RAMIFICATION CORRESPONDENCE OF FINITE FLAT
GROUP SCHEMES OVER EQUAL AND MIXED
CHARACTERISTIC LOCAL FIELDS

SHIN HATTORI

ABSTRACT. Let p > 2 be a rational prime, k be a perfect field of char-
acteristic p and K be a finite totally ramified extension of the fractional
field of the Witt ring of k. Let G and H be finite flat commutative group
schemes killed by p over Ok and k[[u]], respectively. In this paper, we
show the ramification subgroups of G and H in the sense of Abbes-Saito
are naturally isomorphic to each other when they are associated to the
same Kisin module.

1. INTRODUCTION

Let p be a rational prime, k£ be a perfect field of characteristic p, W =
W (k) be the Witt ring of k and K be a finite totally ramified extension of
Frac(W) of degree e. Let ¢ denote the Frobenius endomorphism of W. We
fix once and for all an algebraic closure K of K, a uniformizer 7 of K and
a system of its p-power roots (m,)nez., in K with 7o = 7 and m, = 7T£+1.
Put K, = K(m,) and K = U,K,. By the theory of norm fields ([27]),
there exist a complete discrete valuation field X ~ k((u)) of characteristic p
with residue field £ and an isomorphism of groups

Gal(K ) Koo) = Gal(X*P /X)),

where X3P is a separable closure of X'. A striking feature of this isomorphism
is its compatibility with the upper ramification subgroups of both sides up
to a shift by the Herbrand function of K, /K ([27, Corollaire 3.3.6]).

On the other hand, Breuil ([8]) introduced linear algebraic data over a
ring .S, which are now called as Breuil modules, and proved a classification
of finite flat (commutative) group schemes over Ok via these data for p > 2.
Based on his works, Kisin ([20]) simplified this classification by replacing
Breuil’s data by ¢-modules over W[[u]], which are referred as Kisin modules.
Let us consider the case where finite flat group schemes are killed by p.
Put &1 = k[[u]], which is isomorphic to the k-algebra Ox. We let ¢ also
denote the absolute Frobenius endomorphism of the ring &;. For a non-
negative integer r, let Mod;’g1 be the category of free &i-modules 9 of

finite rank endowed with a ¢-semilinear map ¢gn : 9 — M such that the
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cokernel of the map 1 ® ¢on : 61 ®yp e, M — M is killed by u®". Then there
exists an anti-equivalence of categories G(—) from Mod}’g1 to the category
of finite flat group schemes over Ok killed by p. It is well-known that we
also have an anti-equivalence H(—) from Mod;’g1 to a category of finite flat

generically etale group schemes over O killed by their Verschiebung ([16]).
Hence a correspondence between finite flat group schemes over Ok and Oy
is obtained, and if finite flat group schemes G over Ok and H over Oy
are in correspondence, then their generic fiber Galois modules G(Of) and
H(Oxsep) are also in correspondence via the theory of norm fields. Namely,

for an object 9 of Mod}gl, we have an isomorphism

GO (O)|Gaii /i) — HEM) (Oaser)

of Gal(K /K )-modules ([20, Proposition 1.1.13]). From this, we can show
that the Galois modules G(IM) (O ) and H (M) (O xsep ) have exactly the same
greatest upper ramification jump in the classical sense (see also [1]).

Besides the classical ramification theory of their generic fibers, finite flat
group schemes over a complete discrete valuation ring have their own rami-
fication theory, the fact which was discovered by Abbes-Saito ([3], [4]) and
Abbes-Mokrane ([2]). Such a finite flat group scheme G has filtrations of
upper ramification subgroups {G’};cq., ([2]) and lower ramification sub-
groups {G;}icq., ([17], [14]), as in the classical ramification theory of local
fields. For simplicity, let K be a complete discrete valuation field as above
and consider a finite flat group scheme G over Og. Then, using the upper
ramification filtration of G, we can bound the classical greatest upper rami-
fication jump of the generic fiber Gal(K /K )-module G(Of) ([17]) and also
describe completely the semi-simplification of the restriction to the inertia
subgroup of this Galois module ([19]). Moreover, the canonical subgroup
of a possibly higher dimensional abelian scheme A over Ok is found in the
upper ramification filtration of A[p™] ([2], [25], [26]), while the canonical
subgroup is also found in the Harder-Narasimhan filtration of A[p"] defined
by Fargues ([13], [14]).

In this paper, we establish the following correspondence of the ramifica-
tion filtrations between finite flat group schemes over Og and Oy which
is similar to that of the classical ramification jumps of their generic fiber
Galois modules stated above.

Theorem 1.1. Let p > 2 be a rational prime and K and X be as before.

Let M be an object of the category Mod}gl. Then the natural Gal(K /Ko )-

equivariant isomorphism
g(gﬁ)(ok)‘(}al(f{/[(o@) — H(M)(Oxser)
induces isomorphisms of the upper and the lower ramification subgroups
GO (Or)|Gal(k /1) — HEN) (Oxser),
GOM)i(Ok)|Gal(k /K oe) — HEOM)i(Oxser)
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for any j € Qso and i € Q>o.

This theorem enables us to reduce the study of ramification of finite flat
group schemes over Ok killed by p to the case where the base is a complete
discrete valuation ring of equal characteristic. This makes many calcula-
tions of ramification of finite flat group schemes over Ok, for example as in
[19, Section 5], much easier. We remark that, for the Harder-Narasimhan
filtration, such a correspondence of filtrations of G(9M) and H (M) follows
easily from the definition.

A key idea to prove the theorem is to switch from the upper ramification
filtration to the lower ramification filtration via Cartier duality, which the
author learned from works of Tian ([25]) and Fargues ([14]). Let G be a finite
flat group scheme over Ok killed by p and GV be its Cartier dual. Then
they showed that the upper ramification subgroup G’ (0Oy) is the orthogonal
subgroup of the lower ramification subgroup (G");(Ox) for some i via the
natural pairing

G(Og) x G"(Og) — 1p(Og).

We prove a version of this theorem for the group scheme H(9) over Oy.
Since we are in characteristic p, usual Cartier dual does not preserve the
generic etaleness of finite flat group schemes. Instead, we use a duality
theory of Caruso ([11]) and Liu ([21]) for Breuil modules and Kisin modules.
This requires us to check compatibilities of various duality theories, though
it is straightforward to carry out. Thus we reduce ourselves to prove the
correspondence of the lower ramification subgroups of G(9) and H(9MN).
This is a consequence of the fact that, after the base changes from K and X
to the extensions generated by p-th roots of their uniformizers m and u, the
schemes G(9t) modulo 7¢ and H (M) modulo u¢ become isomorphic to each
other, not as group schemes but as pointed schemes. We prove this fact by
using Breuil’s explicit computation of the affine algebra of a finite flat group
scheme over O killed by p in terms of its corresponding Breuil module (]8,
Section 3]), after showing that his classification of finite flat group schemes
is compatible with the base change from K to K.

As a byproduct of the proof of the main theorem, we also prove a de-
scription of the semi-simplification of H(91)(Oxser) via the upper ramifica-
tion filtration, as follows. Let Iy be the inertia subgroup of Gal(A*P/X),
0 : Ix — F be the fundamental character of level j ([24, Subsection 1.7])
and F(;) be the finite field generated by its image. Put

H() T (Oser) = ] HON) (Oser)
3>
and set the j-th graded piece of the upper ramification filtration of H(9)
to be
gt/ H(IM)* (O xser) = H(IM)? (Oxsen) /H(IM)T T (Osen ).
Then we prove in Subsection 3.3 the following theorem, which is a version
of [19, Theorem 1.1] for an equal characteristic local field.
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Theorem 1.2. Let 9 be an object of Mod;’g1 and j be a positive ratio-
nal number. Then the action of Ix on the j-th graded piece of the upper
ramification filtration of H(9M) is tame. Moreover, there exists an action
of F(jy on this graded piece such that we have an Ix-equivariant F; -linear
1somorphism
gr/H(OMN)®* (O xsep ) ~ F(j)(ﬁj)@",

where n is the dimension of the graded piece over F(;) and F;(0;) is the
one-dimensional F ;) -vector space on which Ix acts via the character 0; :

X
Te = Fg-
Acknowledgments. The author would like to thank Victor Abrashkin,
Toshiro Hiranouchi and Yuichiro Taguchi for stimulating discussions, and
Xavier Caruso for kindly answering his questions on the paper [11].

2. REVIEW OF CARTIER DUALITY THEORY OF CARUSO AND Liu

Let p > 2 be a rational prime and K be a complete discrete valuation
field of mixed characteristic (0, p) with perfect residue field &, as in Section
1. It is well-known that finite flat group schemes over O killed by some
p-power are classified by linear algebraic data, Breuil modules ([8]) or Kisin
modules ([20]). For these data, corresponding notions of duality to Cartier
duality for finite flat group schemes are introduced by Caruso ([10], [11])
and Liu ([21]), which play key roles in the integral p-adic Hodge theory (see
for example [22], [23]). In this section, we recall the definitions of these data
and their theories of Cartier duality.

2.1. Breuil and Kisin modules. Let E(u) € W]u| be the Eisenstein poly-
nomial of the uniformizer = over W. Put F(u) = p~!(u® — E(u)). This
defines units in the rings & = W{[u]] and &; = k[[u]]. The ¢-semilinear
continuous ring endomorphisms of these rings defined by u +— uP are also
denoted by ¢. Let r be a non-negative integer. Then a Kisin module over
S1 of E-height < r is a free G1-module 901 of finite rank endowed with
a ¢-semilinear map ¢on : 9 — 9N such that the cokernel of the map
1 ® dom : 61 Qpe, M — M is killed by E(u)". We write ¢gp also as ¢
if there is no risk of confusion. A morphism of Kisin modules over &; is
an G1p-linear map which is compatible with ¢’s of the source and the tar-
get. The category of Kisin modules over &1 of F-height < r is denoted by

T7¢
Mod/ﬁ,l.

For r < p—1, we have another category Mod;’gl of Breuil modules defined
as follows. Let S be the p-adic completion of the divided power envelope
WuPY of Wu] with respect to the ideal (E(u)) and the compatibility
condition with the canonical divided power structure on pW. The ring
S has a natural filtration Fil'’S defined as the closure in S of the ideal
generated by E(u)’/j! for integers j > i. The ¢-semilinear continuous ring
homomorphism S — S defined by u +— u? is also denoted by ¢. For 0 <i <
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p — 1, we have ¢(Fil'S) C p'S and put ¢; = P '¢|pig. These filtration and
¢;’s induce a similar structure on the ring S,, = S/p™S. Put ¢ = ¢1(E(u)) €
S*. Then we let ' Mod}"’éz> denote the category of S-modules M endowed
with an S-submodule Fil" M containing (Fil"S)M and a ¢-semilinear map
drm 2 Fi'M — M satisfying ¢, p(spm) = ¢ p(sp)dp m(E(u)"m) for
any s, € Fil"S and m € M. A morphism of this category is defined to be
a homomorphism of S-modules compatible with Fil”’s and ¢,’s. We drop
the subscript M of ¢, ¢ if no confusion may occur. Note that we have
or((FiPS)M) = 0 if pM = 0. An object M of this category is said as
a Breuil module over S; of weight < r if M is a free Si-module of finite
rank and the image ¢, p((Fil"M) generates the S-module M. The full

subcategory of Mod;’g of Breuil modules over Sy of weight < r is denoted

by Mod;’gl. Both of the categories Mod;’gl and Mod}“’g1 have obvious notions
of exact sequences.

The category Mod;’g1 is equivalent to a simpler category 1\/Iod7/"’§1 defined
as follows. Put S; = k[u]/(u®?). The natural map k[u] — S; induces an
isomorphism S; — S /Fil?S; and we regard S; as an S-algebra by this iso-
morphism. Define Fil”, ¢ and ¢, of S; to be those induced from S;. In par-

ticular, Fil"S; = u®"S; and ¢, (u®") = ¢". We let ModrgZj denote the category
1

of free S1-modules M of finite rank endowed with an Si-submodule Fil" M

containing (Fil"S1) M and a ¢-semilinear map ¢,  : Fil"M — M such that

the image ¢, M(Filrj\;l) generates the S;-module M. Then we can show that

the functor T : Mod;’gl — MOd;’gS defined by M +— M/(Fil’S;)M is an
1
equivalence of categories, just as in the proof of [6, Proposition 2.2.2.1].

The categories 1\/Iod7/"’(f§1 and Mod;’gl for r < p — 1 are in fact equivalent.

We define an exact functor Mg : Mod;g1 — 1\/Iod7/"’§>1 by putting Mg (9M) =
S ®g¢.e M with

Fil’ M (D) = Ker(S ©p.6 M "2 (S1/Fil'Sy) @ M),

¢r : Fil" Mg (90) 1§>¢ Fil"S1 @ M ¢i>®1 S Rp,c, M= Mg ().

Then the functor Mg is an equivalence of categories ([12, Theorem 2.3.1]).

2.2. Cartier duality theory for Breuil and Kisin modules. The cat-
egory Mod;’g1 has a natural notion of duality ([21, Section 3.1]). For an

object 901 of Mod?’gl, put MY = Homg (M, S1). Choose a basis ey, ..., eq
of the free &1-module 9 and let ey, ..., ey denote its dual basis. Define a

matrix A € My(S1) by

oom(er,...,eq) = (e1,...,eq)A.
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Since the matrix (—FE(u)/F(u))"(*A)~! is contained in My(&1), we can de-
fine a ¢-semilinear map ¢ggyv : MY — MY by

P (ef - veq) = (ef sy ef)(—E(u) /F(u)"(*A) ",
Then the map ¢gyv is independent of the choice of a basis ey, ..., eg and with

this map, the &1-module 9V is an object of Mod;’él. The correspondence

M +— MY defines a contravariant functor from 1\/[od;’(f57)1 to itself. This functor
is an anti-equivalence of categories, since we have a natural isomorphism
of the double duality 9 — (9MY)V of Mod;’gl. Note that here we adopt

a slightly different normalization from that of [21] where the representing
matrix of ¢gyv is defined to be (pE(u)/E(0))"(*A)~L.

For 0 < r < p—2, a notion of duality was also introduced for the category
Mod;’g?1 ([10], [11], [22]). Let M be an object of Mod;’gl. Put MV =
Homg (M, S1) and FiI'MY = {f € MY | f(Fi'M) C FiI"S;}. For an
element f € Fil"MY, we define ¢, pqv(f) to be the unique S-linear map
g : M — 57 which makes the following diagram commutative.

Fil' M~ M

7| E

FﬂrSl T> Sl

Since ¢, (Fil"M) generates the Si-module M, such a map ¢ is unique if it
exists. We can show the existence of g just as in [11, Section 2.1] using an
adapted basis of M over Sy ([7, Définition 2.2.1.4]). This duality defines

a contravariant functor from Mod;’;)1 to itself. Choose an adapted basis
e1,...,eq of M such that

FiI'M =u"'51e1 ®--- Du"4S1eq + (FﬂpS)M

for some r; satisfying 0 < r; < er. Let ey,...,ey be its dual basis. Let
G € GL4(S1) be the matrix defined by
¢T(urlela s 7urded) = (617 SR €d)G.

Since the map
(Kfu) /()Y Ya, .. (YD, YE,..) = Sy

which sends Y; to the image of E(u)P'/p’ is an isomorphism of k-algebras,
we have

Fil' MY = u“ " S1e) @ --- @ u""4S1ey + (FilPS)M",
Gr(u ey, ufTTTaeY) = (ef ... ey (\G) L
From this wee see that the natural map M — (MV)Y is also an isomor-

phism of MOd;’g1 and the duality functor from Mod;’gl to itself is an anti-
equivalence of categories.
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Lemma 2.1. Let 9 be an object of Mod;’é’l. Then we have an isomor-
phism o : Mg (M) — Mg(IMN)Y of the category Mod?ﬁl such that To(Ton)
coincides with the natural isomorphism

5'1 ®¢,61 Homg, (M, &) — 5'1 ®s, Homg, (51 ®p.c M, S1).
These isomorphisms define a natural isomorphism of functors
T Me((=)Y) = Ms(-)".
Proof. Since Ty is an equivalence of categories, we only have to check that
the natural isomorphism of the lemma is compatible with Fil"’s and ¢,’s of
both sides. For this, choose a basis e, ..., eq of Mover &1 and let ey, ..., e
denote its dual basis of MY. Put M = Mg(M) = S®4 M. Let us consider

its basis 1®e1,...,1®eq and the dual basis (1®e1)Y, ..., (1®eq)" of M.
Let A € My(6;1) be the matrix defined by

der,...,eq) = (e1,...,eq)A.

By definition, there exists a matrix B € My(&;) such that AB = BA =
E(u)"I, where I is the identity matrix. Since the map ¢gyv is given by

domv(ey,...,ey) = (ef,...,e)(—F(u)) "B,
we can write Fil" and ¢, of Mg(IMY) as
Fil' Mg (M) = Spang((1® ey, ...,1® ey)'A) + (Fil?S) Mg (MY),
dr(1®e),...;,1Re))A)=(1®e],...,1Re) )" ¢(—F(u))™".
On the other hand, we have
Fil'’M = Spang((1 ® ey, ...,1 ®eq)B) + (Fil?.S)M,
dr((l®er,...,1®eq)B)=(1®e1,...,1®eq)c",
and from this we see that
Fil" MY = Spang((1 ®e1)Y,..., (1 ® eq)")*A) + (Fil?S) M"Y,
br((18 )Y, (18 ")) = (1@ €)Y, .., (1@ eq)”).

The natural isomorphism in the lemma sends the image of 1 ® e to that of

(1 ® e;)V. Since the elements ¢ and ¢(—F(u)) have the same image in Sy,
this isomorphism is compatible with Fil"’s and ¢,’s. [l

2.3. The associated (Galois representations and duality. Next we re-
call a construction of the associated Galois representations to Breuil or
Kisin modules and their duality theories. Let vx be the valuation on K
which is normalized as vk (m) = 1 and we extend it naturally to K. Set
O = O /pOg and C to be the completion of K. Consider the ring

R=1m(Ok — O — ---),

where the transition maps are defined by = +— aP. For an element z =

n

(zo,x1,...) € R with x; € (7)[-{, we put 2™ = lim,_, o &b ., € Oc, where
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Z; is a lift of z; in Og. This is independent of the choice of lifts. Then
the ring R is a complete valuation ring of characteristic p with valuation
vgr(z) = vi(2(®). We put m? = {z € R | vg(z) > i} and similarly for
m7". Consider a natural W-algebra surjection 6 : W(R) — O¢ defined as

0((20,21,...)) = >_p'z",
=0

where z; is an element of R. The p-adic completion of the divided power
envelope of W(R) with respect to the ideal Ker(#) is denoted by Acys. The
ring Acrys has a Frobenius endomorphism ¢ and a Gal(K /K )-action induced
from those of R, and also a filtration induced by the divided power structure.
Define an element w of R by @ = (m, 71, 7e,...), where we abusively write
m, also for its image in (51-{. The W-algebras R, W(R) and Acys have
natural G-algebra structures defined by the continuous map & — W(R)
which sends u to the Teichmiiller lift [r] of the element m. We consider the
ring Acrys as an S-algebra by the induced map S — Acrys from a similar map
Wu] — W(R) defined by u +— [x]. For 0 < r < p — 2, the ring Agys has
a natural structure as an object of ’ Mod;’g’ by putting ¢, = p~" Pl A,y -

Note that the identification Gal(K /K. ) ~ Gal(X®°P/X) stated in Section
1 is given by the action of Gal(K/K) on the ring R and the inclusion
E[[u]] — R defined by u +— m (]9, Subsection 3.3]).

We have another description of the ring Acys as follows. Consider the
Witt ring W, (O ) as a W-algebra by twisting the usual W-action by ¢~".
Then the map

On : Wa(Og) — O [p" O

pn—1t

n—1
(@0, ran_1) = S plal" ",
=0

where a; is a lift of a; to Of /p"Of, is a well-defined W-algebra surjection.
We let WPP(Og) denote the divided power envelope of the ring W, (Og)
with respect to the ideal Ker(6,). We consider this ring as an S-algebra
by u — [m,] and give it a structure as an object of ’ Mod;’g’ similar to that

of Aerys ([7, Subsection 2.2.2]). Then the map pr, : R — Of defined by
x = (w9, 1,...) — z, induces an isomorphism Aerys/p" Aerys — WY (Og)
of 'Mod7¢.
Let 9% be an object of Mod;’gl. The associated Gal(K /K )-module
TE(9M) is defined as
T&(9M) = Homeg (M, R).

Similarly, for an object M of Mod;’gl , we also have the associated Gal(K /K )-
module

T>k (M) = HomS,Filr@T (M, RDP),

crys
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where RPY is the divided power envelope of R with respect to the ideal m%e
and we identify this ring with Acrys/pAcrys. Then we have an isomorphism
of Gal(K /K« )-modules

Te(M) — Torys(Me (M)
fr=(s@m i s¢(f(m))).

For an object M of Mod;’g5 , we also put
1

Tr (M) = Homg, pyr 4 (/\/l RPP /FilP RPY).

crys
The Galois group Gal(K /K ) also acts on this module and for an object
M of Mod/s , the natural map

Teeys(M) = Tiyo(To(M))

crys

is an isomorphism of Gal(K /K« )-modules. The functors T§, T and T

crys crys

from Mod/’g , Mod;g5 and Mod;;5 to the category of Gal(K/Koo)—modules
over ), are exact. For an object 9 of Mod"2 /&> We have dimp, (TEOM)) =
rankg, (9) and similar assertions also hold for 77, and T, C*r .

To describe a duality theory for T&(M) and Ty (M), let us also fix a

system {(pn fnez, of p-power roots of unity in K such that (1 =1, (, # 1
and (pn = anﬂ, and set an element ¢ € R to be € = (1,{p, (2, ...) with an

abusive notation as before. Define an element # of RPY by

o0

f=log(e) = Y (1) (i — Dlue — 1),

=1

where v; means the i-th divided power.

Let &1(r) = S1e be the free Gi1-module of rank one with a basis e
endowed with the ¢-semilinear map ¢(e) = (—FE(u)/F(u))"e. Note that the
infinite product

mz o (—B(w)/F(w))")

converges p-adically to a unit « in S. Then Mg (&1(r)) is isomorphic to the
Breuil module S;(r) defined as (S1(r) = Sie,Fil"Si(r) = Si(r), ¢r(e) = €)
via the multiplication by a~!. Thus we have isomorphisms of Gal(K /K,)-
modules

T&(61(r) = Toys(Me(61(r))) = Tays(S1(r)) = Fp(e —17).

Their composite is given by f — (e — a¢(f(e))).
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Let M and MY be as above and choose a basis e, ..., eq of M. Consider
the pairing

Doy = TE(OM) x TEOMY) — TE(S1(r))

d
(f, £Y) = (e =Y flea) f¥(e))),

i=1
where e}, ..., ey is the dual basis of ey, ..., e4. From the definition, we can
check that the map on the right-hand is compatible with ¢g, ().

Lemma 2.2. The pairing Doy is a Gal(K /K )-equivariant perfect pairing
independent of the choice of a basis.
Proof. The Gal(K /K)-equivariance is obvious. Since this pairing is in-
duced by the natural pairing

Homg (M, R) x Homg(M", R) ~ R ®g, M” x Homg (M"Y, R) — R,

it is independent of the choice of a basis. We can show the perfectness of
the pairing just as in [10, Théoreme 4.3.1], as follows. Let A = (a; ;) be

the representing matrix of ¢gn for a basis e1,...,eq of M. An element f
of TE(9M) is identified with a solution (f(e1),..., f(eq)) in R of the system
of equations X! = Z‘j:l a;;X; for i = 1,...,d. Suppose that an element

Y e TE(OMY) satisfies Don(f, f¥) = 0 for any f € TE(OM). Put y; = fY(e)).
Then the set T (M) is identified with the set of solutions in R of the system
of equations X = Ed a;; X; (i=1,...,d) and y1 X1 + -+ + yaXqg = 0.

=1
Since this system of equations has no more than p?~! solutions in R unless

y; = 0 for any ¢, the perfectness follows. O
Lemma 2.3. For an object M ofl\/Iod;’g’1 , we have a Gal(K / K, )-equivariant
perfect pairing

D+ Tihys(M) x Ty (MY) — T (S1(r))

crys crys crys

d
(£ 1Y) = (e =D flea SV (e))),
i=1
where eq, ..., eq is a basis of M and ey, ... e} is its dual basis. This pairing
is independent of the choice of a basis eq, ..., eq.

Proof. This is a part of [10, Théoréeme 4.3.1]. Here we present a slightly

different proof. First note that the map Da(f, fV) : e — Z?:l flei)fY(e))
is independent of the choice of a basis. Thus we may assume that eq,...,eq
is an adapted basis and we put

Fil'M =u"S1e1 @ --- ® u"?S1eq + (FilPS)M,
or(utey, ... u"ley) = (e1,...,eq)G
as before. Note that the ring homomorphism

(R/mz™) V1, Ya,.. )/ (YE, YE,...) — RPY
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sending Y; to (p' — 1), (E(z)) is an isomorphism. Take f € Ty (M) and
[V € Tgys(MY). Since the elements u” f(e;) and u " f¥(e;’) are contained
in Fil" RPY | we can write f(e;) = u® iz + 2} and fV(e)) = uiw; +w) with
some z;,w; € R/m?p and z,w, € FilPRPP. This shows that the map
D (f, fY) preserves the filtration. Moreover, since we have

(fler),- -, fea))G = (dr(u™ flen)), ..., r(u"f(ea))),
(fYed)s o Feg))e (G) T = (or (™ fY (€))), -y (w7 Y (),

we see that the equality

" Dp(f, f¥)(e Z@» "if(ea)pr (uTT Y (€]))

_C2TZ¢ 2)d(w;) = "o (D (f, V) (e))

holds. This shows that the pairing D 4 is well-defined. Then the Gal(K /K )-
equivariance is obvious, and the following proposition and Lemma 2.2 show
the perfectness of Day. O

Proposition 2.4. We have a commutative diagram

Dop

T(M) x TE(MY) TE(S1(r))
-
Tc*rys(MG X T(;krys( ( )) V| ad

crys TEITT)TZ
. D
Crys(MG ) X Tcrys(MG )\/) = Crys(Sl( ))

where the right vertical arrow is given by f — (e — ap(f(e))) as before.

Proof. For an object M of Mod; g’ , we have a commutative diagram

Dm

T:rys(M) X T:rys(Mv) crys(sl( ))

(I |

Tcrys(TO(M>) X Tc*rys( O(Mv)> L Tcrys(Sl (T))a

where the object S (r) of Mod;;s and the pairing D  are defined similarly

to the case of Mod;g Composing these two diagrams, it suffices to show
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the commutativity of the diagram

Doy

TE(OM) x TE(MY) TE(61(r))

ll Zl Z\Lmﬁ
- - Do - L
Tékrys<T0<M6(m))) X T:rys(TO(MG(m)v» — T'(;krys(S1 (T)>7
where the middle vertical arrow is defined as
fr=((@e) — o(fY(e))

Since the image of « in S; is equal to 1, the commutativity follows from the
definition. O

3. CARTIER DUALITY FOR UPPER AND LOWER RAMIFICATION SUBGROUPS

Let G be a finite flat generically etale (commutative) group scheme over
the ring of integers of a complete discrete valuation field. Abbes-Mokrane
([2]) initiated a study of ramification of G using a ramification theory of
Abbes-Saito ([3], [4]). As in the classical ramification theory of local fields,
G has upper and lower ramification subgroups ([17], [14]). When the base
field is of mixed characteristic, Tian proved that the upper and lower rami-
fication subgroups correspond to each other via usual Cartier duality if G is
killed by p ([25]), and Fargues found a much simpler proof of this theorem
([14]). In this section, after briefly recalling the ramification theory of finite
flat group schemes, we show a variant of Tian’s theorem for a complete dis-
crete valuation field of equal characteristic p with perfect residue field, using
the duality techniques presented in the previous section instead of Cartier
duality of finite flat group schemes.

3.1. Ramification theory of Abbes-Saito and finite flat group schemes.
In this subsection, we let K denote a complete discrete valuation field, = a
uniformizer of K, Ok the ring of integers, F' the residue field and K5°P a sep-
arable closure of K. Let vk be the valuation of K normalized as vi(m) = 1
and extend it naturally to K°P. We put

mIZ(isep = {l’ € Ogsep | ’UK(CL‘) > ’L}

and similarly for m?sep.

An Og-algebra B is said to be formally of finite type if B is a complete
Noetherian semi-local ring and B/rad(B) is finite over F. An Og-algebra
surjection B — B from an Og-algebra B formally of finite type and formally
smooth to a finite flat Og-algebra B is said as an embedding of B if it
induces an isomorphism B/rad(B) — B/rad(B). The embeddings of B
form a category in an obvious way. Then the j-th tubular neighborhood
X7-(B — B) of an embedding (B — B) for j € Qs is the affinoid variety
over K defined as

X} (B — B) = Sp(K ®0, (B[I'/=*])"),
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where j = k/I with k,l € Zsq, I = Ker(B — B), B[I'/7*] is the subring
of K ®o,, B generated by the elements f /7% with f € I' and A means the
m-adic completion. This affinoid variety is independent of the choice of a
presentation j = k/I. For an affinoid variety X over K, the set of geometric
connected components of X is denoted by mo(Xgser). We put abusively

Fk(B) = Fr(Spec(B)) = Homo alg. (B, Ogser) and
Fl(B) = Fi(Spec(B)) = lim mo(X% (B — B)geer),

where the projective limit is taken along the category of embeddings of B.
In fact, this projective system is constant. These two define functors from
the category of finite flat Og-algebras (or Og-schemes) to that of finite
Gal(K®P/K)-sets and we also have a natural map Fg(B) — Fi.(B) of
Gal(K®P/K)-sets. If B is relatively complete intersection over Og and
K ®o, B is etale over K, then this map is a surjection and the conductor
of B (or of Spec(B))

ck(B) = ck(Spec(B)) = inf{j € Q¢ | Fx(B) — .’F}‘{(B) is a bijection}

is shown to be an element of Q>. Moreover, for a finite separable exten-
sion L/K in K% of relative ramification index e’, we have a commutative
diagram of Gal(K®°P/L)-sets

Fr(Op ®ox B) —— Fk(B)lcai(rser/1)

! !

Fi° (0L ®ox B) —— Fie(B)lcai(xser/1L)
whose horizontal arrows are natural isomorphisms.

Let G = Spec(B) be a finite flat generically etale group scheme over
Ok. Then G is relatively complete intersection over Ok ([8, Proposition
2.2.2]). By a functoriality of the functors Fx and F7, the Gal(K*P/K)-
sets Fx(G) and F7-(G) have natural Gal(K*P/K)-module structures and
the map Fg(G) — FJ(G) is a surjection of Gal(K®P/K)-modules. The
scheme-theoretic closure in G of the kernel of this surjection is denoted by
GJ and called the j-th upper ramification subgroup of G. On the other
hand, for i € Q>g, the scheme-theoretic closure in G of Ker(G(Ogser) —
G(Ofsep /m%ep)) is denoted by G; and called the i-th lower ramification
subgroup of G. We also put

G (Oxew) = | 07 (Oksen), Gis (Orcoen) = | Gir(Ocoen).
>3 !>
As in the classical case, the upper (resp. lower) ramification subgroups are
compatible with quotients (resp. subgroups). Namely, for a faithfully flat
homomorphism G — G” of finite flat group schemes over Ok, the image
of GI(Opser) in G"(Ofeser) coincides with (G”)7 (Opeser) ([2, Lemme 2.3.2]).
From the definition, we also see that for a closed immersion G’ — G of finite
flat group schemes over Ok, the subgroup G'(Ogser) N G;(Okser) coincides
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with (G");(Ogsep). In addition, for a finite separable extension L/K in K5
of relative ramification index €/, we have natural isomorphisms

(Or X0, GV — O x0, G, (O X0, G)ie — OL X0, Gi

of finite flat group schemes over Or..

Suppose that K is of mixed characteristic (0,p). If G is killed by p”,
then we have cx(G) < e(n+1/(p—1)), where e is the absolute ramification
index of K ([17, Theorem 7]). When G is killed by p, the upper and lower
ramification subgroups of G switch to each other via Cartier duality, as
follows. Let GV be the Cartier dual of G, and consider the perfect pairing of
Cartier duality

(. )g:G(0g) xG"(Og) — 1p(Ok).
Then we have the following duality theorem for the upper and lower rami-
fication subgroups of G ([25, Theorem 1.6], [14, Proposition 6]).

Theorem 3.1. (Tian, Fargues) Let K be a complete discrete valuation field
of mized characteristic (0,p) with absolute ramification index e and G be a
finite flat group scheme over Ok killed by p. For j < pe/(p — 1), we have
an equality

G (O)*" = (9" )5+ (Ok)
of subgroups of G¥ (O ), where 1. means the orthogonal subgroup with respect
to the pairing { , Vg and I(j) =e¢/(p— 1) — j/p.

3.2. Kisin modules and finite flat group schemes of equal charac-
teristic. Consider the complete discrete valuation field X = k((u)) with
uniformizer u and perfect residue field k. We embed Oy = &1 = k[[u]] into
R by u — = as before. Then R is the completion of the ring of integers of
an algebraic closure of Oy. We let A%°P denote the separable closure of X
in Frac(R).

Let Y be a finite extension of X in R of relative ramification index e’ and
let ¢ also denote the absolute Frobenius endomorphism of . We identify Oy
with [[[v]] for a finite extension [ of k. Define a category Mod;’gy to be the
category of free Oy-modules N of finite rank endowed with a ¢-semilinear
map ¢ : N — N such that the cokernel of the map 1Q¢n : Oy®g 0,9 — N
is killed by u®".

For an object 91 of Mod;’gx = Mod;’gl, we consider the Oy-module

Oy®0e, M as an object of Mod;’gy by giving it the ¢-semilinear map ¢ pgy.

This defines a base change functor Oy ®e ., — : Mod;’g1 — Mod;’g’y. We also

have a duality theory for the category Mod;’gy similar to that of Mod’}gl.

Let 91 be an object of Mod;’gy and put MY = Home,,(N, Oy). Take a basis
e1,...,eq of Mand let ef,..., ey be its dual basis of Y. Define a matrix
A € My(Oy) by

oler,...eq) = (e1,...,eq)A.
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Then we put
pmv (el eq) = (ef s e (—E(u)/F(u)"(A) 7

We can show that this is independent of the choice of a basis and we have
an isomorphism of the double duality as before. Moreover, for an object 9t
of Mod;gl, we have a natural isomorphism

Oy ®o, MY — (Oy @0, M)’

of Mod;’gy, by which we identify both sides.

For a finite flat group scheme H over a base of characteristic p, we let Fjy
and Vj denote the Frobenius and Verschiebung of H, respectively. We say
that a finite flat group scheme H over Oy is v-height < s if its Verschiebung
V3 is zero and the cokernel of the natural map

Ff; : Oy ®¢,0,, Homo,, grp. (H, G,) — Homo,,_grp. (H, Ga)

is killed by v*. The category of finite flat group schemes over Oy of v-height
< s is denoted by Cg; Then we have an anti-equivalence of categories

) - T1¢

Hy(—) : Mod /0y

([16, Théoreme 7.4]). The group scheme Hy (M) is defined as a functor over
Oy by

N C(%;e’r

2l — Homop,, 4(N, A),

where we consider an Oy-algebra 2 as a ¢-module over Oy with the absolute
Frobenius endomorphism of 2. If we choose a basis e1,...,eq of 91 and a
matrix A = (a;;) € My(Oy) as above, then Hy(N) is isomorphic to the
additive group scheme over Oy defined by the system of equations

d
Xf—zaj,in =0 (i=1,...,d).
j=1

For an object 9 of Mod;’gl, we also have a natural isomorphism
Oy X0, Hx (M) — Hy(Oy ®o, M)

of finite flat group schemes over @y. We drop the subscript V' of Hy if there
is no risk of confusion.

The following lemma is a variant of the scheme-theoretic closure for finite
flat group schemes.

Lemma 3.2. Let 9 be an object of Mod?’g1 and L be a Gal(X*P /X)-stable

subgroup of TE(9M). Then there exists a surjection M — M” ofMod;’g1 such
that the image of the corresponding injection TE(OM") — TE(IM) coincides
with L. A surjection MM — I satisfying this property is unique up to a
unique isomorphism.
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Proof. This follows from the same argument as in [21, Lemma 2.3.6]. Indeed,
let Mod(/bX denote the category of etale ¢-modules over X' ([15, Section Al]).
We have an equivalence of categories Ty from Mod?X to the category of finite
Gal(X®P/X)-modules over F, defined by Ti(M) = (X5 ®y M)?=l. For
an object M of Mod?X, we also put T*(M) = Homy 4(M, X%P). Then the
natural map

T.(M) — Homg, (T™(M),Fp)

is an isomorphism of Gal(AX'%P/X)-modules. Set M = X ®@g, M. We have a
canonical isomorphism TE(9) — T*(M) of Gal(A*P/X)-modules and let
M" be the quotient of M corresponding to the surjection

T\ (M) — Homg, (T*(M),F,) — Homg, (L, Fp).
Then the Kisin module " = Im(M — M — M") satisfies the desired
property. U

Let 901 be an object of Mod;’g1 and L be a Gal(X*P/X)-stable subgroup
of H(M)(R) ~ TE(M). Take a surjection M — M” corresponding to the
image of L in T&(9M) as in the previous lemma. We call the subgroup scheme
H(OM) of H(IM) as the scheme-theoretic closure of L.

Since the finite flat group scheme H(9M) is generically etale, the group
H(ON)(Oxser) can be identified with the group H(9)(R). Moreover, we
have a surjection of Gal(X*P/X’)-modules

Fre(H(O) = H(O) (Oser) = H(M)(R) — F(H (M)
and its kernel is the j-th upper ramification subgroup H(9MM)7(Oxser) =
H(ON)7(R). We also have the i-th lower ramification subgroup
H(IM)s(Oser) = Ker(H(DM)(Oxser) — H(M)(Oser /mFen ),
which we identify with
H(O)i(R) = Ker(H(IM)(R) — H(M)(R/m))

by using the injection O‘)(‘Sep/m%iep — R/m%. Since H(IM)(R) = TE (M),
the natural pairing Doy of Lemma 2.2 induces a perfect pairing
(ot H(OM)(R) x H(MY)(R) — R.
Then the main theorem of this section is the following.
Theorem 3.3. Let 9 be an object of Mod;’gl. Then the conductor of the

finite flat group scheme H(IM) over Ox satisfies the inequality cx(H(M)) <
per/(p —1). Moreover, for j < per/(p — 1), we have an equality

HEN) (R)F = H(MY),, ()4 (R)

of subgroups of H(MV)(R), where L means the orthogonal subgroup with
respect to the pairing ( , Yo and l.(j) =er/(p —1) — j/p.
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Proof. We proceed as in the proof of [14, Proposition 6]. Let ) be a finite
separable extension of X in X®°P of relative ramification index €’ and put
N =0y ®g, M. Then we have a commutative diagram

<7>m

HON)(R) x H(MY)(R) —— R

|
Hy(W)(R) x Hy()(R) = R
where ( , ), is a perfect pairing defined similarly to the pairing ( , )on
and the vertical arrows are isomorphisms. Since H(9M") is generically etale,
after making a finite separable base change and replacing e by ee’, we may
assume that the Gal(X°P?/X)-action on H(9M")(Oxsep) is trivial.
Let f¥ be an element of H(9MY)(R) and A : MY — N be the surjection of

Mod;’g1 corresponding to the subspace F,fY C H(9Y)(R) by Lemma 3.2.

The natural isomorphism 9t — (9M"Y)Y induces a morphism
H(M) ~ H(MY)Y) — HN)

of finite flat group schemes over Oy, where the right arrow is a faithfully
flat homomorphism.

Lemma 3.4. We have a commutative diagram

TENY)

Ts(Mm) —— T ((M")") TE(MY)

D. D
R Z\L mV Z\L N

Homp,, (Tg(imv), T&(61(r))) — Homg, (TE(M), TE(61(r)))

| |

Hom, (T§(90"), R) ———— Hom, (T (M), R),
S

where TE(N)* is the natural map induced by TE(N) : TE(M) — TE(OMY) and
the lower vertical arrows are induced by the map TE&(S1(r)) — R defined as

[ fle).

Proof. Choose basis ey, ..., eq of 9 and n of Y. The commutativity of the
lower square is obvious. The top left triangle is also commutative, since the
double duality isomorphism 91 — (9MY)Y maps e; to (ef)V. It suffices to
show that the right outer square is commutative. Put

AeY,...,ey) = (Am, ..., Agn)

with some A\; € &;. Then the commutativity follows from the fact that,
for fYV e TE((MY)Y), both of its two images in Homp, (T& (M), R) send

¥ € TEOM) to 5, Ab(m) £V ((e))Y). O
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Let f be an element of T (9M). Its image in Homp, (T(N), R) of the
diagram in the lemma is ¢ +— (f, 1o A)gn. From the definition of the scheme-
theoretic closure, we see that the equality Fp f¥ = {¢poX | ¢ € TE(M)} holds
in T (9Y). Thus the previous lemma implies that an element fY of T&(9Y)
is contained in the orthogonal subgroup (H(9M)7(R))* if and only if the
image of H(9M)7(R) by the surjection H(IM)(R) — H(NV)(R) is zero. This
is the same as H(M")/(R) = 0. By Lemma 3.5 below, this holds if and only
if j > per/(p—1) or j < per/(p—1) and H(N),, )+ (R) = H(N)(R). Since
the last equality occurs if and only if f¥ € H(IM"), (j)4+(R), the theorem
follows. i

Lemma 3.5. Let M be an object of Mod;’g1 which is free of rank one over
S1. Then we have H(MY) (R) =0 if j > per/(p —1). For j < per/(p—1),
the subgroup H(MNY)’(R) is zero if and only if H(MN),, (j)+(R) = H(M)(R).
Proof. Let n be a basis of 91 and n" be its dual basis of MV. Put ¢n(n) =
u®an with 0 < s < er and a € &]°. Then we have ¢ynv(n') = v *a'n
with some a’ € &1°. Hence the defining equations of H(M) and H(MNV) are
XP —w*aX =0 and XP —u®""%d’X = 0, respectively. By a calculation as
in [17, Section 3|, we see that
: HM)(R) (j <pler—s)/(p—1))
HMYY(R) = :
@ =1 g (> pler —s)/(p— 1)
HOY(R) (i <s/(p—1))

HEOY(R) = .

v ={ § (> 3/ 1)

and the first assertion follows. Moreover, for j < per/(p — 1), we have
l.(j) > 0 and

HNYY (R) =0 j>pler—s)/(p—1)
& 1:(7) <s/(p—1) & HOM), )+ (R) = HOY(R).
O
By the previous lemma, we also have the following corollary.

Corollary 3.6. Let 9t be an object of Mod?’gl. Then the i-th lower rami-
fication subgroup H(IM); vanishes for i > er/(p —1).

Proof. As in the proof of Theorem 3.3, we may assume that the Gal(AX'5P /X)-
module H(9M)(R) is trivial. For i > er/(p — 1), take an element z €
H(OM);(R) and consider the scheme-theoretic closure H (1) of the subspace
Fpz € H(M)(R). By Lemma 3.5, we have H(M);(R) = 0 and thus z =
0. O

Remark 3.7. Let K be a complete discrete valuation field of mixed char-
acteristic (0,p) and G be a finite flat group scheme over O killed by p.
Then, by using the usual scheme-theoretic closure of finite group schemes,
we can easily see that the i-th lower ramification subgroup G; vanishes for
i>e/(p—1), just as in the proof of Corollary 3.6.
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3.3. Appendix: a description of the tame characters of TZ(91). In
this subsection, we prove Theorem 1.2, though we do not use it in the

rest of the paper. Let k be the residue field of AP and consider the
one-dimensional E-vector space ©; = mzle, /mile, ~ m%’ /m7 for a non-
negative rational number j. Then the inertia subgroup Iy naturally acts on
©; and this action is k-linear. Moreover, the multiplication map induces an
Iy-equivariant isomorphism

@j Qf @j’ — @j—l—j"

We let 6; denote the character Iy — k> defined by the Iy-action on ©; and
call it the fundamental character of level j ([24, Subsection 1.7 and 1.8]).
From the definition, we see that the equalities 6;,; = 6;0; and 6/, = 1
hold. Put j = p™™a/b with a,m € Z>¢, b € Z~o and p t b. Then the j-th
fundamental character 6; is also given by

0;(0) = (o(u?)/u’*?"™* mod m3%,.

Hence the image 6;(Ix) generates a finite extension over F, in k and we let
this extension be denoted by F ;.

Lemma 3.8. Via the identification Gal(X5 /X)) ~ Gal(K /K), the mod p
cyclotomic character X : Gal(K /Ko) — F)S corresponds to the fundamental
character 0,1y of Ix.

Proof. Recall that the element

oo
= (D" - Dhie - 1)
i=1
of the ring RPY satisfies o(f) = x,(0)f for any o € Gal(K/K). Therefore,
by considering the image of £ in RPY/FilP RPP ~ R/m?p , we see that x,
corresponds to the fundamental character 6, /,_1) of Ix. The latter is equal
to 0@/(1)—1)' [l

For a field F and a character 0 : Iy — F*, we let F() denote the one-
dimensional F-vector space on which Iy acts by 6. For an object 9 of
1\/Iod;’g1 and a non-negative rational number i, we also put

gry (M) (R) = H(M);(R)/H (M) i1 (R).
By Theorem 3.3 and the previous lemma, the perfect pairing Dgy induces
an isomorphism of Iy-modules

gt/ H(9M)* (R) — Homp, (gr;, (jy KON )a(R), Fp(0erp-1)))-

Lemma 3.9. Let 9 be an object of Mod;’gl and i be a non-negative rational
number. Then the Lx-action on the i-th graded piece V; = gr;H(IM)e(R) is
tame. Moreover, there exists an F(i)-action on V; such that the Iy-action

on V; factors through 0; : Iy — F(Xi).
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Proof. Choose a basis eq,...,eq of 9. Then we have an injection of [y-
modules ¢ : V; — @Z@d defined by f+— (f(e1),..., f(eq)). Hence we see that
if o € Iy acts trivially on ©;, then it acts trivially also on V;. This implies
that the Iy-action on V; is tame and factors through 6;(Iy). Let x be a
generator of the finite cyclic group 6;(Ix) C F(Xi). By definition, the finite
extension F(;) /I, is also generated by z. We let the minimal polynomial of
x over [, be denoted by H,(T) € F,[T]. Take an element o € Iy satisfying
6i(c) = x. Since H;(o) acts on O; as the zero map, it acts on V; also as the
zero map. Thus we have a ring homomorphism

Fp[T]/(Hz(T)) — Endg, (V5)
T o.

We give V; a structure of an F;-vector space via the composite of this
homomorphism and the inverse of the isomorphism F,[T]/(H.(T)) ~ F,
sending T to z. Then the action of the element z = 0;(c) € F(; on V;
coincides with the action of ¢. Thus this action has the desired property. [

Proof of Theorem 1.2. Note that the field F;, (;)) coincides with F ;). Write
V7 for the j-th graded piece in the theorem. By the previous lemma, we have
an Iy-equivariant Fp-linear isomorphism V7 — Homg, (F;)(0_;/,)®",Fp)
and thus the Iy-action on V7 is tame. Moreover, an action of F(;y as in
the theorem is given by twisting the induced action of F;) from the right-
hand side of this isomorphism by the p-th power map. This concludes the
proof. O

Remark 3.10. We can show Theorem 1.2 also as in the proof of the main
theorem of [19], since the proof carries over verbatim for H(91).

4. COMPARISON OF RAMIFICATION

Let p > 2 be a rational prime and K be a complete discrete valuation
field of mixed characteristic (0, p) with perfect residue field &, as in Section
2. Then it is known that there exists an anti-equivalence G(—) from the cate-

gory Mod}g1 to the category of finite flat group schemes over Ok killed by p.

On the other hand, we also have the anti-equivalence H(—) : Mod}g1 — Cgi

defined in Section 3 and an isomorphism of Gal(K /K )-module
em : G(M)|Gar(k/Ko) = HON)(R).

In this section, we prove that this isomorphism is compatible with the upper
and the lower ramification subgroups of both sides. For the proof, after re-
calling the construction of the anti-equivalence G(—) ([8], [20]) and checking
its compatibility with the base change to K,, = K(m,), we show that the
isomorphism egy is also compatible with dualities on both sides. Then, by
the duality theorems presented in Section 3, we reduce ourselves to compare
the lower ramification subgroups of both sides. This comparison of lower
ramification subgroups relies on the fact that reductions of G(90) and H(IN)
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are isomorphic to each other, not as group schemes but merely as pointed
schemes.

4.1. Breuil’s classification. In this subsection, we briefly recall Breuil’s
classification of finite flat group schemes over O ([8]). Here we restrict
ourselves to the case of p-torsion group schemes.

Put Ey = Spec(S1) and .1 = Spec(Ok /pOk). For a scheme X over .77,
the big crystalline site with the syntomic topology for X/E; is denoted by
CRYS(X/E1) and its topos by (X/E1)crys. We have the structure sheaf
Ox g, and the ideal sheaf Jx, g, on this site.

Let Spf(Ok)syn be the category of syntomic p-adic formal schemes over
Spf(Ok) with the syntomic topology ([8, Subsection 2.2]) and (Ab/Of) be
the category of abelian sheaves on Spf(Ok)syn. We consider a finite flat
group scheme over O naturally as an object of Spf(Ok)syn or (Ab/Ok).
For a p-adic formal scheme X over Spf(Ok ), we put X1 = X X0, (Ok /pOk).
Then the sheaf of rings Off and its ideal sheaf Jf;fs on Spf(Ok)syn are
defined as

X = O773(X) =T((X1/E1)crys, Ox, /)5
X = JO7(X) = T((X1/Er)cryss Tx, /E, )-
Let ¢ : 077" — O be the map induced by the crystalline Frobenius map.

1,7
Then there exists a ¢-semilinear map ¢ : jﬁ?’s — Off of (Ab/Ok) and
with these structures the S-module Oi?;s(.'{) can be considered as an object
of ! Mod}ﬁ.
Let Co, 1 be the category of finite flat group schemes over Ok killed by
p and G be an object of this category. Then the Sij-module

Mod(G) = Homap0,)(9, O1%)

has a natural structure as an object of Mod}’;; with rankg, (Mod(G)) =

log,,(rank(G)). On the other hand, for an object M of Mod}ﬁl, we define an
abelian sheaf Gr(M) on Spf(Ok)syn by

% — GT(M)(%) — HOmS,Fi11,¢1 (M, Ocrys(%)).

1,7

This sheaf is shown to be represented by a finite flat group scheme over O
killed by p, which is denoted also by Gr(M) ([8, Corollaire 3.1.8]). Then

the functor Mod(—) : Co, 1 — Modlig; is an anti-equivalence of categories

and the functor Gr(—) is a quasi-inverse of Mod(—) ([8, Théoreme 3.3.7]).
Now we put

G(—) = Gr(Me(-)) : Mod, — Cop1,

which is also an anti-equivalence of categories. Then, for an object 9 of
Mod}gl, we have a natural isomorphism of Gal(K /K )-modules

e - GOM)(Ok) — Te(M) = H(OM)(R)
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([20, Proposition 1.1.13]). This isomorphism is constructed as follows. Let
H; be the divided power polynomial ring RPY (v — ) over RPY. The natural
surjection
H| = RDP<u -7 — @K
r=(ro,r1,...) — 70

U=

is a divided power thickenirig of @f( and we can show that this gives the
final object of CRYS(Spec(Ox)/E1). Thus the ring O7*(Og) is naturally

1,7
identified with H; an_d the map H; — RPP defined by u — m induces an
isomorphism of Gal(K /K )-modules

em : Gr(M)(Og) = Homg g1 4, (M, Hi) — Homg gy 4, (M, RPP)
(see the proof of [8, Lemme 5.3.1]). The isomorphism egy is the com-
posite of erqg o) and the inverse of the natural isomorphism 7§ (9) —
T:rys(MG(m))'

Let M be an object of Mod}ﬁ. In [8, Section 3], Breuil gave an explicit
description of the affine algebra R4 of the finite flat group scheme Gr(M)
in terms of M. Let eq,...,eq be an adapted basis of M such that

Fil!l M =u"1S1e; @ --- @ u"4S1eq + (FilPS)M,

d1(utey, ..., u"leq) = (e1,...,eq)G
with a matrix G € GLq(S51) (note that we adopt the transpose of the nota-
tion in [8]). Assume that the image G of G in GL4(S1) is contained in the
subgroup G Lg4(k[uP]/(uP)). Consider the ring homomorphisms

k[u]/(uep) - 0K1/p0K1 — 0K1>

where the first map is the gb_l-segnilinear isomorphism defined by u +— ;.
We choose a lift G = (a;;) of G by this map to GLq(Ok) using the as-
sumption on G and put

OK[X17 v 7Xd]
e—r d e—r d :
(Xf + 7}:(#)1 (22j=1aj1X5), -+ , Xg + T;?(w)d (> 51 aj,de)>

Then we have an isomorphism of p-adic formal schemes Spf(R () ~ Gr(M).
The induced map

¥ : Homo-alg. (Rm, O) — Gr(M)(Og) = Homg gy 4, (M, Hy)

is defined as follows. Let f : Ry — Og be an element of the left-hand
side. Set z; = f(X;) and Z; to be its image in Op. We let y; denote the
inverse image of Z; by the isomorphism pr; : RPY — (@K)DP recalled in
Subsection 2.3. Then W(f) is the unique element of the right-hand side
which is congruent to the S-linear map (e; — y;) modulo Fil’H; (see the
proof of [8, Proposition 3.1.5]). From this description, we see that the zero
section of the group scheme Spec(R,) is defined by X; =--- = X; =0.

Ry =
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4.2. Compatibility with the base change to K,. Next we investigate a
compatibility of the map egny with the base change from K to K,, = K(m,).
Put & = W|[v]] and define a Frobenius endomorphism of &’ by ¢(v) = vP.
Then the ring homomorphism &; — &) = k[[v]] defined by u — vP" is
compatible with ¢’s. Let E'(v) = E(vP") be the Eisenstein polynomial of
7, over W. Then we see that a base change functor &' ®g — : 1\/[0d7(f§1 —
Mod’;’g,l is defined by 9 — M = &' Vg M with do = ¢ ® don.

As in [18, Section 3|, we can define a similar base change functor for
Mod;’g)l. Let S’ be the p-adic completion of the divided power envelope
Wv]PP of W[v] with respect to the ideal (E’(v)) and we define ¢, Fil" and
¢, of the ring S’ similarly to the ring S. Then the ring homomorphism
Wu] — Wv] sending v to v?" induces a ring homomorphism W [u]P¥ —
Wv]P? (resp. S — S’) and this makes the W[u]PY-algebra W[v]PY (resp.
the S-algebra S’) free of rank p™. From this we can show that the natural
map S’ ®g Fil"S — Fil"S’ is an isomorphism and the ¢-semilinear map
¢ : FilI"S" — S’ corresponds via this isomorphism to ¢ ® ¢,. Then the

functor S’ ®g — : 1\/Iod7/"’;’1 — Mod;’g, is defined by M — M’ = 5§ @ M
1
with

Fil'M' = 8" ®5 Fil' M, ¢r 0 = ¢ @ br M-
By definition, we have a functorial isomorphism S’'®@sMg(M) — Mg (6'®g
M) for an object M of Mod;’gl, by which we identify both sides.

Consider the W-algebra homomorphism W{[v]] — W(R) defined by v
[ll/p"], Using this map, we have a similar functor 7§, (resp. Tc*rys,) from the
category Mod?’é’,1 (resp. Mod;’g,) to the category of Gal(K /K )-modules.
1

Moreover, we have a natural commutative diagram

T(Mm) Terys(M)

| |

T5,(6' ©e M) — = T (5 @5 M)

crys’

of Gal(K /K )-modules whose arrows are isomorphisms.
By the definition of the functor H(—), we have a natural isomorphism

k[[v] X ki) H(ON) — H(S' @s M)
of finite flat group schemes over k[[v]] which induces on the R-valued points

the above isomorphism TE (M) — T, (6" @ M). On the other hand, the
functor Gr(—) is also compatible with the base change functor Mod;’g1 —

Mod;’;),. Though a proof of this fact can be found in [18, Theorem 3.6] at
1

least for n = 1, we give here a more transparent proof.
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Proposition 4.1. Let M be an object of M0d1’¢ and put M' = 5" @5 M.
Then there exists a natural isomorphism

Ok, X0, Gr(M) — Gr(M)
of finite flat group schemes over Ok, .

Proof. Put E} = Spec(S]). Then the pull-back (X1/E1)crys — (X1/E})crys
for an object X € Spf(Ok,, )syn defines a natural map of sheaves

Gr(M)|sp(0x, Joyn — CGT(S @5 M).

It suffices to show that this map is an isomorphism. Take a p-adic syntomic
formal scheme

A = OKn{le' . .,Xr}/(fla-- . 7f8)

over Ok, , where Ok, {X1,...,X,} is the p-adic completion of the polyno-
mial ring Ok, [X1,...,X,] and fi,..., fs be a transversally regular sequence
of that ring over O,,. As in [8, Lemme 2.3.2], we put

W = O, {XP XV XP V(X0 — Ty fis- s fo),
Ao = lim A; and
—1

oo

Ano = Noo/D%00 = K[XE T X XETT) (XS fry e S
Note that 2; is a p-adic syntomic cover of 2 over Ok, . We also put
O (o) = im O7Z (A7), Ty (Aoo) = lim Ty 2% ()
i
and similarly for O)7” (o) and J;”(eo). We give these rings the filtra-

tions defined by the d1v1ded power structures. Then as in the proof of [8,
Lemme 2.3.2], we can show that there exist isomorphisms

O (o) /FIP O (o) = Asclu]/(u? — X{),
OF% (Uno) /FilP O (Ane) = Ao[v]/ (0P = Xo),

1,7
where A, is considered as a k-algebra by twisting the natural k-action by
¢!, Let By (resp. B..) denote the former (resp. the latter) k-algebra.

Since we have ¢ (Fil?O7°(%)) = 0, we can define a structure as an object
of/ Mod}gj on By, induced from 07 () and similarly for BL,. Moreover,
we have a commutative diagram

Homg pyj1 ¢1(M Ocrys(m ) Homg pyj1 4, (M, Bx)

| |

Homg/ gy 4, (M, 0?;‘?2 (o)) — Homg, gy g, (M, BL),

where the vertical arrows are the natural pull-back maps and the horizontal
arrows are isomorphisms. Thus, to prove the proposition, it is enough to
show the bijectivity of the right vertical arrow. Note that this arrow is
induced by the A,.-algebra homomorphism By, — B’ sending u to vP".
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Let v; be the element of the ring k[Xgioo, Xfioo, . ,Xfioo] such that ¢
coincides with the image of f;, and we also let it abusively denote its image
in Ay. Put £ =u — Xgn_l and ¢ =v — Xé/p. By definition, the filtrations
of the rings B, and B are given by

n—1 n—1
Fil' By = (&,%1, ..., s, Xg¥ ), Fil' Bl = (€/,41, ... s, X ).

We can describe ¢1’s of the rings B, and Bl as follows. Take a lift 1/3@ of
1; in the ring Ao We have ¢F + pi)} = 0 for some ¢} € A and set ¢} to
be the image of 1% in As. Then we have

p—1
n—1

61(6) = Z<—1>’ffku’f<xg”‘l>fﬂ-k, b(XP" ) = p(—F(u))

k=1
and ¢1(¢;) = (Y})? for By. Similarly, we also have

p—1
pu(€) = Z(—w“’j’“v’%x(%/”)”, b1(X ) = G- F ("))

k=1
and ¢1(v;) = (¢])P for BL,. Since we have the equality

p—1

SR <o,

k=1 p

we can also write ¢1(§) = ngn_lf with some w € B and ¢1(¢') =
w’Xé/pg’ with some w’ € BL_.

The ring surjection Boo — By /() ~ Ay induces on the k-algebra Ay, a
structure as an object of Mod}’s(bl. Namely, it is defined by

n—1

Fil'Aw = (¢1, ..., %5, Xg8 ),

d1(v;) = ()P and ¢y (X" ) = (—F(X?"")). This is the same as the
induced structure by the ring surjection B, — Bl /(¢') ~ As. Moreover,

. 1p . . . . .
since XO/ P is nilpotent in A, we have a commutative diagram

HOmS7Fill’¢1 (M, BOO) —_— HomS,Fill,(bl (M, AOO)

| |

Homs/,Fip’m (M,, B(/)O) e Homs/’Fill’qsl (M,, AOO)

whose horizontal arrows are isomorphisms. From the definition of M’, we
see that the right vertical arrow is also an isomorphism. Thus we conclude
the proof of the proposition. ([l
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Put H] = RPP(v — x'/P"). This ring is naturally identified with the ring
07" (Og) as in the case of Hy and the diagram

UF=T

leRDP<’U,—E> RPP
H{ = RDP<U _ El/p"> "o RDP

is commutative, where the left vertical arrow is defined by u — vP". Let
M be an object of Mod/(5 and put M = Mg(M), M = & g M and

M' = 5" @5 M. Then we have a commutative diagram of Gal(K /K,)-
modules

Gr(M)(Og) — Homg pyp1 4, (M, RPY) —— H(OM)(R)

| |

Gr(M')(Og) — Homg g1, (M, RPP) — = H(IM')(R),

where the vertical arrows are isomorphisms.
Let vk, be the valuation on C satisfying vk, (m,) = 1 and v}, be the

corresponding valuation v/y(r) = v, (r(?)) on the ring R. Put
mig' = {x € O |vic, () 2 i}, mig" = {r € R | vR(r) > i}.

Then the lower ramification subgroups of Gr(M') over Ok, and of H (M)
over k[[v]] are by definition

Gr(M");(Or) = Ker(Gr(M')(Ox) — Gr(M
H()i(R) = Ker(H(M')(R) — H(M)(R

Hence we have the following proposition.

JmEh),
)).

N Ox
R/mig*

Proposition 4.2. Let MM be an object of Mod}g1 and put M = Mg(IM),

M = &' ®s M and M' = S" ®5 M. Then the natural isomorphisms of
Gal(K /K)-modules egn and egn make the following diagram commutative.

G(M)(Og) —> H(IM)(R)

| |

GOW)(OR) == HOW)(R)

Here the vertical arrows are the base change isomorphisms. Moreover, these
vertical arrows induce isomorphisms from the i-th to the p™i-th lower rami-
fication subgroups.

(]
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4.3. Compatibility with duality. In this subsection, we prove that there
exists a natural isomorphism 3 : Gr(—) — Gr((—)")Y of functors from
Mod}g; to Cok,1, where the first V means the duality of Mod}ﬁ presented
in Section 2 and the second V means usual Cartier duality (a similar result
is obtained independently by Abrashkin ([1])). Then we define for an object

M of Mod®?

/&, an isomorphism of Gal(K /K )-modules

dam = G(OM)Y(Og) — H(M")(R)

which has a compatibility with the map egn and the dualities on both sides.
In [11], Caruso constructed a similar natural isomorphism to 5 more gen-
erally for the category of finite flat group schemes over O killed by some
p-power. In fact, we can check that his isomorphism also yields the desired
compatibility (and the two natural isomorphisms are the same) by unwind-
ing the definition and doing a lengthy diagram chase. Here we prefer a
shorter exposition by giving the following direct construction of this natural
isomorphism which works only for Mod}’;}l.

Proposition 4.3. Let M be an object of Mod}g;. Then there exists a

natural isomorphism
B 2 Gr(M) — Gr(MmMY)Y

of finite flat group schemes over Ok, where the first V is the duality of
Mod}ﬁ and the second NV means usual Cartier duality.

Proof. Let us consider the object Sy(1) of Mod}ﬁ defined by (S1(1) = S1e =

Fil'S)(1), ¢1(e) = e) as in Subsection 2.3. To construct the isomorphism in
the proposition, we first show the following generalization of Lemma 2.3.

Lemma 4.4. Let M be an object of Mod}g;. Take a basis eq,...,eq of M
and its dual basis eY, ..., ey of MY. Let X be an object of Spt(Ok )syn. Then
we have a natural pairing
Damx HomS,Fill,qbl (M, szs(%» X Homs,F111,¢1 (MY, Ofgrs(%))
— Homg gy 4, (S1(1) O07%(%))

[ Wy
defined by D x(f, fV)(e) = Z?Zl fei)fY(e)), which is independent of the
choice of a basis and functorial on X.

Proof. The functoriality on X is clear. We can also check the independence
of the choice of a basis as before. Thus we may take an adapted basis
e1,...,eq of M satisfying

Fil'M =u"S1e1 @ --- @ u"?S1eq + (FilPS)M,

or(utey, ... u"ley) = (e1,...,eq)G
with 0 <7; < e and G € GL4(S1). Then the dual basis e}, ..., ey of MY is
also an adapted basis, as we have seen in Subsection 2.2.
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Now we only have to show that the S-linear map S1(1) — O7'Y*(X) defined

by e — 3% f(e;)fV(e)) is compatible with Fil'’s and ¢,’s. For this, we
may assume that the p-adic formal scheme X is affine and X = Spf(2) with

A = OK{Xl,...,XT}/(fh--~7fs>

as in Subsection 4.2. We put 2;, A, and A as in the notation there for
n = 0. Since 2; is a p-adic syntomic cover of 2, we have a commutative
diagram

0 —— IR —— O7PR) —— A/pA

1,7

| ! |

0 —— jC’rys(Qloo) —_— szs(ﬂm) — A

whose rows are exact and vertical arrows are injective (see the remark after
[8, Corollaire 2.3.3]). Hence it is enough to check the compatibility on 2.

Put Boo = Aco[u]/(uP—Xo) and Hy g = O7°(%Ueo). We give the rings Ao
and B, natural structures as objects of ’ Mod}’; as in Subsection 4.2. Then
we have a decomposition Hy g = Boo @ FilP Hy g ([8, Lemme 2.3.2]). Let us
consider the elements ¢1,...,1%s and € = u — Xé/p as before. We claim that
if a € A, satisfies (Xé/p)”a € Fil' Ay, then we have a € (Xé/p)e*”Aoo.
Indeed, note that the k-algebra

Ao/Fil'Agy = K[XP ™, ... XP

is isomorphic via ¢ to the k-algebra

— 00

/(X3P 0, )

e}

BIXE o XETT/(XE 1 fs) = Yoo /9o
Then we have 7"i¢(a) = 0 in this k-algebra. Since the Og-algebra 2., is
m-torsion free, the claim follows. Thus we can write the elements f(e;) and
[Y(e}) of the ring Hy g as
fle) = (X3/") iz + &2 + o,
1Y) = (Xg") wi + €wl + w!
with some z;,w; € Ao, 2, W, € Boo and 2/, w] € FilPH; o. Since we have

uP® = 0 in the ring Hj g, we can show the compatibility with Fil'’s and ¢1’s
just as in the proof of Lemma 2.3. U

Note that there exists an isomorphism g, ~ Gr(S1(1)) of finite flat group
schemes over Ok . Thus we also have an isomorphism

Nx : pp(X) — Homg gy 4, (S1(1), 077 (X))

which is functorial on X. After a twist by the action of Aut(u,) = F, we
may assume that the induced map

nog : 1p(Og) = Homg gy 4, (S1(1), Hy) = Fy(e — 1)
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is given by ¢, — (e — t). Then we get a homomorphism
Gr(M)(X) — Hom(Gr(M")(X), 11p(X))

which is also functorial on X. Since Gr(MV) is a p-adic syntomic formal
scheme over Spf(O ), this defines a homomorphism

Bm 2 Gr(M) — Gr(MY)Y

of finite flat group schemes over Ok.
Now we prove that G4 is an isomorphism. By Lemma 2.3, the composite

Gr(M)(O) — Gr(M")"(Ok) = Homo grp. (O X0, Gr(M)", ip.0,)
— Hom(Gr(MY)(Og), 11p(Ok)) =~ Hom(Ty (MY), T3 (S1(1)))

crys

is an isomorphism. By comparing the orders of both sides, we see that the
induced map

Gr(M)(0g) — Gr(M")"(Og)

of Gal(K/K)-modules is also an isomorphism. This shows that the map
Oam defines an isomorphism over K. For a finite flat group scheme G over

Ok, let d(G/Ok) denote the discriminant ideal of G/Of. Consider the base
change map S — S’ as in Subsection 4.2 for n = 1 and put M’ = 5" ®¢ M.
Then, by Proposition 4.1, we have the equality

vk (d(Gr(M)/Ok)) = ;UK(d(Gr(M')/OKl))-

Take an adapted basis eq,...,eq of M and G € GL4(S1) as before. Put
S! = k[v]/(v®?") and consider the natural surjection S| — S /Fil?S| ~ &}
as in the case of S. Then the image of G by the map GL4(S1) — GL4(S]) —
GL4(S}) is contained in GLg(k[v?]/(v?")) and we can apply the explicit
description of the affine algebra of Gr(M’) recalled in Subsection 4.1. Since
we have v (d(G/Ok)) + vk (d(GY /Ok)) = vk (rank(G)), we get the equality

d
vk (d(Gr(M)/Ok)) = de = Y ri = v (d(Gr(MY)"/Ok)).
=1

Hence the map B is an isomorphism. O

Note that we also have an isomorphism ~ : Gr((M")Y) — Gr(M) induced
by the isomorphism of the double duality M — (M")". Then we define a
Gal(K /K )-equivariant isomorphism J by the composite

om : Gr(M)Y(Og) HGr((MY)Y)Y(0g)

— Gr(M")(Og) — Homggi, g, (M, R°T),

81 EMV

where we put G = Gaqv.
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Lemma 4.5. We have a commutative diagram

( darm

Gr(M)(Og) x Gr(M)¥(Ok) 1p(Of)
EM\L iéM lL
T(;krys(M) X T:rys(Mv) ) RDP,

where ( , Yam is the pairing induced by Dyq and ¢ is the homomorphism
sending Cp to t.

Proof. Take elements z € Gr(M)(Of) and z¥ € Gr(M)Y(Og). By the
functoriality of the Cartier dual, we have the equality

(@, 2 ) aromy = (71 @), 7Y (@) ar(mv -

From the construction of the isomorphism 3 and the choice of the isomor-
phism 7%, we see that the equality

(@), () armvy ) = ((Eamv o 87 oy Y)(@Y), (eamvyy 0 ) (@) My
holds. By the definition of the pairing ( , ), we also have the equality
(em(@), om(@)) p = Om(xY), (g 07 (@) mv

and the lemma follows. O

Let 9 be an object of Mod}g1 and put M = Mg(9M). By combining

the middle vertical arrows of the diagrams in Proposition 2.4 and Lemma
4.5, we have an isomorphism of Gal(K /K )-modules

oo : G(M)"(O) — Tg(MY) = H(M')(R).
Then we get the following corollary.

Corollary 4.6. We have a commutative diagram

(5 )gem

GM)(Og) x GM)Y(O) ———— 1p(Ok)

o -

H(M)(R) x H(O)(R) —————> R

s /M

where the right vertical arrow is the injective homomorphism defined by (; —
. 71—
o T,

(]
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4.4. Proof of the main theorem. Now we prove Theorem 1.1. By Theo-
rem 3.1, Theorem 3.3 and Corollary 4.6, it suffices to show that the isomor-
phism doy induces an isomorphism of lower ramification subgroups

(GO *)i(Ok) — HOM)i(R)

for any i € Q>¢. By the construction of the map dgy, it is enough to show

that, for an object 91 of Mod}g1 and M = Mg(9), the isomorphism

e : Gr(M)(Of) — Terys(M) — T (M) = H(M)(R)

induces an isomorphism between the i-th lower ramification subgroups of
Gr(M)(Og) and H(OM)(R) for any i € Q>¢. Note that, by Corollary 3.6
and Remark 3.7, the i-th lower ramification subgroups of both sides vanish
for i > e/(p — 1). By Proposition 4.2, it suffices to show the claim after
the base change to K; = K(m;). We adopt the notation in Subsection 4.2
for n = 1, as in the proof of Proposition 4.3. For example, we set the base
change homomorphism & — &’ to be u — vP. Then we are reduced to show
the following proposition.
Proposition 4.7. Let 9 be an object of Mod}g1 and i' < ep be a non-
negative rational number. Put M = Mg(M), M = & g M, M’ =
Me (M) and &' = egq as in Subsection 4.2 for n = 1. Then there exists a
bijection

e+ Gr(M') (O /mig") — M) (R/mz")
which satisfies €},(0) = 0 and makes the following diagram commutative.

/

Gr(M)(Og) —— HON)(R)

l |

Gr(M') (O fmig") —= H(W) (R/miz")

Proof. Take an adapted basis ey, ...,eq of M and the representing matrix
G as before. Then we see that M’ has an adapted basis €], ..., €, such that

Fil'! M’ =P Shel @ - @ vPraSi el + (FilPS" )M,

d1(vPel, . el = (e, .. el G
where G’ is the image of G in GLg(S) by the map S; — S} sending u to v?.
Consider the natural ring surjection S — S/ = k[v]/(v*?"). Then the image
(' of the matrix G/ by this surjection is contained in GLg(k[vP]/(vP")).
Take its lift G} in GL4(k[[vP]]) via the natural surjection &} = k[[v]] — S| =
k[v]/(v""). We define an object 0 of Mod}é’,1 tobe W =& @--- G ny
with

dov(n1, ..., ng) = (n1,...,n9)¢" H(G)(—F(vP)) tdiag{vPe P, ... pPePra},
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Then the associated Breuil module N/ = Mg/ () is given by

N =85(1@n)® - ®S1(1@ny),

Fil' N = P81 (1®ny) @ --- @ vP"4S1 (1 ® ng) + (FilPS" )N,

PP (1 ®@ny),..., 0P (1@ ng))=1®@n1,...,1® nd)c’gb(—F(vp))*lé/l,

where ¢ = ¢1(E(vP)) € (5')*. Since the element ¢/¢(—F(vP))~! coincides
with 1 in the ring S}, we see that Tp(M’) and Ty(N”) are naturally isomor-
phic to each other. Hence we have an isomorphism 7/ : 9V — 9V, and it is
enough to construct a bijection

el Gr(N) (O /mZ") — H(W)(R/mig"
satisfying €/,(0) = 0 and compatible with the isomorphism ¢’ : Gr(N”)(Og) —
H(O)(R) as in the proposition.

Choose a lift G’ of G} in GLy(W([[v?]]) and put ¢~ (G’) = (a;;). Note
that we have a commutative diagram of W-algebras

W([v]]
|

VT

Ok,

|

k[[v]] — k[v]/(v?F) —= Ok, /pOk; -
Consider the composite map
W] = Ok, /pOk, — Ok, /pOx, = k[v]/(v"") = &,

where the last arrow is the ¢-semilinear isomorphism defined by my — v.
Then the image of ¢~(G’) by this composite map coincides with G’. This
implies that the affine algebra Ry~ of Gr(N”) is defined by the system of
equations over O,

(Z ajﬂ-(m)Xj) (Z = 1, PN ,d),
j=1

where a; j(71) means the image of a; ; by the map W{[v]] — Ok, defined as
in the above diagram. On the other hand, the defining equations of H(M)
over k[[v]] are

pe—pr; d
p, Y E :— Y (5 —
Xz' + F(Up) (j:1 aJﬂJXJ) (Z - 17 ceey d)a

where a; ; means the image of a; ; by the natural map W{[v]] — k[[v]], and
the zero section of H (V) is by definition X; = -+ = X3 = 0. This implies
that there exists an isomorphism

(OK1/pOK1) X0K1 Gr(/\/’) - (k.[v]/(vep)) XE[[v]] H(m/)
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of schemes over O, /pOk, ~ k[v]/(v?P) defined by X; — X;. Note that we
also have an isomorphism of rings
pro : R/mig? — O /mz? = O
which lies over the map k[v]/(vP) — Ok, /pOk,. Thus, for ' < ep, we get
a bijection
i - Gr() (O fmig") — H(W)(R/miz")
satisfying €/,(0) = 0.
To prove the compatibility of ¢’ and €/, let us consider the diagram
p Pi

O — (0)P" <% RV? R

| |

2 Pro 12>ep
Or = R/m/z".

Let x = (x1,...,24) be an element of Spec(Rz)(Ox) and z = (n; — z;) be
the corresponding element of T, (M) via the composite

Spec(Ry)(O) = Gr(N")(Og) S T& ().

Let y; € R be the element such that pry(y;) coincides with the image z;
of x; in Of. Then, in the ring RPY| we have ¢(z;) — y; € FilPRPY. Put
Y = (yi,l)ayi,la .. ) and z; = (ZZ'70,ZZ'71, .. ) with Yij,%ij € O[‘(. Since the
natural map R — RPY induces an isomorphism

R/m/g™" — RPP/FilPRP”

and the kernel of the map pr, : R — O % coincides with the ideal m%ep 2, we

have y; 1 = zg 1 = Zio. This implies Z; = z; o and the compatibility of ¢ and
e, as in the proposition follows. Hence we conclude the proof of Theorem
1.1. O

Note that in the course of the proof of Proposition 4.7, we have also shown
the following theorem.
Theorem 4.8. Let M be an object of the category Mod}gl. Consider the
k-algebra k[[v]] as a k[[u]]-algebra by the map w — vP. By the k-algebra
isomorphism k[[v]]/(v??) — Ok, /pOk, defined by v — w1, we identify the
k-algebras of both sides. Then we have an isomorphism

(Ok, /POK,) X 05 GOM) — (K[[0]]/ (7)) Xgiug) (M)
of schemes over k[[v]]/(v?P) ~ Ok, /pOk, preserving the zero section.
Remark 4.9. The way we have proved Theorem 1.1 is based on switching
from the upper to the lower ramification subgroups via duality. The author

wonders if we can prove the theorem in an “upper” way, namely by con-
structing a natural isomorphism between the sets of geometric connected
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components of tubular neighborhoods of G(9t) and H () using the similar-
ity of their affine algebras, even though they are in different characteristics.
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