ON LOWER RAMIFICATION SUBGROUPS AND
CANONICAL SUBGROUPS

SHIN HATTORI

ABSTRACT. Let p be a rational prime, k be a perfect field of character-
istic p and K be a finite totally ramified extension of the fraction field
of the Witt ring of k. Let G be a finite flat commutative group scheme
over Ok killed by some p-power. In this paper, we prove a description of
ramification subgroups of G via the Breuil-Kisin classification, general-
izing the author’s previous result on the case where G is killed by p > 3.
As an application, we also prove that the higher canonical subgroup
of a level n truncated Barsotti-Tate group G over Ok coincides with
lower ramification subgroups of G if the Hodge height of G is less than
(p —1)/p", and the existence of a family of higher canonical subgroups
improving a previous result of the author.

1. INTRODUCTION

Let p be a rational prime, k be a perfect field of characteristic p and
W = W (k) be the Witt ring of k. The natural Frobenius endomorphism of
the ring W lifting the p-th power Frobenius of k is denoted by ¢. Let K be
a finite extension of Ky = Frac(W) with integer ring O, uniformizer 7 and
absolute ramification index e. We fix an algebraic closure K of K and extend
the valuation v, of K satisfying v,(p) =1 to K. Let @f( be the completion
of the integer ring O . We also fix a system {m,, },,>0 of p-power roots of 7 in
K satisfying my = 7 and mh = ™ and put Ko = U, K (m,). The absolute
Galois groups of K and K., are denoted by Gx and Gk_ , respectively.

For any positive rational number 4, put m7' = {z € Ok | vp(z) > i} and

Ok =0k/ m? For any valuation ring V of height one, we define m%/ and
V; similarly. We also put . = Spec(Ok ), #1; = Spec(Oyp,;) for any finite
extension L/K and .%; = Spec(Of ,)-

Breuil conjectured a classification of finite flat (commutative) group schemes
over Ok killed by some p-power via p-modules over the formal power series
ring & = W{[u]] and obtained such a classification for the case where groups
are killed by p > 3 ([4]). It is often referred to as the Breuil-Kisin classifi-
cation, since Kisin showed the conjecture for p > 3 ([16]) and for the case
where p = 2 and groups are connected ([17]). The conjecture was proved for
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any p independently by Kim ([15]), Lau ([18]) and Liu (]20]). In particular,
we have an exact category Mod}goo of such ¢-modules over & killed by some
p-power (for the definition, see Section 2) and an anti-equivalence of exact
categories M*(—) from the category of finite flat group schemes over Ok
killed by some p-power to the category Mod}goo. Moreover, we can recover

the Gk -module G(Of) via this classification: Let R be the valuation ring
defined as the projective limit of p-th power maps

R:@(Ok,lkof(,le“')

and 7 be the element of the ring R defined by = = (g, 71, ...). We normalize
the valuation vg by vr(w) = 1/e and define R; similarly to O, using vg
in place of v,. For any positive integer n, let W, (R) be the Witt ring of
length n of R, which is considered as an G-algebra by the map u — [x].
The ring W,,(R) admits a natural Gg-action. Then, by the Breuil-Kisin
classification, we also have an isomorphism of G k_-modules

eg : 9(Ok) = Te(M'(G)) = Home ,(M*(G), Wn(R)).

On the other hand, for any positive rational number ¢, we have a finite
flat closed subgroup scheme G; of G over Ok, the i-th lower ramification
subgroup of G, whose index is adapted to the valuation v,. Namely, it
is defined as the unique finite flat closed subgroup scheme of G over Ok
satisfying

i(Ok) = Ker(G(Og) = G(OF ;))-

The lower ramification subgroups, which are named as such because of their
similarity to the lower numbering ramification groups in algebraic number
theory, have similar properties to the upper ramification subgroups ([1, Sub-
section 2.3]) such as the functoriality and the compatibility with base exten-
sion. While this upper variant is used to construct canonical subgroups of
Abelian varieties ([1]), the lower ramification subgroups have been also stud-
ied and used to construct canonical subgroups ([12], [13], [21]), as explained
later.

If G is killed by p > 3, then [11, Theorem 1.1] shows that the isomorphism
eg induces an isomorphism

Gi(Of) ~ Ker(Tg(M*(G)) — Home ,(M*(9), R;))

for any 4. This description of the lower ramification subgroups of G via
the Breuil-Kisin classification is used in [12] to deduce various properties of
canonical subgroups. In this paper, we prove the following theorem, which
generalizes this description.

Theorem 1.1. Let i be a positive rational number satisfying ¢ < 1 and
WPP(R); be the divided power envelope of the natural surjection

Wi(R) = Og 4y (10, -+ ,7n—1) = pro(ro) mod m?{z
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Let I,; be the kernel of the map W, (R) 5 WPP(R); induced by the Frobe-

niuUs map

("2 (7"07 cee 7Tn—1) = (Tg’ T 77“271)'

Let G be a finite flat group scheme over Ok killed by p™ and M = IM*(G) be
the corresponding object of the category Mod}goo. Then the natural isomor-
phism
eg : G(Og) = T (M) = Home (M, Wi(R))
induces an isomorphism
Gi(Og) ~ Homg (M, I, ;).

For the case of n = 1, Theorem 1.1 can be interpreted as a correspondence
of both upper and lower ramification between G and a finite flat group
scheme H(M*(G)) over k[[u]] (Corollary 3.3), generalizing [11, Theorem 1.1].
Indeed, by a theorem of Tian and Fargues ([22, Theorem 1.6], [8, Proposition
6]), [11, Theorem 3.3] and the compatibility of the Breuil-Kisin classification
with Cartier duality, Theorem 1.1 for n = 1 also implies the assertion of the
corollary on upper ramification subgroups. However, the author does not
know if a description of upper ramification subgroups via the Breuil-Kisin
classification for n > 1 can be obtained from Theorem 1.1, since we do not
have a comparison result between upper and lower ramification subgroups
similar to the theorem of Tian and Fargues for n > 1.

In [11], the proof of Theorem 1.1 for the case where G is killed by p >
3 is reduced to showing a congruence of the defining equations of G and
H(OM*(G)) with respect to the identification k[[u]]/(u®) ~ Ok 1 sending u to
. This congruence is a consequence of an explicit description of the affine
algebra of G in terms of M*(G) due to Breuil ([3, Proposition 3.1.2]), which
is known only for the case where G is killed by p > 3. Here, instead, we
study a relationship between the groups

G(Ok,;) and Home o (M*(G), Wa(R)/Ini)

by using the faithfulness of the crystalline Dieudonné functor ([6]), from
which Theorem 1.1 follows easily.

As an application of Theorem 1.1 and an explicit description of the ideal
I,; (Lemma 4.3), we also prove the coincidence with canonical subgroups
with lower ramification subgroups, and the existence of a family of canonical
subgroups improving a previous result of the author ([13, Corollary 1.2]).
Before stating the results, we briefly explain a background of this applica-
tion.

Let K/Q, be an extension of complete discrete valuation fields, X be
an admissible formal scheme over Spf(Ok) and & be a truncated Barsotti-
Tate group of level n over X. Consider their Raynaud generic fibers X
and G. For any point x € X, the fiber &, is a truncated Barsotti-Tate
group of level n over the ring of integers of a finite extension of K. If &,
is ordinary, then the unit component &Y satisfies ®2(Og) ~ (Z/p"Z)3™ &=
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and its special fiber is equal to the Frobenius kernel of the special fiber of
B,. We refer to a finite flat closed subgroup scheme of &, as a canonical
subgroup if it has these properties. What we want to construct here is a
family of canonical subgroups for G: namely, an admissible open subgroup
C of G over a strict neighborhood U of the ordinary locus X C X for
& such that for any = € U, the fiber C, is the generic fiber of a canonical
subgroup of &,. The existence of a family of canonical subgroups is one
of the key ingredients in the theory of p-adic Siegel modular forms, and for
such arithmetic applications, we also need a precise understanding of C,.
This leads us to construct such a family by first constructing and studying
a canonical subgroup of &, fiberwise, and then patching them into a family.

For each fiber &,, the method of lifting the conjugate Hodge filtration to
the Breuil-Kisin module ([12], [13]) gives a sharp result on the existence of a
canonical subgroup of &,, which is stronger than other methods such as the
one using the Hodge-Tate map. Namely, it shows that a canonical subgroup
C,, of &, exists if the Hodge height of &, is less than 1/(p" 2(p + 1)) and
Cp, has various properties needed for arithmetic applications.

To obtain a family of canonical subgroups (from any of such fiberwise con-
structions), we typically need to show the coincidence of canonical subgroups
with a specific series of subgroups of &, which can be patched into a family
when varying z, and this step often requires us to restrict to a smaller admis-
sible open subset than the locus of z such that a canonical subgroup of &,
exists. We have at least three series of such subgroups: Harder-Narasimhan
filtrations, upper ramification subgroups and lower ramification subgroups,
where the former two were mainly used in preceding works (for example [1],
8], [12), [13], [22], [23)).

For n = 1, the canonical subgroup C; constructed in [12] and [13] was
shown to coincide with both upper and lower ramification subgroups, and
this again gives a sharp result, namely the existence of a family of canonical
subgroups over the locus of Hodge height less than p/(p + 1). For n > 2, it
was also shown that C, coincides with upper ramification subgroups under
a condition on the Hodge height, and this yields a family over the locus
of Hodge height less than 1/(2p" 1) ([12], [13]). A weaker result can be
obtained also by the Harder-Narasimhan method ([8]).

In this paper, to obtain a stronger existence theorem of a family of canon-
ical subgroups, we also prove the coincidence of the canonical subgroup con-
structed in ([12], [13]) with lower ramification subgroups, as follows.

Theorem 1.2. Let K/Q, be an extension of complete discrete valuation
fields. Let G be a truncated Barsotti-Tate group of level n, height h and
dimension d over Ok with 0 < d < h and Hodge height w < (p — 1)/p".
Then the level n canonical subgroup Cy, of G ([13, Theorem 1.1]) satisfies the
equalities Cp, = G;, = Qi/n for

in=1/(""'p-1) —w/(p—1), i, =1/(p"(p-1)).



ON LOWER RAMIFICATION SUBGROUPS 5

Note that by our assumption and [13, Theorem 1.1], we have an isomor-
phism of groups C,(Og) ~ (Z/p"Z)?. The fact that the lower ramification
subgroup G;, (Of) is isomorphic to (Z/p"Z)¢ for w < (p—1)/p" was proved
by Rabinoff ([21, Theorem 1.9]) for the case where K/Q, is an extension
of (not necessarily discrete) complete valuation fields of height one, by a
different method. Theorem 1.2 reproves this result of Rabinoff for the case
where the base field K is a complete discrete valuation field, and also shows
that the subgroup considered by Rabinoff coincides with C,,. In particular,
we show that his subgroup has standard properties as a canonical subgroup
as in [13, Theorem 1.1], such as the coincidence with a lift of the Frobenius
kernel.

Using Theorem 1.2, we also prove the following theorem on a family con-
struction of canonical subgroups, which is stronger than [13, Corollary 1.2]
for n > 2.

Theorem 1.3. Let K/Q, be an extension of complete discrete valuation
fields. Let X be an admissible formal scheme over Spf(Ok) and & be a
truncated Barsotti-Tate group of level n over X of constant height h and
dimension d with 0 < d < h. We let X and G denote the Raynaud generic
fibers of the formal schemes X and &, respectively. Putr, = (p—1)/p" and
let X(ry,) be the admissible open subset of X defined by

X(rp)(K) ={zr € X(K) | Hdg(®,) < r,}.

Then there exists an admissible open subgroup Cp of Glx(,) over X(ry)
such that, etale locally on X (ry,), the rigid-analytic group C,, is isomorphic
to the constant group (Z/p"Z)* and, for any finite extension L/K and x €
X (L), the fiber (Cy)q coincides with the generic fiber of the level n canonical
subgroup of &,.

2. THE BREUIL-KISIN CLASSIFICATION

In this section, we briefly recall the classification of finite flat group
schemes and Barsotti-Tate groups over Ok due to Kisin ([16], for p > 3
and [17] for p = 2 and connected group schemes) and Kim, Lau and Liu
([15], [18], [20] for p = 2). We basically follow the presentation of [15].

We let the continuous ¢-semilinear endomorphism of & defined by u — u?
be denoted also by ¢. Put &, = &/p"S. Let E(u) € Wlu] be the (monic)
Eisenstein polynomial of the uniformizer 7. Then a Kisin module (of E-
height < 1) is an &-module endowed with a ¢-semilinear map gy : 0 — M,
which we also write abusively as ¢, such that the cokernel of the map

1®p: " M=6R,eM—>M

is killed by E(u). The Kisin modules form an exact category in an obvious
manner, and its full subcategory consisting of 91 such that 9 is free of finite
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rank over & (resp. free of finite rank over &, resp ﬁnitely generated, -
power torsion and u-torsion free) is denoted by Mod*? /& (resp. Mod*? /&, Tesp-

Mod/g’ ).

We also have categories of Breuil modules Mod /go, Mod /"p and Mod /’;f’
defined as follows (for more precise definitions, see for example [11, Sub-
section 2.1], where the definitions are valid also for p = 2). Let S be the
p-adic completion of the divided power envelope of W [u| with respect to the
ideal (E(u)) and put S, = S/p™S. The ring S has a natural divided power
ideal Fil'S, a continuous ¢-semilinear endomorphism defined by u +— u?
which is also denoted by ¢ and a differential operator N : S — S defined by
N(u) = —u. We can also define a @-semilinear map ¢ = p~lp : Fil'S — S.
Then a Breuil module (of Hodge-Tate weights in [0, 1]) is an S-module en-
dowed with an S-submodule Fil' M containing (Fil'S)M and a ¢-semilinear
map Qi m - FillM — M satisfying some conditions. We also define
om : M = M by pm(z) = o1(E(u) o1 m(E(u)x). We drop the sub-
script M if there is no risk of confusion. The Breuil modules also form an
exact category. Its full subcategory Mod}gf’ (resp. Mod}gfi) is defined to
be the one consisting of M such that M is free of finite rank over S and
M /Fill M is p—torsion free (resp. M is free of finite rank over S7). The cat—
egory Mod ¥ /5 is defined as the smallest full subcategory containing Mod*? /5,
and closed under extensions. Then the functor M — S ®, & M induces
exact functors

Mod/g — Mod/go, Mod/gp — Mod/zg , Mod/g — Mod/go

which are all denoted by Mg(—), by puttlng

Fil'! M (M) = Ker(S @, M F S/Fil'S @ M).
Put = = (mp,m1,...) € R as before and consider the Witt ring W(R) as
an G-algebra by the map u — [r]. The p-adic period ring Acys is defined as

the p-adic completion of the divided power envelope of W(R) with respect to
the ideal E(u)W (R) and the ring Aerys[1/p] is denoted by B For any r =

(ro,r1, .. ) € R with r; € Og 4, choose a lift 7 of r; in Og and put r(m) =

crys

limy_yo0 7 TH_ € Og. Consider the surjection 6, : W,(R) — Ok, sending

(10,71, 1) to Y= 01 plrl . Then the quotient Acrys/p"Acrys can be
identiﬁed with the divided power envelope WPP(R) of the surjection 6,
compatible with the canonical divided power structure on the ideal pW,,(R).
For any objects 9t € Mod/g and M € Mod/go, we have the associated G-
modules

Ts(M) = Home (M, W(R)),  Tgys(M) = Homg , gy (M, Acrys),

crys

which are related by the injection

T (M) = Torys(Me (M)

crys
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defined by f — 1® (¢ o f). Similarly, for any object 9t € Mod}goo, we have

the associated Gk -module
TE(OM) = Home#p(i)ﬁ, Qp/Zy 7z, W(R)).

Let D be an admissible filtered ¢-module over K such that gr'Dyg = 0
unless ¢ = 0,1. Put Sk, = S ®w Ko and D = Sk, ®r, D. The Sk,-module
D is endowed with a natural Frobenius map ¢p : D — D induced by the
Frobenius of D, a derivation Np = N ® 1 : D — D and an Sg,-submodule
Fil'D defined as the inverse image of Fil' Dg by the map D — D/(Fil' $)D =
Dy . Then a strongly divisible lattice in D is an S-submodule M of D which
satisfies the following:

e M is a free S-module of finite rank and D = M[1/p].
e M is stable under ¢p and Np.
e op(Fill M) C pM, where Fil! M = M NFil'D.

We put Vi (D) = HomsKw%Fip (D,Bf.). If M is a strongly divisible

crys Ccrys
lattice in D, then the natural G, -actions on T (M) and VI (D) =

crys crys

T2ys(M)[1/p] extend to G i-actions and we have a natural isomorphism of

G g-modules

Vv (D) -V (D) = HOIHKO7¢’F11<D,B+ )

crys crys crys

([4, Proposition 2.2.5] and [19, Lemma 5.2.1]).

Let (BT/Ok) (resp. (p-Gr/Ok)) be the exact category of Barsotti-Tate
groups (resp. finite flat group schemes killed by some p-power) over Of-.
For any Barsotti-Tate group I' over Ok, we let T),(I') denote its p-adic Tate
module, V,(I') = Q, ®z, T,(I') and D*(T") be the filtered ¢-module over K
associated to V,,(I'). We also let D*(—) denote the contravariant crystalline
Dieudonné functor ([2]) and consider its module of sections

D*(I')(S — Ok) = le]D)*(F)(Sn — Okon)

on the divided power thickening S — Ok defined by u +— 7. Note that the
S-module D*(I")(S — Ok) can be considered as an object of the category
Mod}’gp and also as a strongly divisible lattice in D*(I') = Sk, ®k, D*(I)
([7, Section 6]). For any finite flat group scheme G over Ok killed by some
p-power, we define an object D*(G)(S — Ok) of the category Mod}g‘;
similarly. Then we have the following classification theorem due to Kisin
and Kim, whose first assertion implies the second one by an argument of
taking a resolution.

Theorem 2.1. (1) (116, Theorem (2.2.7)] for p > 3, [15, Theorem 4.1
and Proposition 4.2] for p = 2) There exists an anti-equivalence of
exact categories

M*(—) : (BT/Ok) — Mod ;£
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with a natural isomorphism of Gk -modules
er : T,(T') = T (T)).
Moreover, the S-module Mg (9" (I")) can be considered as a strongly
divisible lattice in D*(T') and we also have a natural isomorphism of
strongly divisible lattices in D*(I")
pr : Mg(M*(T')) — D*(I')(S — Ok).
(2) (116, Theorem (2.3.5)] for p > 3, [15, Corollary 4.3] for p = 2) There
erists an anti-equivalence of exact categories

M (=) : (p-Gr/Ok) — Mod}goo

with a natural isomorphism of G -modules
eg : 9(Ok) = Te(M*(9))-
Moreover, we also have a natural isomorphism of the category Mod}gio
pg : Me(M(G)) = D*(G)(S = Ok).
# or Mod}?

On the other hand, for any object 9 of the category Mod}6 S0
we can define a dual object 9V which is compatible with Cartier duality
of Barsotti-Tate groups or finite flat group schemes. In particular, for any
object 91 of the category MOd}goo killed by p", we have a commutative
diagram of Gk -modules

G(0g) x G"(Ok) Z[p" (1)

4w

TEM*(G)) x TEM*(G)) —— Wa(R),

where the upper horizontal arrow is the pairing of Cartier duality, the lower
horizontal arrow is a natural perfect pairing, dg is the composite

Eg\/ & * * *
G'(0g) = TE(M(G)) = Tg(M*(G)")
and the right vertical arrow is an injection (see [15, Subsection 5.1], and also
[11, Proposition 4.4]).

Let I" be a Barsotti-Tate group over Ox. We consider any element g of
T,(I') as a homomorphism g : Qp/Zy, — T x Spec(Of). By evaluating the
map D*(g) : D*(I" x Spec(Og)) — D*(Q,/Zy) on the natural divided power
thickening Acrys — O %, we obtain a homomorphism of Gi__-modules

T,(I') = Homg , pin(D*(I') (Acrys — Og),D* (Qp/Zp)(Acrys — Og))
= Ty (D" (D) (S = Ok)).

crys
This map is an injection, and an isomorphism after inverting p (7, Theorem

7]). Then we have the following compatibility of this map with the Breuil-
Kisin classification.
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Lemma 2.2. Let I' be a Barsotti-Tate group over Ok . Then the following
diagram is commutative:

T(I)

~

Terys(D*(T)(S = Ok))

crys

- Tsrys(MG(m* (F)))

crys(l"l")
Proof. Put D = D*(I") and 9t = 9*(I"). Consider the diagram

Tp(T) — T3y (D*(I)(S = Ok)) — Ty (Mes (M) <— TE(M)

W

Viys(D),
where the left and the middle triangles are commutative by [15, Theorem
5.6.2] and Theorem 2.1 (1), respectively. The commutativity of the right
one is remarked in [15, footnote 11]. We briefly reproduce a proof of this
remark for the convenience of the reader. We follow the notation of [16]. In
particular, let O = Q| 1) be the ring of rigid-analytic functions on the open
unit disc over Ky and M = O ® 9 be the associated p-module over the
ring O. We also put Dy = (O[l,) ®k, D)V~ = O ®, D. Then the map
TE(M) — V5is(D) is defined as the composite
H + (1@_“5)* * —+
Ome o (mv W(R)) - HOHI(’),@(M, Bcrys) HomO,go(S@ M, Bcrys)
1®¢)*
( —>) HOHIO’%FH(’D(),BJr ) — HOHIKO7<P,F11(D,B+ )

crys crys

Here the map £ : D — M is the unique (p-compatible section and the map
1®&:Dy=0®K, D— M factors through the injection

1@e: "M =0®,0 M - M
([16, Lemma 1.2.6]). Put Dg (M) = Mg (IM)[1/p] = Sk, ®o ¢*M. Then we
have Ko ®s,, De (M) = Ko @y, Kk, D and the composite
501 Ko ®px0 DS D5 "M — De ()

is the unique @-compatible section. Using this, we can check that the map

Ko®q, 1k, D 1%0 D is an isomorphism of filtered p-modules, where we consider
on the left-hand side the induced filtration by the isomorphism

D () /(Fil'$) D (M) — K @1, D,

and hence we can also check the above remark easily. Since the map er
is defined by identifying the images of T),(I') and TE(9M) in V7 (D), the

crys
lemma follows. |
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3. LOWER RAMIFICATION SUBGROUPS

In this section, we prove Theorem 1.1. We begin with the following
lemma, which gives upper bounds of the lower ramification of finite flat
group schemes. For any valuation ring V' of height one with valuation v and
any N-tuple = (z1,...,2y) in V, we put v(z) = min—; _y v(z;).
Lemma 3.1. (1) Let K/Q, be an extension of complete discrete valua-

tion fields and G be a finite flat group scheme over Ok killed by some
p-power. Then we have G; =0 for anyi > 1/(p—1).

(2) Let IC be an extension of complete discrete valuation fields over Q,
or k((u)) with valuation v and G be a finite flat generically etale
group scheme over Ox killed by some p-power. Then we have the
following.

(a) Gi = (G°); for any i > 0.

(b) Gi =0 for any i > deg(G)/(p —1).

Here G; and deg(G) are defined using v. Namely, we extend v to a
separable closure K% of IC, write as wg ~ &0 /(a;) and put

Gi(Oxser) = Ker(G(Oxser) — G(Opcser ), deg(G) = Y v(a).

l

Proof. For the assertion (1), we may replace K by its finite extension and
assume GY(Og) = GY(Ok) for an algebraic closure K of K. By Cartier
duality, there exists a generic isomorphism G — G’ = ®ippm for some n.
Then G; = 0 for any ¢ > 1/(p — 1) and the assertion follows from the
commutative diagram

Let us consider the assertion (2). For any i > 0, we have a commutative
diagram

0 e g0<OKSCp) E— g(O]Cscp) —_— QEt(O]CSCp) E—— 0

| |

g(OKsepvi) —_— get(OKsep,i),

where the upper row is the connected-etale sequence. Then the right vertical
arrow is an isomorphism and the part (a) follows.

For the part (b), suppose @ > deg(G)/(p — 1). By the part (a), we may
assume that G is connected. By [23, Proposition 1.5], we have a presentation
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of the affine algebra Og of G

Og = OK[[XD s 7Xd]]/(f17 R afd)a
(f1,--- fa) = (X1, ..., Xg)U mod degp
with some U € My(Ox) satisfying the equality v(det(U)) = deg(G), where

X1 =--- = X4 = 0 gives the zero section. Let U be the matrix satisfying
UU = det(U)l4, where I; is the identity matrix. For any element z =

(z1,...,24) of G(Ofser), multiplying by U implies the inequality
o(z) + v(det(U) > polz).

Thus we obtain the inequality v(z) < deg(G)/(p — 1) unless z = 0 and the
assertion follows. ]

For any positive rational number i < 1, we let WPP(R); denote the di-
vided power envelope of the composite

i : Wi(R) Oy Ok n— Ok (10, ,mn-1) = pro(ro) mod m?

compatible with the canonical divided power structure on the ideal pWy(R).
Note that, by fixing a generator Qi of the principal ideal m?, we have an

isomorphism of R-algebras
(1) WalR)Y, Yo, /() = Y3, YT = pYa, Y5 = pY,..) = W, (R):
sending Y} to §'([p¥]), where we put 6(z) = (p — 1)lvy,(z) with the p-th

divided power ’yp.i The surjection 60, ; defines a divided power thickening
WPP(R); — Of,; over the thickening S — Of, which is denoted by A ;.
Put
I; = Ker(W,(R) 5 WP (R);).
From the definition, we see the inclusion I,,; C I,, i for any i > ¢'.
We show Theorem 1.1 by relating both sides of the isomorphism in its

statement via Breuil modules using the lemma below.

Lemma 3.2. Let i <1 be a positive rational number and G be a finite flat
group scheme over Ok ; killed by p™. Then the map

G(Og,;) = Homo, (Z/p"Z,G x F;) — Hom(D*(G)(An,:), D*(Z/p"Z)(An))
= Hom(D*(G)(Ani), W' (R):)
defined by g — D*(g)(An,i) is an injection.

Proof. Suppose that a homomorphism g : Z/p"Z — Gx.¥; satisfies D*(g)(Ap;) =

0. We can take a finite extension L/K such that the map g is defined over
Spec(Op ;). Then we have the commutative diagram

Homoe, ,(Z/p"Z,G x S1,;) — Hom(D*(G X L) (Ani), D*(Z/p"Z)(An))

| |

Homo, (Z/p"Z,G x %) ¢

Hom(D*(G x ) (An,i), D*(Z/p"Z)(An,i))
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and thus we may assume L = K.

Put ¥ = Spec(Z,) and X,, = Spec(Z/p"Z). Consider the big fppf crys-
talline site CRYS(.;/%) and its topos (%;/%X)crys ([2]). Note that the
local ring Ok ; is a Noetherian complete intersection ring and, for any finite
extension L/K, the ring O ; is faithfully flat and of relative complete in-
tersection over Ok ;. Thus, by [6, Proposition 1.2 and Lemma 4.1], we see
that the composite

Homo, ,(Z/p"Z,G) — Hom(y, /50y (D (G), D*(Z/p" Z))
— Hom 7 /53y nys (D°(9), D*(Z/p" Z2))
is an injection.
Consider the natural morphism of topoi
incrYS 1 (-75/Sn)crys — (%5/)crys.

Since the crystal D*(Z/p"Z) is isomorphic to the quotient O g /5;/p"O 7 /5
of the structure sheaf Oy 5 ([2, Exemples 4.2.16]) and this is equal to
incrys«(Ogzx,) (2, (4.2, 17 4)]), the natural map

incrys ‘Hom 7 5y 1o (D°(G), D*(Z/p"Z))
— Hom( g /52 ) nys (ncrys (D7(9)), incrys (D*(Z/p"Z)))
is an isomorphism.
Finally, we claim that the thickening A, ; defines the final object of the
big crystalline site CRYS(.%;/%,,). This follows as the proof of [9, Théoréme
1.2.1]. Indeed, it suffices to show that for any O ;-algebra Oy, any Z/p"Z-

algebra Or and any surjection Op — Oy defined by a divided power ideal
Jr, the composite

0n i
Wn(R) = Og,; — Oy
uniquely factors through Op. For this, we define the map f: W, (R) — Op
as follows: For any element r = (ro,..., ,—1) of the ring W,,(R), choose a

lift pr/n(Tl) in O of the element pr,,(r;) for any I =0,...,n — 1 and put

n—1 . .
=> plpr,(m)”"
=0

This is independent of the choice of lifts and gives a ring homomorphism
satisfying the condition. Conversely, suppose that a homomorphism f’ :
Wy, (R) — Or satisfies the condition. Then, for any element r = (rg,...,7,-1)
of the ring W, (R), we have f'(r) = >, lplf’([rl]l/pn)pnil and f'([r]"/?") mod
Jr = pr,,(r;). Thus the uniqueness follows Hence the evaluation map on
the thickening A, ;

Hom( 7 /5 ) cnys (incrys (P7(9)), tncrys (D™ (Z/p"Z)))
— Hom(D*(G)(An,q:), W' (R):)

is an injection. This concludes the proof of the lemma. U
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Proof of Theorem 1.1. Take a resolution of G by Barsotti-Tate groups over
Ok
0=-G—=>I1—-T2—0
and consider the associated exact sequence of Kisin modules
0= =9 M —0.

Put M = Mg(M) and N; = Mg (D) for | = 1,2. By Lemma 2.2 and the
definition of the anti-equivalence 9t*(—), we have a diagram

Ty (1) T (M) T ()
Ty (Dy) o T5 (M)~ ST ()
g M g Ton

G(Oy) — = Homs »(M, WPP(R)) ———> T (o)

G(Og ;) Homg o (M, WP (R);) <——Home (M, Wy(R)/In,;)

where the left horizontal arrows are induced by g — D*(g) and the right
horizontal arrows are the maps sending f to 1 ® (¢ o f). The middle left
vertical arrow mg : T,(I'2) — G(Of) is defined as follows: For g € T,,(T'2),
the element p™g is contained in the image of T,(I'1) = lim, I'1[p')(Og) and
put p"g = h = (hp)n>0. Then the element h, € I'1[p"]|(Of) is contained
in the subgroup G(Of) and the map 7g is defined by g — h,. We define
the map maq 1 Tohys(N2) — Homg (M, WPP(R)) similarly: For any map
[+ Na = Acys, the map p™f induces a map N7 — Agys. Its composite
with the natural map Acrys — WP (R) factors through M and defines the
map 7To(f) : M — WPP(R). The map 7oy is defined in the same way.
From these definitions, we see that the diagram is commutative. Note that
the bottom left horizontal arrow is an injection by Lemma 3.2, and that the
bottom right horizontal arrow is also an injection by the definition of the
ideal I, ;.

Thus, for any element g € G(Of), its image in G(Of ;) is zero if and only
if the image of eg(g) € TE(9M) in Home (M, Wy, (R) /I, ;) is zero. Hence
the theorem follows. O

The special case of n = 1 of Theorem 1.1 can be interpreted as a corre-
spondence of ramification for finite flat group schemes over Ok and k[[u]]
generalizing [11, Theorem 1.1], as follows. Recall that we have an anti-
equivalence H(—) from the category Mod}g1 to an exact category of finite

flat generically etale group schemes over k[[u|] whose Verschiebung is zero
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([10, Théoreme 7.4]). This gives the equality TE(9) = H(M)(R) for any
object 91 of the category Mod}gl. We normalize the indices of the upper
and the lower ramification subgroups of finite flat generically etale group
schemes G over Ok and H over k[[u]] to be adapted to v, and vg, respec-
tively. In particular, we define the i-th lower ramification subgroup of H
by
Hi(R) = Ker(H(R) — H(R;)).

Note that the field Frac(R) can be identified with the completion of an
algebraic closure of k((u)).

Corollary 3.3. Let p be a rational prime and K/Q, be an extension of
complete discrete valuation fields with perfect residue field k. Let G be a
finite flat group scheme over Ok killed by p and consider the associated object
M*(G) of the category Mod}gl. Then the map eg : G(Og) ~ H(OMM*(G))(R)

induces the isomorphisms of G -modules
Gi(Og) = HM (9))i(R), G (Og) = H(M*(G)) (R)
for any positive rational numbers i and j.

Proof. By Cartier duality, a theorem of Tian and Fargues ([22, Theorem
1.6] or [8, Proposition 6]) and [11, Theorem 3.3], it is enough to show the
assertion of Corollary 3.3 on lower ramification subgroups. Moreover, since
the i-th lower ramification subgroups of G and H(91*(G)) vanish for any
i>1/(p—1) ([11, Corollary 3.5 and Remark 3.6]), we may assume i < 1.
Then the equality I ; = m? and Theorem 1.1 imply Corollary 3.3. (]

4. DESCRIPTION OF THE IDEAL Iy ;

In this section, we give an explicit description of the ideal I,, ;. We identify
the rings of both sides of the isomorphism (1).

Proposition 4.1. Let nq,...,n; be integers satisfying 0 < n; < p—1 for
any j and r be an element of Wy(R). If the element rY{"* ---Y," is zero in
the ring WP (R);, then [p']P|r in the ring Wy (R). In particular, we have
the inclusion I,,; C ([p']).

Proof. By substituting Y; = 0 for j > [, we reduce ourselves to showing that
the equality in the ring W,,(R)[Y1, ..., Y]]

2) rY™ - Y = ([P —pV1) fot (Y —pY2) frt -+ (VP —pY) fra+ Y /i

with fo, ..., f; in this ring implies [Qi]p\r. By replacing f;’s, we may assume
the inequality
(3) deg; (fj) <p ('=7+1,....0),
where deg;, means the degree with respect to Y.
For any [-tuple m = (my, ..., my), write Y™ = Y™ ... Y" and let ¢; , be

the coefficient of Y™ in f;. Put n = (n1,...,n;) and e; = (0,...,0,1,0,...,0)
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with 1 on the j-th entry. We consider a lexicographic order on the module
Z': we say m < m/ if there exists j with 1 < j < [ such that mj < m; and
my = m, for any j < j' < I. Taking the terms of scalar multiples of the
monomial Y2 in the equation (2), we have the equality

-1

rYE = oY + 3 (~pYji)ejnme, Y2
§=0
Now we claim that

(4) Cneyr =0 (G=0,...,1—1),
Suppose the contrary. Choose j such that 0 < j <1 —1 and ¢jp—e;,, # 0.
Consider the term ¢; ¢, , Y* %% in f;. The right-hand side of the equality
(2) contains the term cjyﬂ_ejﬂzﬂ“’ej*ej“ for 7 > 1 and [Bi]pco,ﬂ_elzﬂfel
for j = 0. Note that, for 5/ < j — 2, the j-th entry of the I-tuple n + pe; —
ej+1—ej 41 is equal to n;+p and thus f; does not contain any scalar multiple
of YHPE—€i+17¢j/41 by the assumption (3). Since n + pej —ejr1 < n and
n — e1 < n, the equation (2) implies the equation

ynrtpe;—ej+1

Cj:ﬂfej?‘rl—
-1
— _ . . n+pej—€j41—€,/
= E : ( pYJ’H)CJ’,n+perej+rej/+1X J
J'=j-1
for j > 1 and
-1
7 n—eyp __ n—ej—e,
[B ]PCO,Qielx, 1 E (_ij’+1)Cj’@felfej/+IX 1=€5/ 41
J'=0
for 5 = 0.

We let Eq(1) denote this equation. Put m(1) = n + pe; —ej4q for j > 1
and m(1) = n — ey for j = 0. Repeating this by arbitrarily choosing a term
with nonzero coefficient ¢; ,,,» on the right-hand side of the equation Eq(s),
we obtain a series of equations Eq(1),Eq(2),... and a sequence of [-tuples
of non-negative integers m(1),m(2),... such that Eq(s) is an equation of
monomials of degree m(s) for any s > 1. Note that if there is no such term
on the right-hand side of the equation Eq(s), the procedure stops. On the
other hand, if the equation Eq(s) is either of the types

Cym(s) _ - - (}/jp)cj,m(s)—pejxm(s)ipej — (1 < ] < l— 1)
- —[p'1PCo (s Y = -+ (j=0)

with some ¢ € W,(R) such that the indicated term is chosen and that
Cjm(s)—pe; (T€SP- Com(s)) 18 contained in the ideal p" W, (R), then the
equation Eq(s+1) is empty and the procedure also stops. In the latter case,
we put m(s+1) = m(s)—pe;j+ejri for1 <j <Il—1and m(s+1) = m(s)+e;
for 5 =0.
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Lemma 4.2. The sequence m(s) is strictly decreasing with respect to the
lexicographic order on Z' defined as above.

Proof. Note the inequalities n > m(1) > m(2). Suppose that we have
m(1) > m(2) > - > m(t) < m(t+1) for some t > 2. Then the term Y} f;
in the equality (2) does not affect the equation Eq(s) for 1 < s < ¢. Thus,
by the construction, one of the following four cases holds for each 1 < s < ¢:

(C5) m(s+1)=m(s)+pej —ejp1 for some 1 < j <1 -1,
(C7) m(s+1)=m(s) —pej +ejt1 for some 1 < j <1 -1,
(Co) m(s+1)=m(s)— e,
(C)) m(s+1)=m(s)+e.

Moreover, (C;) and (C]’) do not occur consecutively for any j satisfying 0 <
j < 1—1. Note the inequality m(s) > m(s+1) for (C;) and m(s) < m(s+1)
for (C}).

First we claim that (C{)) does not hold for s = t. Suppose the contrary.
Then (C}) holds for s = t—1 with some j satisfying 1 < j <[1—1. Hence the
J-th entry m(t); of the I-tuple m(t) is no less than p. The equation Eq(t)

Cj’m(t_l)—ejﬂzm@) = _[Qi]pCO,m(t)Xma) -

implies deg;(fo) > p. This contradicts the assumption (3).

Hence (C}) holds for s = t with some 1 < j < [ — 1. From this we
see the inequality m(t); > p. Since n; < p, there exists an integer ¢’ with
1 <t' <t—2such that (C;) holds for s = ¢ and that it does not hold for
any s satisfying t’ < s < t.

Next we claim the equality m(s); = m(t'); + p for any s satisfying ¢’ <
s < t. Suppose the contrary and take the smallest integer ¢ with ¢/ <t <t
such that (C_1) holds for s = t”. Then m(s); = m(t'); +p for t’ < s <"
and m(t"+1); = m(t'); +p—1. By assumption, we also have the inequality
m(t” +1); > m(t); > p. On the other hand, the equation Eq(t”) is

sz(t”) —-— .. — (_pY})cjfl,m(t“)7ejzm(t//)7ej _
with some ¢ € W, (R). Hence we obtain
deg;(fj-1) >m(t"); —1=m(t); +p—1>p,

which contradicts the assumption (3).

Now let jo be the non-negative integer such that (C},) holds for s =t —1.
Then jo # j,j7 — 1 by the constancy of m(s); which we have just proved.
The equation Eq(t — 1) is

cym(t=1) _ m(t—1)—ejq+1

— e e e — (_ijo-&-l)Cjo,m(t—l)—ej0+1z — e e e

with some ¢ € Wy, (R) and thus deg;(fj,) > m(t —1); = m(t'); +p > p. By
the assumption (3), we obtain the inequality jo > j. In particular, we have
Jo > 1 and m(t) = m(t — 1) + pej, — €j,+1. Therefore the equation Eq(t) is

chm(t) - ... <1/;p>cj,m(t)—pejzm(t)_pej _
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with some ¢’ € W, (R) and deg;, (f;) > m(t)j, > p. This contradicts the
assumption (3) and the lemma follows. O

By Lemma 4.2, the case (CJ’) does not occur in the procedure for any
non-negative integer j. In particular, if there is no term with non-zero c;/ s
on the right-hand side of the equation Eq(s) for some s, then the equation
is
[pi]pGCj//’m//Xm(s) = 0,

where cju,muzm" is the chosen term on the right-hand side of the equation
Eq(s — 1) and e € {0,1}. Note that this occurs for s satisfying m(s) =
(0,...,0), since in this case (Cp) holds for s — 1. Therefore, Lemma 4.2
implies that, for any choice of terms as above, we end up with an equation
of this type for a sufficiently large s. Since the element [p']? is a non-zero
divisor in the ring W, (R), we see the equality c¢;» ,» = 0. This contradicts
the choice of terms and the equality (4) follows.
Hence we obtain the equality

Y = oy

and thus [p‘]P|r. This concludes the proof of Proposition 4.1. O

Lemma 4.3. Put n(s) = vp((ps)!) for any non-negative integer s. Then an
element r = (ro,...,rn—1) of the ring Wy (R) is contained in the ideal I, ; if
and only if the condition

(5> [Bi].s’(ro’..-,Tni]_in(si]_),o,...70)
holds for any s > 1.

Proof. Let r be an element of the ideal I,,; and show the condition (5)
for r by induction on s. The case of s = 1 follows from Proposition
4.1. Suppose that the condition (5) holds for some s > 1. Let ' =
(rg, - - ,rq’%lin(sil), 0,...,0) be the element of W, (R) such that

(T07 <oy pn—1-n(s—1)» 0,... )O) = [Bz}srl'
We write the p-adic expansion of the integer s as

s=mny+png+ - +p iy

with 0 < n; < p— 1. Then we have the equality in the ring WDP(R);
p(r) = p" ()Y -y
and Proposition 4.1 implies that [p’] divides p™(*)7/. Hence the element [p’]

divides (r{, ...,/ (s 0r- - ,0) and thus

' 'n—1—-n

[T

p TOa-'-7rn—1—n(s))O)--'70)'

Conversely, suppose that an element r of the ring W,,(R) satisfies the con-
dition (5) for any s > 1. Since we have the inequality n(s) > n for some s, a
similar argument as above shows the equality ¢(r) = 0 in the ring WY (R);.

This concludes the proof of the lemma. ([l
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Remark 4.4. Lemma 4.3 enables us to compute the ideal I, ;. For example,
I; = (m7*,m7P") C Wa(R) and

{ (mz2 mZY mZ)  (p=2),

>3 >opi > 5.
(m}>{32>mR mvap Z) (p Z 3)

I3; =
Finally we prove a relationship between the ideals I),_1 ; and I, ;, which
will be used in Section 5.

Lemma 4.5. For any r = (r9,...,"n—2) € In_1pi and r,_1 € R, we have

N i n—1
7= (ro,....,"n—2,p" Tp_1) € In.

Proof. By Lemma 4.3, we have
[ppi]s’(ro, . ?rn—Q—n(S—l)v 0, . ,O)

in the ring W,_1(R) for any s > 1 satisfying n(s — 1) < n — 1. Let us show
that the element 7 = (7, ..., 7,—1) satisfies the condition

[91]8’(7207 . 77zn—1—n(s—1)7 07 s >O>
in the ring W,,(R) for any s > 1 satisfying n(s — 1) < n. The case of s =1
follows from the definition of 7. Suppose s > 2. Since n(s — 2) + 1 <
n(s—1), wehave n — 1 —n(s—1) <n—2—n(s —2) and [p”]*~! divides
(0, Pn—1-n(s—1))- Then the inequality p(s—1) > s implies the condition.
This concludes the proof of the lemma. [l

5. APPLICATION TO CANONICAL SUBGROUPS

In this section, we prove Theorem 1.2 and Theorem 1.3. First we consider
Theorem 1.2. Let K/Q, be an extension of complete discrete valuation fields.
Let G be a truncated Barsotti-Tate group of level n, height h and dimension
d over O with 0 < d < h and Hodge height w < (p —1)/p". Let C,, be the
level n canonical subgroup of G as in [13, Theorem 1.1]. By a base change
argument and the uniqueness of C,, ([13, Proposition 3.8]), we may assume
that the residue field k is perfect. Recall that we normalized the valuation
vg on the ring R as vr(m) = 1/e in Section 1.

Let M = 9M*(G) be the corresponding object of the category Mod}goo.
Then, by [13, Remark 3.4], we can show as in the proof of [12, Lemma 3.3]
that the object 2t/pMN has a basis €y, ..., ey such that

(e en) = (e en) P B
P €1,...5€p) = \€1,...,€p uePS ueP4 )
where the matrices P; have entries in the ring k[[u]] with P, € Mjy,_q(k[[u]]),

vr(det(Py)) = w and (]]jl ?) € GLy(K[[u]]). Let Pi be the element of
3 4

My, _q(k[[u]]) such that PiP, = u®“I},_q. Let B be the unique solution in
Mg p—q(k[[u]]) of the equation

B = P3P, — uP0—)=U B Py o(BY Py + w1 ") Pyp(B) P



ON LOWER RAMIFICATION SUBGROUPS 19

and put D = P +u1~%) Pyp(B), which also satisfies vg(det(D)) = w (see
the proof of [12, Lemma 3.3]). Moreover, put

- _ _ _ Ip—q
(6/17 A egmfd) = (617 T eh) <ue(1_w)B> )

The elements €),...,€,_,,€n—dt1,---,€, form a basis of the &;-module
M/ pIN satisfying

D P
—/ — - —/ —/ — — 2
O(E1y o €l gy Ch—dtls -+ €R) = (s s €h_dy Chedtls---»Eh) (0 ue(l_w)PAi

for some matrix P; € My(k[[u]]). Then we have the following description of
the level one canonical subgroup C; of G[p].

Lemma 5.1. Let f be an element of the module Homg ,,(90T/pIN, R) defined
by

(€1,...,en) = (z,9)
with an (h — d)-tuple x and a d-tuple y in R. Then f corresponds to an
element of C1(Og) by the isomorphism

eglp) - 91P(Ok) ~ Home 4, (M/pN, R)
if and only if vp(z + ue(lfw)gB) >w/(p—1).

Proof. Let £ be the &i-submodule of M /pM generated by €,...,¢e,_,.
Then £ defines a subobject of M/pI in the category Mod}gl. Put 91 =

(01/p9)/£. Note that [13, Lemma 3.2] also holds for our G[p] and its sub-
group scheme corresponding to M, by [13, Remark 3.4]. By [13, Lemma
3.2 and Theorem 3.5 (1)], the level one canonical subgroup C; is the closed
subgroup scheme of G[p] corresponding to the object 9t. We have the com-
mutative diagram

C1(0g) glrl(Og) (Glp)/C1)(Og) —=0

Zlaﬁ Z\LEQ[@] Zlgg[p]/ﬁ

0 — Homg (N, R) —— Homg , (M /pIN, R) v Homeg (£, R) — 0,

0

where the rows are exact and the vertical arrows are isomorphisms. The
element f corresponds to an element of Ci(Of) if and only if /*(f) = 0.
The map ¢*(f) : £ — R is defined by

(€1 Eh_g) T+ ue(l_“’)gB,
which we consider as an element of H(£)(R). Since deg(H (L)) = w, the
lemma follows from [12, Lemma 2.4]. O

Recall that we put
in=1/""p-1) ~w/(p-1), i=1/p"(p—1).
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Lemma 5.2. Ifw < (p—1)/p", then we have C1 = G[pl;,, = G[plir for any
integer m satisfying 1 < m < n.

Proof. By [13, Theorem 1.1 (c)], the equality C; = G[p];, holds. From the
inequality

By, < < dh_q < -oe <idg <4 <y,
we have the inclusions

C1 C Glply € Glpli, € CGpli, € Glplir,-
Let us show the reverse inclusion. Let 91 be the quotient of 9t/pIN in the
category Mod}g1 corresponding to the closed subgroup scheme C; C G. By
Theorem 3.3, it is enough to show the inclusion
Homg ,(9/pMN, m?%) C Homg (M, R).
Consider a p-compatible homomorphism of G-modules M/pIt — R defined
by
(e1,...,er) — (z,y) = p'(a,b)
with an (h — d)-tuple a and a d-tuple b in R. Then we have the equality

, ., Ih—d 0 P P
iy, (AP — pin
p’'(a’, ") = p'"(a,b) ( 0 ueId> <P3 P4> ’

-1
where a? = (d?, ... ,afﬁ ;) and similarly for b”. Multiplying <£1 §2> €
3 4

GLy,(k[[u]]), we obtain the equality

(a,ub) = p'/7" (@, 1) (2 ﬁi) 1
and we can write a = Ql/ P"q’. The (h — d)-tuple o satisfies the equality
a = pl/p"*l—w(gf)pfal _ pP" /P —wp By
Hence vg(a') > min{1/p"~1, (p" — 1)/p"} — w and
vr(z) > min{l/(p"(p — 1)) —w, 1+ 1/(p"(p — 1)) —w} > w/(p — 1).
Since 1 — w > w/(p — 1), we obtain the inequality
vr(z + ue(l_w)gB) >w/(p—1).
Then Lemma 5.1 implies the reverse inclusion and the lemma follows.  [J

To show Theorem 1.2, we proceed by induction on n. The case of n =1
follows from Lemma 5.2. Put n > 2 and suppose that the theorem holds
for any truncated Barsotti-Tate groups of level n — 1 over Ok. Consider
a truncated Barsotti-Tate group G of level n over O with Hodge height
w < (p—1)/p" as in Theorem 1.2. In particular, we have the equalities
Cn1=G[p" i, , = G[p" "y _, and thus the inclusions C,—1 C Gi, C Gy,
also hold.
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Lemma 5.3. For any positive rational number i satisfying i < 1/(p — 1),
the multiplication by p induces the map G;(Or) — G[p" pi(Of)-

Proof. By Lemma 3.1 (2), we may assume that G is connected. By [14,
Théoreme 4.4 (e)], there exists a p-divisible formal Lie group I' over O such
that G is isomorphic to I'[p"]. By [21, Lemma 11.3], we can choose formal
parameters X1, ..., X4 of the formal Lie group I" such that the multiplication
by p of I' is written as

[p)(X) = pX + (X{,..., X)U +pf(X) mod degp®,
where X = (X1,...,Xq), f(X) = (fi(X),..., fa(X)) such that every f;
contains no monomial of degree less than p and U € My(Ok). Let z =
(x1,...,2q) be a d-tuple in O satisfying [p"](z) = 0 and v,(z) > 4. Since
1+ 14 > pi, we have the inequalities 1 + v,(z) > pi and pvy(z) > pi. Hence
vp([p](z)) > pi and the lemma follows. O
Lemma 5.4. We have the inclusion gz-;l C C,.

Proof. By Lemma 5.2 and Lemma 5.3, the multiplication by p”~! induces
a homomorphism Gy (Ok) — G[pls (Og) = C1(Of). Hence we have the
inclusion Gy C p_(”_l)Cl. Consider the natural map G — G/C;. By [13,
Theorem 1.1], the subgroup scheme C; x .1 _,, coincides with the kernel of
the Frobenius of G x % _,. Put G = G x .#,_,, and similarly for m Note
the inequality pil, =i/, _; < 1 —w. Then we have a commutative diagram

9(Ok) (G/€1)(Og)

| |

G(Ok,lfw) - g/cl(of(,lfw)c—) g(p)(ok,lfw)

| |

g/cl (Of(,pigl )C—> g(p) (Of(,pi; )7

where the composite of the middle row is the Frobenius map and the right
horizontal arrows are injections. From this diagram, we see that the map
G — G/C; induces a map

Gir,(Og) = (G/C1)y._ (Og).
This implies the inclusion Gy /C1 C (p*(”*l)Cl/Cl)i%_l. Note that the group

scheme p~(»~1¢,; /C1 is a truncated Barsotti-Tate group of level n—1, height
h and dimension d with Hodge height pw and that the subgroup scheme
Cn/Cy is its level n — 1 canonical subgroup (see the proof of [12, Theorem
1.1] and [13, Theorem 1.1]). From the induction hypothesis, we see that the
equality

(p~"e/Cr)y = CafCy

holds. This implies the inclusion g% C C,, and the lemma follows. |
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Proposition 5.5. The image of the map G;, (Og) — Gp" Ypi, (Og) in-
duced by the multiplication by p contains the subgroup G[p"; _(Og).
Proof. By Theorem 1.1 and Lemma 5.3, we have a commutative diagram
Gi, (Or) — Homeg (M, I,:,,)
Wl pﬁ

GlIp" pin (Og) —<— Home 4 (M, In—1,pi,)

g[pn—l]in_l (OI_{) — Homgw(ﬁﬁ, I’I’L—l,in_l)a

where the horizontal arrows are isomorphisms and the map pr is induced
by the natural projection W,,(R) — W,,_1(R). It suffices to show that the
image of the map pr contains the subgroup Homeg o, (90, I,—1,,_,)-

Let eq, ..., ep, be a basis of the &,,-module M lifting €y, ..., e, and €}, ..., €} _,
be lifts of €),...,&,_, in M, respectively. Then €},...,€}_; €n—di1,...,€n
also form a basis of the &,,-module 9. Take a p-compatible homomorphism
of &-modules 9 — I,,_1;,_, defined by

(6,17 SERE) e,h—da €h—d+1y- - - 7eh) = (ﬁaﬂ))
where z = (z1,...,2,—4) and y are an (h — d)-tuple and a d-tuple in the
ideal I,—1, ., respectively. Put 2; = (2;,0) € Wy (R), Z = (£1,...,Zh—q)
and similarly for §. Let A be the matrix in M},(&,,) satisfying

oy e gy hdity---sen) = (€1, s €h_gsChdil,---,en)A.
Define an (h — d)-tuple § = (&1,...,84—q) and a d-tuple 1) in R by

P HEL ) = e(&,9) — (&, 9)A,

where we put [{] = ([&1], ..., [{n—q]) and similarly for []. By Proposition

4.1, the elements 2 and ¢ are divisible by [p»~1] and thus we can write

(&m) =p" (€ ).
Since 4,1 = pin+w > pin, Lemma 4.5 implies that, for any h-tuple z in R,
the element (Z,§) + p" '[p~2] is contained in the ideal I,,;,. It is enough
to show that there exists an h-tuple z in R satisfying

p((@,9) + 0" p"2) = (&) +p" [P 2) A

Put z = (¢,w) with an (h—d)-tuple ¢ and a d-tuple w. Then this is equivalent
to the equation

, : D P
(é, ﬂ) + Emn (vagp) = Bln (Cag) <0 ue(l_i})Pi> :

We claim that the equation for the first entry
§+p P =pn(D
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has a solution ¢ = Q(p_l)i”g with an (h — d)-tuple ¢ in R. Indeed, let
D € Mj,_q4(k[[u]]) be the matrix satisfying DD = u®“I},_q. Then this is
equivalent to the equation
</ _ ng _'_pp(p—l)in—IU(C/)plA).
Since p(p — 1)i,, > w, we can find a solution g of the equation by recursion.
For the second entry, we have the equation
Bpin—&-wﬂ/ _i_gpingp — Bin (§P2 +]21_wQPzi)-
This is equivalent to the equation
gp — Bl—w—(p—l)ingpi + £/P2 _ Bwﬂ/-
Note the inequality 1 —w > (p — 1)i,,. Write this equation as
(Wi, .., wh) + (w1,...,wq)C + (¢, ., d)) =0
with some C' = (¢; ;) € Mg(R) and ¢, € R. Then the R-algebra
d d
Rlw,. .., wq]/ (W} + Zcﬂwj + W + chdwj +c))
j=1 Jj=1

is free of rank p? over R. Since Frac(R) is algebraically closed and R is
integrally closed, this R-algebra admits at least one R-valued point. Hence
we can find at least one solution w of the equation. This concludes the proof
of the proposition. O

Consider the exact sequence

0= Glpli, (Ok) = G, (Ok) = GIP" i, (Ok).
Proposition 5.5 implies that the image of the rightmost arrow contains the
subgroup
Gl" it (Og) S GIP" Hpi (Ok),

which coincides with C,—1(Of) by induction hypothesis and thus is of order
p(®~14 By Lemma 5.2, the subgroup G[p);, (O ) also coincides with C; (O )
and this is of order p?. Hence the group G;, (Of) is of order no less than
p™?. Since Lemma 5.4 implies the inclusions

i, (Ok) € Gir,(Ok) € Cu(Ok),
Theorem 1.2 follows by comparing orders. (]

To prove Theorem 1.3, we need the following lemma, which is a “lower”
variant of [12, Lemma 4.5].

Lemma 5.6. Let K/Q, be an extension of complete discrete valuation fields
and © be a positive rational number. Let X be an admissible formal scheme
over Spf(Ok) and X be its Raynaud generic fiber. Let & be a finite lo-
cally free formal group scheme over X with Raynaud generic fiber G. Then
there exists an admissible open subgroup G; of G over X such that the open
immersion G; — G is quasi-compact and that for any finite extension L/K
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and x € X (L), the fiber (G;), coincides with the lower ramification subgroup
(&,)i x Spec(L) of the finite flat group scheme &, = & xx , Spf(Or) over
Or.

Proof. Let .Z be the augmentation ideal sheaf of the formal group scheme
&. Write ¢ = m/n with positive integers m,n and put ¢ = p"Og + I".
Let B be the admissible blow-up of & along the ideal ¢ and &,,, be the
formal open subscheme of B where p" generates the ideal # Og. Since the
Raynaud generic fiber of &,, ,, is the admissible open subset of G whose set
of K-valued points is given by

{z € G(K) | vp(S(x)) > i},

it is independent of the choice of m,n and we write it as G;. Using the
universality of dilatations as in the proof of [1, Proposition 8.2.2], we can
show that G; is an admissible open subgroup of the rigid-analytic group G.
For any affinoid open subset U = Sp(A) of G, put I = I'(U,.#). Then the
intersection UNG; is the affinoid Sp(A(I"/p™)) and thus the open immersion
G; — G is quasi-compact. This concludes the proof of the lemma. O

Proof of Theorem 1.3. Set Cj, to be the admissible open subgroup Gy of
G as in Lemma 5.6 with i, = 1/(p"(p — 1)). Then, by this lemma and
Theorem 1.2, each fiber (C},); coincides with the generic fiber of the level
n canonical subgroup of &, and its group of K-valued points is isomorphic
to the group (Z/p"7Z)?. Moreover, C,, is etale, quasi-compact and separated
over X (7). Thus [5, Theorem A.1.2] implies that C), is finite over X (r,)
and the theorem follows by a similar argument to the proof of [12, Corollary
1.2]. O
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