
No. 1

October 16, 2019

Coordinate Systems

Takuichi Hirano

Cylindrical SphericalCartesian



No. 2

T. Hirano

Coordinate Systems

◼ Cartesian Coordinates

◼ Cylindrical Coordinates

◼ Spherical Coordinates

http://www.takuichi.net/hobby/edu/vector_analysis/index.html
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Cartesian Coordinates
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Variables x, y, z

Bases ො𝑥, ො𝑦, Ƹ𝑧

Line element 𝑑𝒍 = 𝑃𝑃′ = ො𝑥𝑑𝑥 + ො𝑦𝑑𝑦 + Ƹ𝑧𝑑𝑧

Surface element 𝑑𝑺𝑥 = ො𝑥𝑑𝑦𝑑𝑧, 𝑑𝑺𝑦 = ො𝑦𝑑𝑥𝑑𝑧, 𝑑𝑺𝑧 = Ƹ𝑧𝑑𝑥𝑑𝑦

Volume element 𝑑𝑉 = 𝑑𝑥𝑑𝑦𝑑𝑧

ො𝑥

ො𝑦
Ƹ𝑧
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Cylindrical Coordinates

Volume element:
Similar to Baumkuchen
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Variables 𝜌, 𝜑, 𝑧

Bases ො𝜌, ො𝜑, Ƹ𝑧

Line element 𝑑𝒍 = 𝑃𝑃′ = ො𝜌𝑑𝜌 + ො𝜑𝜌𝑑𝜑 + Ƹ𝑧𝑑𝑧

Surface element 𝑑𝑺𝜌 = ො𝜌𝜌𝑑𝜑𝑑𝑧, 𝑑𝑺𝜑 = ො𝜑𝑑𝜌𝑑𝑧, 𝑑𝑺𝑧 = Ƹ𝑧𝜌𝑑𝜌𝑑𝜑

Volume element 𝑑𝑉 = 𝜌𝑑𝜌𝑑𝜑𝑑𝑧

𝑃(𝜌, 𝜑, 𝑧)

𝑃′(𝜌 + 𝑑𝜌, 𝜑 + 𝑑𝜑, 𝑧 + 𝑑𝑧)

ො𝜌
ො𝜑

Ƹ𝑧

𝑑𝜌
𝜌𝑑𝜑

𝑑𝑧
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Spherical Coordinates

Volume element:
Similar to onion
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𝑃(𝑟, 𝜃, 𝜑)

Ƹ𝑟

መ𝜃

ො𝜑
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𝜑

𝜃

𝑟

𝑃′(𝑟 + 𝑑𝑟, 𝜃 + 𝑑𝜃, 𝜑 + 𝑑𝜑)

𝑟 sin 𝜃

Variables 𝑟, 𝜃, 𝜑

Bases Ƹ𝑟, መ𝜃, ො𝜑

Line element 𝑑𝒍 = 𝑃𝑃′ = Ƹ𝑟𝑑𝑟 + መ𝜃𝑟𝑑𝜃 + ො𝜑𝑟 sin 𝜃 𝑑𝜑

Surface 

element
𝑑𝑺𝑟 = Ƹ𝑟𝑟2 sin 𝜃 𝑑𝜃𝑑𝜑, 𝑑𝑺𝜃 = ො𝜑𝑟 sin 𝜃 𝑑𝑟𝑑𝜑, 𝑑𝑺𝜑 =

Ƹ𝑧𝑟𝑑𝑟𝑑𝜃

Volume element 𝑑𝑉 = 𝑟2 sin 𝜃 𝑑𝑟𝑑𝜃𝑑𝜑

ො𝜑
Ƹ𝑟

መ𝜃𝑟 sin 𝜃 𝑑𝜑

𝑟𝑑𝜃
𝑑𝑟
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Transform: 𝑥, 𝑦, 𝑧 ↔ (𝜌, 𝜑, 𝑧)

ቐ
𝑥 = 𝜌 cos 𝜑
𝑦 = 𝜌 sin𝜑
𝑧 = 𝑧

൞
𝜌 = 𝑥2 + 𝑦2

𝜑 = tan−1(𝑦/𝑥)
𝑧 = 𝑧

Position

ො𝜌

ො𝜑Ƹ𝑧

ො𝑥
ො𝑦

Ƹ𝑧

x

y

z

𝑧
𝜌

𝜑𝑥

𝑦

(𝜌, 𝜑, 𝑧) → 𝑥, 𝑦, 𝑧

𝑥, 𝑦, 𝑧 → (𝜌, 𝜑, 𝑧)



No. 7

T. Hirano

Transform: 𝑥, 𝑦, 𝑧 ↔ (𝜌, 𝜑, 𝑧)

Vector

ቐ
ො𝑥 ∙ ො𝜌 = cos𝜑
ො𝑥 ∙ ො𝜑 = −sin𝜑

ො𝑥 ∙ Ƹ𝑧 = 0

൞

ො𝑦 ∙ ො𝜌 = sin𝜑
ො𝑦 ∙ ො𝜑 = cos𝜑
ො𝑦 ∙ Ƹ𝑧 = 0

ቐ
Ƹ𝑧 ∙ ො𝜌 = 0
Ƹ𝑧 ∙ ො𝜑 = 0
Ƹ𝑧 ∙ Ƹ𝑧 = 1

Calculate inner products of bases at first.

Let us transform from (𝑥, 𝑦, 𝑧) expression 𝑨 = ො𝑥𝐴𝑥 +
ො𝑦𝐴𝑦+ Ƹ𝑧𝐴𝑧 to 𝜌, 𝜑, 𝑧 expression.

𝑨 = ො𝜌 ො𝜌 ∙ 𝑨 + ො𝜑 ො𝜑 ∙ 𝑨 + Ƹ𝑧 Ƹ𝑧 ∙ 𝑨

= ො𝜌 ො𝜌 ∙ (ො𝑥𝐴𝑥 + ො𝑦𝐴𝑦+ Ƹ𝑧𝐴𝑧)

+ ො𝜑 ො𝜑 ∙ (ො𝑥𝐴𝑥 + ො𝑦𝐴𝑦+ Ƹ𝑧𝐴𝑧)

+ Ƹ𝑧 Ƹ𝑧 ∙ ( ො𝑥𝐴𝑥 + ො𝑦𝐴𝑦+ Ƹ𝑧𝐴𝑧)

= ො𝜌 ( ො𝜌 ∙ ො𝑥)𝐴𝑥+(ො𝜌 ∙ ො𝑦)𝐴𝑦+( ො𝜌 ∙ Ƹ𝑧)𝐴𝑧

+ ො𝜑 ( ො𝜑 ∙ ො𝑥)𝐴𝑥+( ො𝜑 ∙ ො𝑦)𝐴𝑦+( ො𝜑 ∙ Ƹ𝑧)𝐴𝑧

+ Ƹ𝑧 ( Ƹ𝑧 ∙ ො𝑥)𝐴𝑥+( Ƹ𝑧 ∙ ො𝑦)𝐴𝑦+( Ƹ𝑧 ∙ Ƹ𝑧)𝐴𝑧

Finish to substitute

Inverse transformation is the same as well.

After transformation

Before transformation
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Transform: 𝑥, 𝑦, 𝑧 ↔ (𝑟, 𝜃, 𝜑)

(𝑟, 𝜃, 𝜑) → 𝑥, 𝑦, 𝑧 ቐ
𝑥 = 𝑟 sin 𝜃 cos𝜑
𝑦 = 𝑟 sin 𝜃 sin𝜑
𝑧 = 𝑟 cos 𝜃

Position

𝑟 = 𝑥2 + 𝑦2 + 𝑧2

𝜃 = cos−1(𝑧/ 𝑥2 + 𝑦2 + 𝑧2)

𝜑 = tan−1(𝑦/𝑥)

ො𝜑

ො𝑥
ො𝑦Ƹ𝑧

x

y

z

𝑧

𝑟

𝜑𝑥
𝑦
መ𝜃

Ƹ𝑟

𝜃

𝑥, 𝑦, 𝑧 → (𝑟, 𝜃, 𝜑)
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Transform: 𝑥, 𝑦, 𝑧 ↔ (𝑟, 𝜃, 𝜑)

Vector

൞

ො𝑥 ∙ Ƹ𝑟 = sin 𝜃 cos𝜑

ො𝑥 ∙ ෠𝜃 = cos 𝜃 cos 𝜑
ො𝑥 ∙ ො𝜑 = −sin𝜑

൞

ො𝑦 ∙ Ƹ𝑟 = sin 𝜃 sin𝜑

ො𝑦 ∙ ෠𝜃 = cos 𝜃 sin𝜑
ො𝑦 ∙ ො𝜑 = cos 𝜑

ቐ
Ƹ𝑧 ∙ Ƹ𝑟 = cos 𝜃
Ƹ𝑧 ∙ ෠𝜃 = −sin 𝜃

Ƹ𝑧 ∙ ො𝜑 = 0

Calculate inner products of bases at first.

The procedure is the same as that of the cylindrical coordinates.


