite local monodromy (say V' is Hodge-Tate with a non-zero
Hodge-Tate weight), these definitions of conductors do not work well. When
V is de Rham, one way to study ramification is to pass to the Weil-Deligne
representation Dy (V'), by which any crystalline representation is considered
unramified. For any number field F' and any p-adic G p-representation V'
which is unramified outside a finite set of places and de Rham at any place
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dividing p, by using D (V') at places over p and Grothendieck’s monodromy
theorem at places over primes [ # p, we can attach to V a Gg,-representation
of finite local monodromy for any finite place v of F' and can define the global
Artin conductor Art(V') for V.

For the case where F' = Q and V' is of dimension two over a coefficient field
which is a finite extension of Q,, Fontaine-Mazur [FMa95] conjectured that
such V' is modular, namely it is isomorphic to the p-adic Gg-representation
attached to an elliptic modular form of level equal to the global Artin con-
ductor Art(V') and weight determined by the Hodge-Tate weights of V|GQp’
Such modularity theorems often give finiteness or non-existence results for
global objects, since the set of normalized Hecke eigenforms of fixed level
and weight is finite, and even empty for some cases. One of the examples of
such results is the proof of Fermat’s last theorem [TW95, Wil95] via prov-
ing modularity of elliptic curves over Q (the Shimura-Taniyama conjecture).
The Fontaine-Mazur conjecture was proved in many cases by works of Kisin
[Kis10] and Emerton [Emell+].

Another way to study ramification of a p-adic G g-representation V', which
we will consider in this article, is to take a Gg-stable Zy-lattice T" in V
and consider its quotients T'/p"T. Define the finite extension L, /K by
G, = Ker(Gxg — Aut(T/p"T)). Then by a theorem of Sen [Sen72], there
exists a constant ¢ such that for any n we have

e(n—rc) <wup,/xk <e(n+c).

Though uy,, /x itself depends on the choice of a lattice T', we may consider
that such an estimate of ramification reflects how good V is. In fact, for the
case where V is crystalline with Hodge-Tate weights in [0, 1], the G g-module
T /p"T is isomorphic to the one attached to a finite flat (commutative) group
scheme over Ok, and we have the following upper bound of ramification:

Theorem 2.18. ([Fon85], Théoréme A and Corollaire) Let G be a finite flat

group scheme over Ok which is killed by p™. Then the subgroup G%) acts

trivially on the G -module G(K) for any j > e(n+1/(p — 1)). Namely, if
we define a finite Galois extension L/K by G = Ker(Gx — Aut(G(K))),
then we have )
< —).
U’L/K S e(n+p_ 1)
Moreover, we have vk (Dp i) < e(n + ﬁ), where Dy, /¢ is the different of
L/K.

Fontaine’s proof makes an essential use of the fact that G is locally of
complete intersection over O, while the special case of n = 1 and e = 1
was obtained independently by Abrashkin [Abr87] via the theory of Honda
systems (§2.5). Combining this theorem with the Odlyzko bound of the root
discriminant of a number field, Abrashkin and Fontaine deduced that there
exists no Abelian variety with everywhere good reduction over QQ, and even
over a couple of other small number fields [Abr87, Fon85]. Note that Faltings



16 SHIN HATTORI

[Fal83] proved that for any number field F', any finite set S of places of F
and any positive integer g, there exist finitely many isomorphism classes of
Abelian varieties over F' of dimension g which has good reduction outside
S. These generalizations of the Hermite-Minkowski theorem to Abelian
varieties had originally been conjectured by Shafarevich.

On the other hand, Fontaine also conjectured that, for any proper smooth

scheme X over Ok, the subgroup G%) acts trivially on the Gx-module

HL (X oy Spec(K),Z/p"Z)

for any j > e(n+i/(p—1)) [Fon85, Remarques 2.2]. Though this conjecture
is still wide open, Abrashkin and Fontaine independently gave a proof for
the case where K = Ky, i < p—1and n = 1. Theorem 2.16 reduces it to
the following theorem on ramification of Galois representations associated
with Fontaine-Laffaille modules, which is the second main theorem of this
article.

Theorem 2.19 ([Abr89b], §2, Assertion 8.1 and [Fon93|, Théoreme 2). Let

r € {0,...,p— 2} be an integer and M an object of the category MZ’[O’T].

Then the subgroup G% acts trivially on the Gk,-module T2 (M) for any
j>1+r/(p—1). Namely, if we define a finite extension L/Ky by Gp =
Ker(Gk, — Aut(Ty5(M))), then we have

r r
U’L/Ko < 1+ E, UK()(DL/KO) <1+ pj

Moreover, this also holds forr =p—1 and M € mz[o,p—l]"

For 0 < r < p— 2, Corollary 2.13 implies that the same assertions as
Theorem 2.19 hold for any torsion crystalline G, -representation T with
Hodge-Tate weights in [0,7] such that pT' = 0. Note that ur K, = 0 for
r = 0, since Corollary 4.6 shows that the Gx,-module T}, (M) is unramified

crys
£,[0,0]
for any M € ME,"".

2.5. Classification of finite flat group schemes. Another application
of Fontaine-Laffaille modules is a classification theory of finite flat group
schemes killed by some p-power over W. First recall the classification of
finite group schemes over k via Dieudonné modules. Let G be a finite group
scheme over k£ which is killed by some p-power. Let G® be the pull-back
of G by the Frobenius map Spec(c) : Spec(k) — Spec(k). Let Fg : G —
G and Vg - G®) — G be the (relative) Frobenius and the Verschiebung
homomorphisms of G. On the other hand, a Dieudonné module over W is
a W-module M endowed with a o-semilinear endomorphism F and a o~ !-
semilinear endomorphism V satisfying 'V = VF = p. Then there exists an
anti-equivalence
G — M;(G)

from the category of finite group schemes over k& which are killed by some
p-power to that of Dieudonné modules over W whose underlying W-module
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is of finite length, in a way that F' and V' correspond with Fg and Vg, respec-
tively [Fon77, III, Théoreme 1]. Moreover, M} induces an anti-equivalence
between the category of p-divisible groups over W and that of Dieudonné
modules over W whose underlying W-module is free of finite rank [Fon77,
Proposition 6.1].

The crystalline Dieudonné theory of Grothendieck-Messing [Gro74, Mes72]
suggested that finite flat group schemes and p-divisible groups G over W
should be classified by a pair of the Dieudonné module associated with the
special fiber G = G xy Spec(k) and its submodule (the Hodge filtration).
Fontaine constructed such a classification via Honda systems, which were
named after a work of Honda [Hon70] (see [Fon77, IV, Théoreme 1] for p-
divisible groups, and [Con99, Fon75] for finite flat group schemes, where we
need the additional assumption that group schemes are unipotent or p # 2).
Using this, Fontaine-Laffaille also obtained the following:

Theorem 2.20 ([FL82], 9.11 and Proposition 9.12). Suppose p # 2. Then
there exists an anti-equivalence ILM from the category of finite flat group

schemes over W killed by some p-power to the category Mwouﬂ, with a
natural isomorphism of G,-modules

G(K) = Toys(ILM(G)).

crys

The same assertion holds for any p if we restrict to the category of finite
£,00,1]

flat unipotent group schemes and MFE ;7 ©.

The Fontaine-Laffaille module M = ILM(G) for a finite flat group scheme
G over W is defined as follows: the underlying W-module M is M =
M;(G) @w,s W for the special fiber G. The first filtration M 1is the im-

age by V : M7 (G) — M;(G) @w,, W of the Hodge filtration L C M7 (G).
The restricted map V|, is injective, and the Frobenius structure on M is
defined by ©° = F and ¢! = V1,

3. FURTHER DEVELOPMENTS

3.1. Applications and generalizations of the Fontaine-Laffaille the-
ory. Typical applications of the Fontaine-Laffaille theory are as follows:

(i) Studying crystalline deformation rings, especially to prove modu-
larity of Galois representations for number fields unramified over p
[BeK13, CHT08, DFG04, FMa95, Fujo6+, Ram93, Tay03, Tay06,
Tay08, TW95, Wes04, Wil95].

(ii) Studying the reduction modulo p of G, -stable Z,-lattices in crys-
talline G g, -representations, and of Galois representations attached
to modular forms of level prime to p [BMz02, Dim05], including a
generalization of Serre’s conjecture [Ser87] on modularity of mod p
Gq-representations to totally real number fields unramified over p
[Geell].



18 SHIN HATTORI

(iii) Proving a rareness of global objects satisfying strong local con-
straints everywhere [Jos99], including a vanishing of Hodge num-
bers for algebraic varieties over Q with everywhere good reduction
[Abr89b, Fon93].

Integral p-adic Hodge theory itself has also been highly developed and
used for applications where original theories stated above are not available—
under ramification of the base field K or with larger range of Hodge-Tate
weights.

First we remark that the theory of Honda systems was generalized to the
case where the base field is ramified by Fontaine himself [Fon77] to obtain a
classification of p-divisible groups over O for the case of e < p—1, and also
their classification up to isogeny for any e. For finite flat group schemes over
Ok, a classification via Honda systems was obtained by Conrad [Con99] for
the case of e < p — 1 and applied to the proof of a case of the Shimura-
Taniyama conjecture which was not treated by Taylor-Wiles [CDT99).

Note that Theorem 2.9 (iii) does not hold for r = p—1, a counterexample
with p = 2 being given by the isomorphism of Gk,-modules py — Z/2Z.
By considering a category of filtered G'i,-modules, Abrashkin constructed
a modified version of the functor T¢, s which is fully faithful [Abr89a] and
deduced the above vanishing of Hodge numbers for weight p — 1 [Abr89b].

On the other hand, Faltings [Fal89] established a version of the Fontaine-
Laffaille theory in families, in which the coefficient ring of Fontaine-Laffaille
modules is not W but the structure sheaf of a proper smooth scheme over
W, and generalized Theorem 2.16 and Theorem 2.20 to a relative situation.

The assumption » < p—1 is crucial for the Fontaine-Laffaille theory, since
the map p~‘¢ on FiliAcryS is well-defined only for ¢ < p—1. This was one of
the difficulties for studying subquotients of crystalline representations with
larger range of Hodge-Tate weights. Integral theories without any restriction
on Hodge-Tate weights have been developed in two ways: theories of Wach
modules and Kisin modules.

3.2. Wach modules. Consider the infinite extension K ((p=) = ,, K({pn)
of K obtained by adjoining all the p-power roots of unity. It is a Galois exten-
sion over K which is arithmetically profinite with Galois group ', and thus
the theory of fields of norms of Fontaine-Wintenberger [Win83] can be ap-
plied. This theory shows that the Galois group G (¢ ) = Gal(K /K ({p))
is isomorphic to the absolute Galois group of the field of Laurent power se-
ries [((m)) over the residue field [ of K ((pe<). Thus the category of Gg (¢ )
modules is equivalent to that of Gj((r))-modules.

Fontaine [Fon90] showed that the latter is also equivalent to a category of
p-modules over the p-adic completion Og¢ of the ring of Laurent power series
W (D)[[r]][1/=]. Here, for any ring B endowed with a ring endomorphism
¢ : B — B, a p-module over B is a B-module M with a @-semilinear
map @pr : M — M which we often denote abusively by ¢. We can define a
natural Frobenius map ¢ on the ring O¢, and we consider ¢-modules over Og¢



INTEGRAL p-ADIC HODGE THEORY 19

with respect to this map. The ring Og has a natural I'-action, and he also
showed that the category of G ix-modules which are finite over Z,, (resp. Q)
is equivalent to a category of such p-modules over Og (resp. £ = Frac(Og))
with a compatible I'g-action, which are called (¢, ' )-modules.

For the case of K = Ky, we can study crystalline G,-representations
and their subquotients with this construction: The theory of Wach mod-
ules [Berg04, Col99, Wac96, Wac97] tells us that for any crystalline Gg,-
representation V' with non-negative Hodge-Tate weights, there exists a nice
(¢, 'k, )-stable W/[[r]][1/p]-lattice N(V') in its associated (¢, I k,)-module
D(V') over € such that V — N(V') gives an equivalence of categories. More-
over, there also exists an equivalence between the category of G, -stable
Zy-lattices in V' and a category of (¢, 'k, )-stable W{[n]]-lattices in N(V').

Wach modules are typically used for a study of the reduction modulo p
of crystalline G k,-representations with larger range of Hodge-Tate weights
[Bergl2, BLZ04, CD11, Doul0]. Another interesting feature of Wach mod-
ules is a relation to Iwasawa theory [Ben00, BB08, Berg03, LLZ10, LLZ11,
LeZ12, LoZ13].

The theory of Wach modules generalizes to a case where K is absolutely
ramified [KR09] by using the Lubin-Tate extension for K instead of the cy-
clotomic extension Ko((p), to give a classification of Gi-stable Op-lattices
in a class of crystalline Gx-representations with coefficients in a finite ex-
tension F' of Q, which is called F-analytic. Such a Lubin-Tate version of
(¢, 'k, )-modules has also been investigated in an attempt to generalize the
p-adic Langlands correspondence for GL2(Qp) to p-adic local fields other
than Q, [Bergl3, FX13].

3.3. Breuil modules. On the other hand, for any integer r satisfying
0 < r < p-—1, let us think of generalizing the Fontaine-Laffaille theory
to semi-stable representations, by naively adding a monodromy operator
N to Fontaine-Laffaille modules M € mﬁl}[o’ﬂ. Then dividing the usual
relation No = ppN by pt! yields Np't! = p'N for any i, which forces
us to impose the Griffiths transversality N(M*™!) C M*® on M, and thus
N(D*1) C D% on the filtered (¢, N)-module D = M ®y Ky. However,
admissible filtered (¢, N)-modules over K do not satisfy it in general. This
difficulty was resolved by Breuil [Bre97], who proved that the category of
filtered (¢, N)-modules over K is equivalent to a category of filtered (¢, N)-
modules over a ring Sk, satisfying the Griffiths transversality. Here the ring
Sk, is defined as follows: Let mx be a uniformizer of K and E(u) € W{u]
the minimal polynomial of wx over W. Then we put

E(u)"

S = Wil[=

| n e Zzo]/\, SKO = S@W KO)

where A means the p-adic completion. The ring S has a natural divided
power filtration Fil’S for i > 0, a o-semilinear Frobenius endomorphism ¢
sending u to uP, a derivation N satisfying N(u) = —u, and a @p-semilinear
map ¢; : Fil'S — S for 0 < i < p — 1, which define a similar structure
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on Sk,. For any filtered (¢, N)-module D over K, the equivalence is given
by D — D = D ®g, Sk, with the induced ¢, N and a filtration defined
using the isomorphism D/E(u)D ~ Dg. Note that the ring S/p"S had also
appeared in a work of Kato [Kat94].

Using this construction, Breuil generalized the Fontaine-Laffaille theory to
the case of semi-stable representations with Hodge-Tate weights in [0, r]. Let
D be a filtered (¢, N)-module over K satisfying D% = Dy and DTK+1 =0.
His idea is to consider S-lattices in D = D ®k, Sk, and their subquotients,
instead of W-lattices in D itself. In other words, we consider a category of
filtered S-modules M with a Frobenius structure and a derivation, which
are called Breuil modules. It turned out that we have to keep only the last
filtration Fil" M in the definition of filtered S-modules, to make a variant of
Proposition 2.5 hold. Then Theorem 2.9 and Theorem 2.11 were generalized
to this semi-stable variant by Breuil [Bre98a, Bre99| (whene =1, r < p—1)
and Caruso [Car06] (when er < p —1).

Theorem 2.14 and Theorem 2.16 were also generalized under these as-
sumptions [Bre98a, Bre98b, Car06, Car08], which yield the aforementioned
conjecture of Serre on tame characters appearing in torsion etale cohomol-
ogy, even for the case of semi-stable reduction. Though such a comparison
isomorphism for integral or torsion coefficients as in Theorem 2.16 does not
seem to exist for general e and r, Bhatt-Morrow-Scholze [BMS18] proved
certain comparison results between etale and crystalline cohomology of in-
tegral coefficients without any assumption on e and r.

Note that the control on tame characters mentioned above was applied to
show the non-existence or a rareness of global objects having good properties
everywhere [Ozell, Ozel3b, OT14]. Moreover, a classification of finite flat
group schemes and p-divisible groups over Ok via Breuil modules was also
obtained by Breuil himself [Bre00] for p > 3.

Breuil modules have also been applied to modularity theorems [Sav04,
Sav05], including the complete proof of the Shimura-Taniyama conjecture
[BCDTO1], to a study of the reduction modulo p of semi-stable represen-
tations [CS09, CS10] and to that of generalized Serre conjectures [EGH13,
Geell, GLS12].

3.4. Breuil-Kisin classification of finite flat group schemes. Another
breakthrough on integral p-adic Hodge theory was also brought by Breuil.
In search of a classification of finite flat group schemes over O which is
valid for p = 2, he proposed the idea of a classification via @-modules over
W{[u]] and, using the classification via Breuil modules [Bre00], proved such
a classification for the case where group schemes are killed by p > 3 [Bre98+,
Bre02].

One of the advantages of this theory is that we can control the G-
module G(K) associated with a finite flat group scheme G over Ok very
easily. In fact, choose a system of p-power roots (my,)n>0 of mx satisfying
Ty = MK, Toyq = T and put Ko = |J,, K(m,). This is an arithmetically
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profinite non-Galois extension over K and thus, via the theory of fields of
norms [Win83], the category of G k__-modules is equivalent to a category of
p-modules over Og = W{[u]][1/u]”. Let G be a finite flat group scheme over
Ok which is killed by p > 3, and let M be the ¢-module over Og¢/pO¢ =
k((u)) associated with the Gk -module G(K)|g,_. Then Breuil proved
that G is classified by a @-stable k[[u]]-lattice 9t in M such that the cokernel
of the map 1 ® ¢ : k[[u]] ® g M — 9N is killed by E(u), and thus we can
recover G(K )|, from 9. We do not lose information by the restriction to
GK..» since he also proved that the restriction functor G(K) — G(K)|g,_.
from the category of G x-modules attached to finite flat group schemes over
Ok killed by some p-power to that of Gk _-modules is fully faithful.

Kisin established such a classification valid for any finite flat group schemes
killed by some p-power and any p-divisible groups over Ok for p > 3
[Kis06, Kis09a], and combining it with his modified Taylor-Wiles patching
argument, he generalized modularity theorems to the case where the base
number field is highly ramified over p [Kis09a]. The p-module 9 is often
referred to as the Breuil-Kisin module associated with G.

Breuil-Kisin’s classification has been generalized in various ways. Firstly,
the classification theory of finite flat group schemes and p-divisible groups
over Ok was completed, after a work of Kisin [Kis09b] treating the case
where p = 2 and group schemes are unipotent, independently by Kim
[Kim12], Lau [Laul4] and Liu [Liul3]. We also have a similar classifica-
tion of finite flat group schemes and p-divisible groups over regular rings
[Kim15, LaulO, VZ10], whereas the theory of displays [Zin02] provides a
classification theory of formal p-divisible groups applicable for more general
base rings, via much more complicated semilinear algebraic data.

Let us mention that Scholze-Weinstein [SW13] gave a striking classifi-
cation of p-divisible groups over O¢ by certain linear algebraic data, not
semi-linear algebraic data like Breuil and Breuil-Kisin modules. For any
p-divisible group G over Oc¢, we have the pair of the Tate module T},(G)
and an injection of C-vector spaces Lie(G) ®o, C(1) — T,(G) ®z, C, where
Lie(G) denotes the Lie algebra of G and C(1) the Tate twist of C. They
proved that the category of such pairs is equivalent to that of p-divisible
groups over O¢.

The Breuil-Kisin classification of finite flat group schemes turned out
to be useful also for studying the Hecke operators at places dividing p on
the space of p-adic modular forms, via an analysis of canonical subgroups
[Hat13, Hatl4a, Kas13, Tial4].

3.5. Kisin modules and (¢, G‘)—modules. Secondly, for any r > 0, Kisin
studied ¢g-modules M over W{[u]] such that the cokernel of the map 1® gy :
W] @, wip M — M is killed by E(u)", which are often called Kisin mod-
ules, and also those endowed with an endomorphism N on (9t/udN) @y Ko,
which are called (¢, N)-modules over W{[u]]. He proved that the category
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of admissible filtered (¢, N)-modules D satisfying D% = Dy can be con-
sidered as a full subcategory of the isogeny category of (¢, N)-modules over
W{[u]]. This new classification of semi-stable G i-representations was used
to prove the existence of potentially semi-stable deformation rings [Kis08],
which led to proving many cases of the Breuil-Mézard conjecture and the
Fontaine-Mazur conjecture [Kis09c¢| and to a construction of the p-adic local
Langlands correspondence for GLy(Q)) [Kis10].

Kisin’s theory also enables us to have a control on Gk __-stable Z,-lattices
in semi-stable G i-representations. Moreover, for < p—1, by tensoring the
ring S over W{[u]] along the map ¢ with Kisin modules, we obtain Breuil
modules without derivation, and to recover not only the Gi__-action but
the G'i-action amounts to giving it a derivation. Using these features, Liu
generalized Theorem 2.11 to semi-stable representations with Hodge-Tate
weights in [0,p — 2] which is valid for any K, in terms of Breuil modules
[Liu08] (the unipotent case with Hodge-Tate weights in [0, p — 1] was shown
by [Gaol7a]). Kisin’s theory was generalized to the case where the residue
field k is imperfect [BTO08], using a framework of p-adic Hodge theory for
imperfect residue fields [Bri06].

On the other hand, since K, /K is not Galois, it is not so easy to study
the action of the whole Galois group G i on semi-stable G g-representations
via Kisin’s theory, unless the range of Hodge-Tate weights is small. Liu
overcame this difficulty, by considering the Galois closure Ko ((p~)/K of

Ko, its Galois group G = Gal(K(¢p)/K) and a category of ¢-modules
M over W[u]] with a G-action on a scalar extension iDT@WHu]WfQ, which are

A~

called (p, G)-modules [Liu07, Liul0]. He proved an anti-equivalence between
a category of (¢, G’)—modules and the category of Gi-stable Z,-lattices in
semi-stable G g-representations generalizing Theorem 2.11, without any re-
striction on Hodge-Tate weights nor on the base field K. It was also applied
to a study of generalized Serre conjectures [GLS14]. For the case of K = K,

the Gk, -stable Z,-lattices in crystalline G'i,-representations are classified

A~

both by Wach modules and (g, G)-modules, and the attached Wach module
to such a lattice can be recovered from the attached (g, G)-module [Liul8].
More generally, we can develop a variant of the theory of (¢, I'k,)-modules
using (3 instead of I'k, [Carl3, Ozel3a, Tav1l].

Using these developments on integral p-adic Hodge theory, Theorem 2.19
was also generalized for subquotients of semi-stable representations, which
have a worse ramification bound [BMs02, Hat09, Carl3, CL11]. Abrashkin
proved a similar ramification bound and applied it to a vanishing of Hodge
numbers of algebraic varieties over Q with everywhere good reduction except
semi-stable reduction at 3 [Abrl3]. He also found a new method to prove
such a ramification bound of G'g-representations, by using a non-canonical
isomorphism between two complete discrete valuation fields of equal charac-

teristic, and generalized Theorem 2.19 to the case where Fontaine-Laffaille
modules are not killed by p [Abrl4, Abrl5].
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3.6. Ramification theory. The classical ramification theory as reviewed
in §2.4 has been typically applied to:

(i) Definitions and calculations of invariants of global objects via lo-
cal terms concerning ramification, such as the global Artin con-
ductor and the Grothendieck-Ogg-Shafarevich formula to compute
Euler-Poincaré characteristics of [-adic sheaves over algebraic curves
[GroT77].

(ii) Proving the non-existence or a rareness of global objects satis-
fying strong local constraints everywhere, such as Abelian vari-
eties [Abr87, BrK01, BrK04, BrK14, Fon85, Schf03, Schf05, Schf12,
Verl3], algebraic varieties [Abr89b, Abr13, Fon93] and Galois rep-
resentations [Bru99, Bru05, Jos99, Moo00, Moo03, MT03, Tat94],
generalizing the Hermite-Minkowski theorem.

(iii) The theory of fields of norms of Fontaine-Wintenberger, to give an
isomorphism between the absolute Galois group of an arithmetically
profinite extension of a complete discrete valuation field of mixed
characteristic with perfect residue field and that of a complete dis-
crete valuation field of equal characteristic [Win83].

(iv) The theory of close local fields, including a comparison of abso-
lute Galois groups of complete discrete valuation fields of mixed
and equal characteristics with the same perfect residue field mod-
ulo ramification subgroups [Del84], especially to deduce the local
Langlands correspondence of reductive groups for the equal char-
acteristic case from the mixed characteristic case [ABPS16, Ganl15]
by combining with [Kaz86].

(v) A local version of the Grothendieck conjecture, which states that
any local field can be recovered from its absolute Galois group and
ramification subgroups [Abr00, Abr10, Moc97].

In the classical ramification theory as in [Ser68|, it is crucial that the
residue field & is perfect and thus for any finite extension L/K, the Ok-
algebra Op, is generated by a single element. In general, for any finite Galois
extension L/K, we can define the i-th lower numbering ramification sub-
group

Gal(L/K); = Ker(Gal(L/K) — Aut(Or,/m’™)).

For the case where k is perfect, we can prove, by using the monogenicity
of Op, that the j-th upper numbering ramification subgroup Gal(L/K)J =
Gal(L/K)y, ,.(j) is compatible with quotients, where 1k is the Herbrand
function. This enables us to take the projective limit to define the ramifi-
cation subgroup G% of Gk. However, when k is imperfect, the lower num-
bering ramification subgroups are not necessarily compatible with quotients
even after renumbering.

After various attempts to define appropriate ramification subgroups of
Gk when k is imperfect, including especially a work of Kato for Abelian
extensions [Kat89], different definitions were proposed independently by
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Abbes-Saito [AS02, AS03] (geometric definition via connected components
of analytic varieties), Borger [Bor04] (reducing to the case of perfect k via
the universal residual perfection), Kedlaya [Ked07a] (differential definition
via (¢, V)-modules over the Robba ring) and Zhukov [Abr02, Zhu03] (for
higher dimensional local fields, via induction from lower dimensional ones).

Each definition has its own advantages and applications. Abbes-Saito’s
definition was used to define characteristic cycles of etale sheaves on higher
dimensional algebraic varieties to compute their Euler-Poincaré character-
istics [Sai09, Sail5]. One of the advantages of their definition is that it
also gives a ramification theory of finite flat algebras over Og. With this
framework, Theorem 2.18 can be shown easily from the fact that multiplica-
tive groups are minimal in the category of finite flat group schemes over
Ok [Hat06]. This advantage was also used to prove the overconvergence
of canonical subgroups of Abelian varieties [AM04, Hat13, Hat14a, TialO,
Tial2] and a generalization of the theory of close local fields to the case of
imperfect k& [Hat14b].

Kedlaya’s definition is more flexible about base extensions than Abbes-
Saito’s. One of its consequences is that we can show the integrality of the
Swan conductor generalizing the classical Hasse-Arf theorem much more
easily [Ked07a], via a reduction to the case of perfect k by adding p-basis
to k and “rotate” in the enlarged space to make ramification concentrate
on the uniformizer direction. This differential version of ramification theory
was used to prove a conjecture of Shiho [Shi02, Conjecture 3.1.8] on semi-
stable reduction of overconvergent F-isocrystals on smooth varieties over a
perfect field of characteristic p [Ked07b, Ked08, Ked09, Ked11]. In Zhukov’s
definition, ramification subgroups are multi-indexed, and it is suitable for
a detailed study of the structure of Gg. It was used for a proof of a two
dimensional analogue of the Grothendieck conjecture [Abr03] and a gener-
alization of the theory of fields of norms to higher dimensional local fields
[Abr07]. Note that the theory of higher fields of norms was also obtained in
different ways for more general settings [And06, Schl06] and generalized to
the theory of perfectoid spaces [Schz12].

Among these different definitions, the comparison between Abbes-Saito’s
and Kedlaya’s has been well studied. Note that a differential interpretation
of the classical ramification theory had been investigated, for example, by
[Cre00, Ked05, Mat02, Tsu98|. For the case of imperfect k, after works of
Matsuda [Mat04] and Chiarellotto-Pulita [CP09], Xiao proved that these
two definitions (and also Borger’s for the equal characteristic case) yield the
same Artin and Swan conductors for almost all the cases [XialO, Xial2],
from which the integrality of the conductors for Abbes-Saito’s definition
follows.
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4. SKETCH OF PROOFS

In this section, we sketch the proofs of Theorem 2.9 and Theorem 2.19,
following [FL82] and [Fon93]. The key ideas for the proofs are twofold:
First, by a dévissage argument, we reduce a large part of the proofs to a

study of simple objects in the category mfk,[o,p —1

, which we can classify
completely. Second, passing from the period ring Acrys/pPAcrys to O /pOg
by using the first projection pr; : R — O /pOj, we reduce a study of the
G k,-module T (M) to a study of equations over W and their solutions in
Of. The latter enables us especially to prove the aforementioned estimate
of ramification. Let us mention that another proof of the Fontaine-Laffaille
theory was given by Gao [Gaol7b].

Note that, as we remarked before (Remark 2.7), the original arguments
in [FL82] used the subring Sy, instead of Agrys, while almost verbatim argu-
ments are valid also for our period ring Ay which is more standard these
days. To mediate these two period rings and also to make the notation

simpler, in this article we will mainly work on the ring

A — Im(SFL/pSFL — Acrys/pAcryS)'

4.1. Cutting off higher divided powers. Put RPY = Acrys/PAcrys. We

consider this ring as an object of mg}’p 1] as before. Note that a divided
power structure on this ring is induced from that of Acys: we put the [-th
divided power v,(z) of z € Fil' RPY = Fil' A,y /pFil' Acrys by

1
Vl(x) = Vl(i‘) mod pAcrys - % mod pAcryS

with any lift & of x in FillAcrys. The ring RPY is also the divided power
envelope of the surjection pr, : R — Ok /pOf by [BO78, Remarks 3.20 (8)].

Recall that we have defined the element 8 = (—p, (—p)/P,...) of the ring
R before. The surjection pry; : R — Of/pOg induces a o~ !-semilinear
isomorphism of rings R/SPR — O /pOx sending £ to (—p)'/P. Since P =
p!p(8) = 0 in the ring RPY, we can consider the ring RPY as an (O /pOf )-
algebra by the map Og/pOr ~ R/BPR — RPY. For any divided power
ideal I of a ring and = € I, we put 6(z) = (p — 1)!v,(2) and write 6'(z) =
(6 0---00)(x) for the [-times iteration of 4. Then we can describe the
structure of the ring RPY as follows:

Lemma 4.1. The ring homomorphism
(Og/POR) Y1, Yo,/ (YD, YD, ...) = RPY

sending Yy to 8'(B) is a o-semilinear bijection, by which we identify both
sides.
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Proof. Put £ = p+ [B] € W(R) as before. It is enough to show a similar
W (R)-linear map

n

W(R)[Y1, Yz, .. /(€ =pY1, Y —pYa,..) = W(R)PY = W(R)[2; [ n € Z)

defined by Y] + 6'(¢) is an isomorphism. From the definition, we see that
the map is surjective, and isomorphic after inverting p. Thus it is enough
to show that the ring on the left-hand side is p-torsion free. Put

B =W(R)[Y1,....Yi|/(§" —pY1,..., Y| —pY)).

For any ring B without p-torsion and any element x € B, if the image of z
is a regular element of B/pB, then B/xB is p-torsion free. Since the image
of & is a regular element of R, we see inductively that B;[Yi41]/ (Y} —pYi41)
is p-torsion free. Taking the inductive limit yields the claim. (]

Using this identification, we can explicitly describe additional structures
of RPY such as G, -action, filtration and Frobenius maps (see [FL82, 5.9],
where they consider the subring Sgr, = W(R)[%] of Acrys with similar ex-
plicit description modulo p). The action of g € Gk, is written as

90D a0 Y = Y glan, )Y Y
llv“'vln 117“'7ln

where a;, 1, € Og/pOg. Indeed, from the definition of the divided power
structure on RPY, we have §(z) = §(#) mod p for any x € Fil! RPY, where &
is any lift of x in FillAcrys. Putting g(8) = Be® with & = (1,(p, (p2,...) and
a € Zy, we have

9(6(8)) = 0(g(£)) mod p = 6(& + [B]([e]* — 1)) mod p

=0+ 3o (7)eier - 17+ o - 1 mod p
=1

p—1
=3+ 3 (7) e - 0t e - 1) = 0(9)
=1
since 8P = 0 in RPF. Thus we obtain g(Y1) = Y7 and ¢(Y;) = Y] for any [.
Moreover, the ideal Fil' RPY of RPY is written as
Fil' RPP = ((=p)"/7,Y; [1>1) (i<p—1), FiPR"" =(v;[1>1).

Recall that we consider RPY as an object of M?’p -1 by putting (RPY)" =
Fil'RPP for 0 <i < p—1 and (RP?)? = 0. For any i € {0,...,p — 1}, write
any element x in the i-th filtration as

T =x0+ Z x1Y; + (higher terms)
>1
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with g € (—p)"/P(Or/pOg) and z; € O /pOg. Let iy be any lift of z( in
Og. From the equality (1) in §2.2, we obtain

(fﬁ)i (1 + Yl)i (@ <p-— 2)’

Pl2) =4 Ch(l+ 1) +af (i=p—1, p>3),
&g i .
(—g)i(lJrYl) +Zzzle (i=p—1, p=2).

Remark 4.2. Tn particular, we have ¢'((—p)'/P) = 1 +Y] in the ring RPP.
This implies that, contrary to what is stated in [Wac97, 2.1.3.4], there exists
no non-trivial ideal I of RPP stable under ¢P~! such that o'((—p)'/?) =
1 mod I. Indeed, this forces Y3 € I and thus I contains ¢P~1(Yy) = 1.

Now we put
A= (0g/pOg)M]/(YT) € RPY

and give it the induced structure as an object of Mf’p U from RPP.
Namely, we put the i-th filtration A’ of A as

A= ((=p)" Y1) (i<p—1), AP=0
and the i-th Frobenius map of A as

. p-l (1 4v) i<p—2),
801($0+171Yi +leyll) — (;]I))) ( )Z , ( = )
=2 (_—g)i(quYl) +azy (i=p-1).

Then we have ¢! (Fil’RPY) C A for any i < p — 1. Consider the quotient

RPP /A as an object of M;@O’p I with the induced structure from RPP. Tt
satisfies (RPY /A)P~1 = RPY /A and ¢~ = 0 on RPP/A. Then the following
lemma enables us to replace RPY by the simpler ring A to study 7. erys (M)
for the case of pM = 0.

Lemma 4.3. For any object M € MZ’[O’I)_”, we have

Homyr, (M, RV /A) = Extyp (M, RPY /A) = 0.
In particular, we have
Ttys(M) = Homyr, (M, A),  Extyp (M, RPY) = Extyp, (M, A).

crys
This follows from the lemma below:

Lemma 4.4. Let r € {0,...,p — 1} be an integer and M an object of

Mfk’[o’ﬂ. Let N be an object of MFE,. such that N” = N and that for any
x € N, the iteration (¢ o- -0\ )(x) of any sufficiently large times is zero.
Then we have Homyp, (M, N) = Extll\/[ik (M,N)=0.

Proof. Fix a k-basis e1,...,e, of M with e, € M\ M+! and write as
h

903‘7}[(671) = Z Cmn€m

m=1
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with P = (¢pn) € GLp(k). Let f: M — N be a morphism of MF;, and put

f(en) =2, € Nin = N" = N. Then the equality ¢’ o f = f o ¢}, implies
(.%'1, ce e ,.,”Uh) = (I)(.lel, cee ,xh)P_l

with ® = (gpé\}, ... ,cpé(}). By assumption, the [-th iteration ®'(zy,...,x) is
zero for any sufficiently large [ and thus we obtain f = 0 by recursion.
Next consider an extension in MFE,

0 N E M 0.
Choose a lift é,, of e, to E*». We have

SDzEn Zcmnem+b

with some b, € N. Then the extension splits if and only if there exists
an € N* satisfying

SOE en"’an Zcmn €m+am)

which is equivalent to
h

by, + wﬁ(}(an) = Z CmnGm-

m=1
Thus we obtain
(a1,...,ap) = (b1,...,bp) P~ + ®(ay,...,ap)P7L.

By recursion, we see that the equation has the unique solution
oo
(at,...ap) = > @ (by,... . bp) (P (P77 P

since the right-hand side is a finite sum. O

Let F be any algebraic extension of Ky in K. We put
Ap = (Or/pOp) 1]/ (Y]) € A= Ag

and give this subring the induced structure as an object of Mg)’p U from
A. For M € Mz’[o’p_u, we define

c*rys,F(M) = Hommk (Ma AF)

This is a subset of T¢
trivially.

For r € {0,...,p—2} and M € MF/ L0077 the module Ty
be obtained by using a far simpler ring than Ap. Put

(M) on which the absolute Galois group G acts

(M) can also

r



INTEGRAL p-ADIC HODGE THEORY 29

We consider the quotient Op/bp as an object of MLO’T} by putting

~

(Or/bp)" ={z € OF [ vp(z) > ];}/bF, @' (x) = ) mod b
for any 0 <i < r and (Op/bp) ! = 0. Here & denotes any lift of x in Op.
Lemma 4.5. For anyr € {0,...,p—2} and any M € Mi’[o’r]
tion Ap — Op/bp defined by Y1 — 0 induces an isomorphism

c*rys,F(M) — Hommk (M, OF/bF)

, the surjec-

Proof. Since r < p — 1, the map ¢’ kills Y1. Moreover, for any & € Op
satisfying v, (2) = r/(p — 1) + € with some ¢ > 0, we have v,(2?/(—p)") >
r/(p—1)+pe. Thus the ideal I = bpAr+ (Y1) of Ap, which is contained in
the r-th filtration A%, is stable under Oy and, for any x € I, the iteration
(gpgp 0--:0 go’"AF)(:n) of any sufficiently large times is zero. Thus, by consid-
ering I as an object of MF,. with the induced structure from Ap, Lemma 4.4
yields Homar, (M, I) = Extyge (M, 1) = 0. Since I = Ker(Ar — Or/br),
the long exact sequence of Hom and Ext implies the lemma. ([l

For r = 0, the ideal bg is equal to the maximal ideal mg and we obtain
the following corollary.

Corollary 4.6. For any M € Mfk’[o’o], the G i, -module T, (M) is unram-
ified.

4.2. Classification of simple objects. Let h be a positive integer and 7 a
map Z/hZ — Z. We write i,, = i(n) for any n € Z/hZ. We suppose that i is
of period h. This means that h is the minimum among the positive integers
B satisfying i, p = i, for any n.
For such h and i, we define an object M (h;i) of the category mf]—c by
M(hii)= €P ken
neZ/hZ
with a basis {ey }nez/nz and
M(h§ i)l = @ Eenv @in (en) = €p—1-
in>l
In particular, e, € M(h;i)™ \ M(h;i)*!. When h = 1 and i(0) = j € Z,
we write M (h;1) as M(1; 7).
We define an Fn-action on this object by
la] € Endyr, (M (R;1)), [al(en) = a? "ep
for any a € Fn. Then we can show the following proposition.
Proposition 4.7. (i) ([FL82], Proposition 4.4) An object M € M% is

simple if and only if M is isomorphic to M (h;i) for some h € Z~g
and i : Z/hZ — 7 of period h.
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(ii) ([FL82], Lemme 4.9) Let (h,i) be a pair of a positive integer h and
a map i : Z/hZ — Z of period h. Let (h',i") be a similar pair.
Then Homyir, (M (h;i), M(h';4")) = 0 unless h = h' and i = i’ up
to a shift (namely, there exists an integer m satisfying in = i, .,

for any m). In the latter case the two objects are isomorphic, and

Endpp, (M (h;i)) ~ Fn via a v+ [a].

(i1i) ([FL82], Lemme 6.3, 6.4) Extl{AiE(M,M(l;p—l)) =0 for any M €
MFfJ[Ovp_l]
ME, .

The assertions (i) and (ii) follow from a semilinear algebraic argument
whose key point is that any o"-semilinear automorphism of a finite dimen-
sional k-vector space has a non-zero fixed vector. The last assertion is shown
by dévissage, after explicitly constructing a split of any extension of M (h; 1)
by M(1;p—1) for i : Z/hZ — {0,...,p — 1} as in the proof of Lemma 4.4.

Proposition 4.7 (iii) implies that an object M of mg[o’p_l] is in the full
subcategory M%[O’p it and only if every Jordan-Holder factor of M is
not isomorphic to M (1;p — 1). This leads to the following corollary.

Corollary 4.8 ([FL82|, Théoréme 6.1 (i)). Let

0 M’ M M 0

be an exact sequence of m%(if;u. Then M is an object of m%ﬂf;ly if

and only if so are M' and M".

o . £,0,p—1]
Proof. For this, it is enough to show that if M € M‘,&t’fr " then M Sw

W(k) € M;L(E%}g Suppose that there exists a non-zero quotient M @y

W(k) — N satisfying N = NP~ Then we can find a finite extension
E'/k in k such that this quotient is a base extension of a quotient M ®yy

W (k') — N'in MEG ! satisfying N’ = (N')P~1. Since k' /k is finite, the
f,[(],p*l}

latter quotient can be viewed as a quotient in MFy o, - In this category
M @w W(K') is the direct sum of finite copies of M. The image Ny of a
copy of M in N’ is non-zero, and satisfies Ny = Né’fl by Proposition 2.5,
which is the contradiction. (]

Next we study the Galois representations associated with the simple ob-
jects of M%[O’p _1], which is one of the key ingredients of [FL82].
Proposition 4.9 ([FL82|, Théoreme 5.1). Let h be a positive integer and
i:Z/hZ — {0,1,...,p— 1} a map of period h.
(i) Exty, (M (h; i), RPP) = 0.
(ii) Via the Fn-action on M(h;i), the module T¢y (M (h;i)) is an F -
vector space of dimension one.
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(i1i) The Ik, -action on T} (M (h;i)) is given by the character

crys
9i0+Pi1+“'Ph71ih71 T FX
h - 1Ky — ph?

where Oy, is the fundamental character of level h.

Proof. By Lemma 4.3, we may replace RPY with A to compute Hom and
Ext! groups. First consider any extension

0 A E M(h;i) —=0

in MFy. Let {en}nez/nz be the basis of M(h;i) as before, and take a lift ¢,
of e, in E». We have ¢ (é,) = é,_1 — d,_1 with some dp—1 € A. Then
the extension splits if and only if there exists u, € A™ such that

@in(én + Un) = (énfl + unfl)
for any n € Z/hZ, which is equivalent to
@in (Un) —Up—1 = dp_1.

Since this equation is linear, to prove that it has a solution, we may assume
that d,, = 0 except a single index n = ng. By permuting the indices, we may
assume ng = 0. On the other hand, a k-linear map M (h;i) — A defined by
en — U, € A gives a morphism of MF};, if and only if

‘Pi" (Un) — up—1 =10
for any n € Z/hZ. Hence we reduced ourselves to showing that the equation

un, € Ain,
(2) Sol‘n (un) — Un—-1 = 0 (n ?A 1)7

@ (u1) —uo = d
has a solution for any d € A in the case of the assertion (i), and has exactly
p" solutions for d = 0 in the case of the assertion (ii).

Put
p—1 p—1
Un :an+bnYI+ch,lella d:d0+d1Y1 +Zdl}/1l
=2 =2

with some a, € (—p)%(Ok/pOk) and by, cp 1, d; € O /pOgk. We also put
g(n) =0forn#p—1and e(p—1) = 1. Then the equation (2) is equivalent
to

an € (—p) 7 (O /pOR), bn,cns € O /pO%,

P
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From this we see that ¢, ;’s are uniquely determined by a,’s, and the solu-
tions of the equation (2) correspond bijectively with the solutions of

an € (=p) 7 (O /POR), by € O /pOr,

aP . 0 (n#1)

(3) oy T ein)bh — an—y = { dy (n=1),
i"(&zfsin_b”_lz{?l ( fl)
1 (n=1).

First let us assume M (h;i) # M(1;p — 1), and suppose d = 0. Then we
can show &(i,)bh = 0 for any n, by a valuation calculation [FL82, 5.11 (iii)].
Thus b,,’s are also uniquely determined by a,,’s in this case. For a,,’s, we can
show that any solution (a,,) of the equation (3) uniquely lifts to a solution
in Of of the equation of degree p

X7

(=p)=

over W [FL82, Lemme 5.12]. )

Let K be the maximal tamely ramified extension of K in K. For any

p € L), we write p = a/b with a € Z and b € Zxq satisfying p { b.

Using [Boub6, §7, n°4, Proposition 5], we fix once and for all (—p)? € K"

such that ((—p)?)* = (=p)* and (—p)*(—p)”" = (=p)***" for any such p, o’

Then, from the above equation, we see that the module Ty, (M (h;i)) =
Homyp, (M (h; i), RPY) is equal to

— X,,—1 =0 for any n

{(en = W " (=p)P" (L + Y1) 1) | A € Fp}

with p, = nHidP Z”;ﬁfl 2 which settles the assertions (ii) and (iii) for

this case. The assertion (i) can be shown by constructing a solution of the
equation (3) similarly from a solution in O of an equation over W [FL82,
5.11 (i), (ii)].

The case of M(1;p — 1) needs an extra care [FL82, 5.14]. We also have
an equation over W to lift solutions, while its degree is p? and lifts are not
unique. Nevertheless, we can show for the case of d = 0 that the solutions of
the lifted equation have exactly p distinct reductions modulo p, which yields
the proposition for this case. ([

Now the assertions of Theorem 2.9 except the fullness follow formally.
Indeed, Lemma 2.8 reduces assertions on the module structure of Tt (M)

to the case of k = k. Moreover, for any object N € MF, and any extension

0 —> Aerysoo E N 0

in MFy;,, the exact sequence

Xp
0 > Acrys/pAcrys > Acrys,oo > Acrys,oo >0
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and the snake lemma yield the extension

0—— Acrys /pAcrys E[p] N 0

in MF, with E[p| = Ker(p: E — FE), and the induced map
Extar,,, (N, Acrys.o0) = Extigg, (V, Aerys/DAcrys)

in Theorem 2.9 (i) fol-

crys
lows by showing ExtMF (M Acrys,oo) = 0 for any M € MF;L%S tl]r by

dévissage from Prop081t10n 4.9 (i). By combining this exactness of T,
with Proposition 4.9 (ii), we obtain

ngp (T:ryb (M)) = lgW (M)

for any M € MF%Ot’gr 1, Applying this to M[p'] = Ker(p' : M — M) for

any [ shows Theorem 2.9 (ii). For any morphism f : M — N of MF%Ot’fr 1

satisfying T¢,.s(f) = 0, applying the above length equality to Im(f) shows
J =0 and settles the faithfulness of T(} ¢ in Theorem 2.9 () Thus Theorem

2.9 (iv) follows from Corollary 4.8 modulo the fullness of T, Theorem 2.9

(iii)).

4.3. The fullness of T;,, .. Now we prove Theorem 2.9 (iii). First we may

crys®

is an injection. Using this, the exactness of T,

crys

crys (

assume k = k by a Galois descent argument using the faithfulness of 7T,
[FL82, 6.2]. By Proposition 4.7 and Proposition 4.9, the natural map

HomMFW<k) (M N) — HOHIZP[ }(T* (N) T (M))

crys s Lerys

crys

is an isomorphism if M and N are simple. In order for a dévissage argument
to imply the theorem, we need to show that the natural map

Extyr,, Wb (M,N) — Exty . (Tys(N), Tiys (M)

crys s Lcrys

£,[0,p—1]"
W (k),tor ’
and the fullness of 77 simultaneously, by dévissage and an induction on

the length we may assume that M and N are simple. By Theorem 2.9
(ii), we only have to consider the extensions killed by p. For this case,
since Tp,y(M) and Ty (N) are tamely ramified by Proposition 4.9 (iii),
Maschke’s theorem implies that an extension of Ti, ((N) by Ty, (M) splits
if and only if the extension is also tamely ramified. Thus we are reduced to

showing the following lemma.

is an injection for any objects M, N € MF To prove this injectivity

Lemma 4.10 ([FL82], 6.11). Suppose k = k. Let M be an object of
M%’[O’p_l] . Then M is semi-simple if and only if
fied.

To prove the lemma, we need to describe the fixed part T¢, (M YGr for
any algebraic extension F/Kj, which is also one of the key steps for the

proof of Theorem 2.19. This is essentially done again by uniquely lifting

Toys(M) is tamely rami-
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each element of T(,, (M) to a solution in O of an equation over W and
using (0z)%F = Op, as follows.

Proposition 4.11 ([FL82], Proposition 6.7). Suppose k = k. Let M be an

object of mz,[o,p—l]’ and F /Ky an algebraic extension in K. Then Gr acts

trivially on T¢yo(M) if and only if T8\ (M) = T, p(M).

Proof. We proceed by induction on the length of the Fontaine-Laffaille mod-
ule M. When M is simple, this follows from the explicit description of

T (M) given in the proof of Proposition 4.9. Suppose that we have an

crys
. £,[0,p—1)’
exact sequence in MFE[ p=1]

0 N M M(h;i) —0

and that Gp acts trivially on T, (M). Then Gp also acts trivially on
T%ys(IV) and thus T ((N) = T »(N) by the induction hypothesis. Take

the basis (en)nez/nz of M(h;i) as before and a lift é, € M'™ of e,. Then
‘pin (én) =én—1+dp-1
with some d,—1 € N. Let f: M — A be an element of T, ((M). Since
fIN € Tgys(N) = TZ ¢ p(IV), we can write as
p—1

f(dn) =ap + Y1 + Z ’Yn,lyll
=2

with some a,, Bn, Y1 € Or/pOp. Put

p—1
f(én) =an + b, Y1 + ch,l}/ll €A™
=2

with an, € (_p)%(ok/pok) and by, cny € O /pOf. From ¢ (f(é,)) =
f(¢™(én)), we obtain
in\ ah
Cnfl,l - < l )(_p)ln — ’Yn*l,l

and thus ¢, ;’s are uniquely determined by a,,’s in a way that if a,, € Op/pOp
for any n, then ¢, ’s are also in Op/pOp. Moreover, we see that to give
[ € T5ys(M) with f(d,) being as above is the same as to give a solution
(@ bn)nez/nz of the equation

an € (=p) 7 (O /pOg), by € O /PO,
+ 5(ln)bz;t — Gp—1 = Op—1,

in(_dﬁ - bnfl = anl-

Let &, and Bn be any lifts of o, and B, in Op, respectively. Then we
can show [FL82, Lemme 6.8] that any solution (an,bn)nez/nz of the above
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equation uniquely lifts to a solution (zy, Yn)nez sz in O of the equation
over Op

(=p)in

. Xﬁ P
in (—p)in - Ynfl = 57171'

{ _Xﬁ‘ + E(Zn)YT{) - anl — dnfla
Since (g(an), 9(bn)) = (an,by) for any g € G by assumption, the uniqueness
of the lifting implies (g(xy), 9(yn)) = (zpn, yn) for any g € Gp. Thus z,,y, €
(0z)9F = Op and ay, b, € Op/pOF for any n. Hence we obtain f(é,) € Ap

and f € T3 o p(M). O

For any p € Z,) N [0, 1], there exists a unique pair (h,4) of h € Zs( and
i:Z/hZ — {0,...,p— 1} of period h satisfying
i+ pis 44 P i 4 p" i
= 1 )

This gives a bijection between Z,) N[0, 1] and the set of such (h,7)’s except
(I,p—1). Put

Bp = (-p)(1+ Y1) € Al

where (—p)? is chosen as before. Then we have ¢ (w,) = @yp—i, € Ai’;{rl
0
with
i +pin + - A+ P Ping + " lin
ph—1

pp —io = € Zpy N[0, 1.

Repeating this, we see that the k-subspace generated by

Dpr (@), I (PO(D)), -
defines an object of M%[O’P*H
Put

which is isomorphic to M (h;1).

Ay = Span];.{wp | pE Z(p) N [O, 1[} c AKSr

and we give this subspace the induced structure from A Kgr as an object of
MF;. Then we see that Ag is isomorphic to the direct sum of representatives

of all isomorphism classes of simple objects of M% [0:p=11", Moreover, we can
£,0,p—1]

show by induction on the length that M € MF
only if the natural injection

i is semi-simple if and

HOHImE (M, ASS) — Tc*rys(M)
is bijective.
Thus we are reduced to comparing A K and Ags. Consider the quotient

p—1

AK(t)r/ASS >~ @(OK(t)r/pOK(t)r)Yll
=1
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Then we have A /Ass = (Ager /Ass)P —1. Moreover, a simple calculation as

in [FL82, 6.10] shows that ©P~! = 0 on this quotient. By Lemma 4.4, we
obtain Homyr, (M, Agt /Ass) = 0 and thus

Homyip, (M, Ass) = Homyip, (M, Agcer).

The equality shows that M is semi-simple if and only if Homyp, (M, Ager) =
T%ys(M), which is the same as saying that ¢, (M) is tamely ramified by
Proposition 4.11. This concludes the proofs of Lemma 4.10 and Theorem

2.9 (ii).

4.4. Ramification bound. To prove Theorem 2.19, we need a lemma of
Fontaine (which was improved later by Yoshida) relating ramification to a
ramified variant of formal smoothness, as follows. For any algebraic exten-
sion E/K in K and any non-negative real number m, put

ag/k ={z € Op | vk (z) = m}.
For any finite Galois extension L/K, consider the property

For any algebraic extension E/K, if there exists
(Pm) /K an Og-algebra homomorphism Oy — OE/a’g/K,
then there exists a K-algebra injection L — FE.

Note that we do not require the map L — FE to be a lift of the given map
O — OE/C‘E/K' The property (P)r/x is related to ur, x by the following
lemma.

Lemma 4.12 ([Fon85], Proposition 1.5, [Yos10], Proposition 3.3).
Ur/K = inf{m S RZO ‘ (Pm)L/K hOldS}.

For this, Krasner’s lemma implies that (P,)r/x holds for any m > up, k.
Conversely, by explicitly constructing counterexamples for (Pp)r,/k, we can

show that if (P,)r,x holds, then m > up, /g — where ey is the rela-

-1
€r/K>
tive ramification index of the extension L/K [Fon85]. Furthermore, we can
kill the error term by using arbitrarily large tamely ramified base extensions

[Yos10].

Nowlet r<p—1, M € mi and L/Kj be as in Theorem 2.19. Since
the theorem concerns only about the If,-action on Tt (M), by Lemma 2.8

we may assume k = k. Since r < p — 1, Lemma 4.5 gives the identification

Tc*rys(M) = Homm;; (M7 OI_(/bI_()7 c*rys,F(M) = Homm,; (Ma OF/bF)

[0,r]

for any algebraic extension F/Ky in K. By Lemma 4.12, it is enough to
check the property (Pm)r /K, for any m >1+7/(p —1).

Let E/Ky be an algebraic extension in K, m a real number satisfying
m>1+r/(p—1)and n: O — (’)E/ag/KO a W-algebra homomorphism.
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Let P(X) be the minimal polynomial over W of a uniformizer 7z, of L. We

write as
€L/K071

P(X) =X /%0 + Y~ peX®
s=0
with some ¢ € W such that ¢ € W*. Let & be a lift of n(rz) in Op.
Since P(n(wr)) = 0 in the ring OE/ag/KO, we have P(z)+ 0 = 0 with some
d € Og satistying v,(d) > m > 14 r/(p — 1). From the Newton polygon of
the polynomial P(X) + §, we obtain v, () = ez/lKO = vp(mp,). Hence we see
that 7 induces an injection

n: OL/bL — OE/bE

and that 7 respects filtrations. We claim that 7 also respects ©"’s. Indeed,

note that the i-th filtration (O /by) is spanned over k by
, e
(rh e, j > =5,

For such j, put pj = ek, +{. Then

i ko=l
'(m)) = (_L)Z. mod by, = b ( Z cs7)! mod by,
p s=0
. . »PJ er/Ko 1 5.
i (ii(n})) = = mod by = #'( Y d°+ )  mod b.
(—=p) g p

Since % € bp, we obtain 7(¢' (7)) = ¢'(7(77)), which proves the claim.

Thus the map 7 defines an injection of the category MF; and induces an
injection

c*rys,L(M) — Ty, (M)

crys, B
Now Proposition 4.11 shows T¢ (M) = T7 . ;(M). Thus we also have
TEys(M) = Ty p(M) and G acts trivially on T(,(M). From the defini-

tion of L, we obtain Gg C G and L C E, namely the property (P)r/ K,
holds for any m > 1+ r/(p — 1). This concludes the proof of Theorem 2.19
forr<p-—1.

For the case of r =p—1 and M € Mg[o’p_l],, it is enough to check the
property (Pn)r/k, for any m > 2 =1+r/(p—1). Consider a W-algebra
homomorphism 7 : O — OE/O'E/KO' We see in the same way as above
that the induced injection 77 : Or/pOr — Og/pOg and Y] — Y; define
an injection Ay — Apg which is compatible with filtrations and Frobenius
structures. Thus we have an injection T, . /(M) — T p(M) also in this
case. Hence Proposition 4.11 yields the property (P)r/k, and the desired
ramification bound.

Remark 4.13. As we mentioned before, [FL82] uses the subring Spr, =
W(R) [%] instead of Aerys to construct a Gk, -representation associated with
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M € MFthfr_ U We can show that these two constructions are naturally
isomorphic: we claim that for any M € MF wot’gr_l], the natural map

HommW(M, SFL,cc) — Homyp,, (M, Acrys,oo) = Tepys(M)

crys

is bijective and
Extarr,, (M, SFLoo) = Extyp, (M, Acrys oo)

is injective. Indeed, by dévissage we may assume pM = 0. By [FL82,
Lemme 5.7], we have a natural identification (Og/pOg)[Y1] ~ SrL/pSFL
defined by Y7 +— §(£) mod p. Since pP~1(Y{) = 0 in this ring [FL82, 5.9],
Lemma 4.4 implies that the natural map Sgr,/pSrr, — A induces a bijection

Homyr, (M, SrL/pSrL) ~ Homyr, (M, A) = Tc*ryS(M)
and an injection
Extye, (M, Ser/pSvr) = Extyp, (M, A) = Extyp, (M, Acrys/pAcrys)-

The former one settles the assertion on Hom. Moreover, as in the proof of
Theorem 2.9 (i), we have a natural injection

EXt%AJW (M, SFL,oo) — EthlV[iFk (M, SFL/pSFL)
and the assertion on Ext! follows from the commutative diagram

Exthp, (M, SpLoc) = Extlyp (M, Spr/pSrL)

| |

Ethl\/[pr (M’ ACYYSOO)(% Ethl\/IiFk (M7 Acrys/pAcrys)-
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