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Review of last week

Chapter 1 Crystal structure and crystal growth

Crystal structure ~ * Basis, primitive cell, unit cell
* Lattice, Bravais lattice
 Reciprocal lattice
 Brillouin zone

Semiconductor materials  © Group IV: C, Si, Ge, Sn, SIC, SixGei1
* Group I1-V: GaAs, InP, AlAs, InAs, GaSbh, ...
 [II-N: GaN, InN, ...

* Group lI-VI: CdTe, HgTe, ...

Crystal growth » Czochralski
Bulk < Bridgman Thin film
 Floating zone

« MOCVD
« MBE

Chapter 2 Energy bands, effective mass approximation

Nearly free electron model, empty lattice approximation



Tight-binding approximation (TBA)

Single atom on single unit cell
Single atom Hamiltonian: .77, = T + u
T kinetic energy, u: atomic potential

%(Rz) — T + u('r' — RZ)

Ho(Ri)on(r — R;) = €n,dn(r — R;)
¢,,: eigenfunctions for R; = 0
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Tight binding approximation (2)

(throbe| H o) = 12 =R (G, (r — R\ + V (r)]|pn(r — Ry))

_ N1 Zeik(Rj—Rz—)
1,]

X (fn(r = R)[[Tr + u(r = Ri) + V(r) = u(r = Ri)l|én(r — R;))
= e+ N7 Y M (v — R)|V() = ulr — R))lén(r - Ry)

t,J

= cnt Y €M 0 (V) = ulr))l|én(r = Ry)).

En(k) = €, + (¢n(r)|v(r)|dn(r)) — Z eikRjtn(Rj)

R;#0
= —(0n(r)|v(r)|dn(r)) Crystal field contribution

tn(R ) —(@n(r)[v(r)|én(r — R;))  Hopping integral



Tight binding approximation (3)

t,, nearest neighboronly =t

E. (k) = €y, — oy, — t(F% 4 ™)

=€, — o, — 2tcos ka

Cosine band with the width of 4¢t.




Methods for obtaining band structure

Experiments  Hot electron transport
 Optical absorption
 Electroreflectance
« Cyclotron resonance
« Photoemission spectroscopy

Empirical calculation Pseudo-potential approximation

k - p perturbation

Local density approximation
Augmented plane wave
Generalized gradient approximation

ab-initio calculation




Angle resolved photoemission spectroscopy (ARPES)

hky = /2mo(E. + hv — x.)sin 6,

hv = E.(k.) — E,(k,
v = Ee(ke) — Ey(ky) Bk 1 = /2mo[(Ee + hv — x.) cos? 0 — V]
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see, e.g. for short review B. Lv, T. Qian, H. Ding, Nature Reviews Physics 1, 609 (2019). !



Angle resolved photoemission spectroscopy (ARPES) (2)

E-Eypnm (€V)

hv

Y

i

()

amorphous As

SN
GaAs

~10A

Soft-X ray ARPES of GaAs

Bands below Fermi energy can be detected

Strocov et al., J. Electron Spectroscopy and Related Phenomena 236, 1 (2019).




Plane wave expansion

Crystal Schrodinger equation: A (r)

Bloch function (omit band index)

Fourier expansion V(r)

(- lattice periodicity)

h2
2, (3~ () 2 [{ o

Each term in the sum over G IS Z H
G

zero in (4)

2m

[_h—sz +V(r )] (r) = Ey(r)

Y(r) = ™ Tug(r)

For (5) to have non-trivial solution

= Z Vae©T, Z Cge'C
G
(k == G) )} OG + Z VG—G’CG’ e’i(k—I—G)°T =0
GJ’
h2
o7 (k+G)” — } dga + VG—G’] Car =0
~
h2
' |:{ 5 (k + G) } e + VG_Gf] ‘ =0
m GG/
J
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Pseudo-potential calculation method

2m

| H h—Q(kz + G)? — E} daa + VG_Gf]

=0 — We need V¢

GG’

Pseudo potential method: 1. Only consider valence bands and conduction bands around the

Fermi level. Effect of core electrons in renormalized into
periodic potential.

2. Replace real potential with pseudo potential which gives
similar tailing of wavefunction.

V(r)
V()

ANV SN 2NN

u,(r) Ui ()

band structure: almost determined in skirt characteristics
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Pseudo potential calculation method (2)

( )
A er(r)
Replacement with e 0 (r <re)
. = —— W = A 0
pseudo potential () =|">(") { re (r>re)
. simplest example

CWSta_l pseudo Vo(r)=> Wg(r—R;—7a) Ta: Vectors pointing nuclei in the unit cell
potential o

. o d
Fourier transform:  v,(K) = /Z Wo(r — R; — 'ra)e‘ZK""Vr
e’

!
r=r—R; -1,

1 —K-R; —a K14 1 o —iK-r'
N: unit cell number ]» R E € ’ E € ﬁfﬂwp (r')e dr
Q: unit cell volume J «@
Z - 1 N .
4 S /g Wy (e mdr’ T =1

=) e K Tl(K)

wy, (K) . form factor (Fourier transform of W, (r)) depends only on potential form
o~ Ko structure factor depends only on internal structure of unit cell 1



Empirical pseudo potential calculation for fcc semiconductors

ex) GaAs Ga:%(l,l,l) As : —3(1,1,1)

a a
. = —(1,1,1 = ——(1,1,1
o m= 2L =g L)
/ R . .
v, (K) = eZK'ﬁ’U;(K) + e_ZK'Tlfoj(K)
= (vzl) +v£)COSK T+ (’Uzl) — vﬁ)sinK T
(b) S a :
= vy (K)cos K - 17+ v (K)sin K - T
Distance from the origin and number _ o _ _
of points in reciprocal lattice Form factors obtained from fitting to optical experiment
0 (0,0,0) 1 vy (111)  v5(220) vy (311)  wvj(111)  v;(200) w7 (311)
: Si —2.856 0.544 1.088 0 0 0
Vi (LLD,... Ge | —3.128  0.136  0.816 0 0 0
2 (2,0,0),... 6 GaAs | —3.128 0.136 0.816 0.952 0.68 0.136
V8 (2,0,2),... 12 CdTe —2.72 0 0.544 2.04 1.224 0.544
Vil G.L1),... 24
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Band structure of Si and GaAs

conduction valley energy surface

E (k) (eV)
E (k) (eV)

spin-orbit interaction is not taken into account



Definition of effective mass

Group velocity of wavefunction with
energy eigenvalue E,, (k)

Acceleration

With definition

- Inverse effective mass tensor

1

v, (k) = thEn(k)
T VB R) =33 3 S5
( 1 ) _ 1 0’E(k)

m* ), h? Okok;

a2\ )T e

hQ
5= Ok
m
l:1,2,3 l 14




Energy surface measurement (cyclotron resonance)

Motion of charged particle in magnetic field:
cyclotron motion in the plane perpendicular

to the magnetic field

ABSORPTION IN ARBITRARY UNITS
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Optical pumping — microwave absorption

Cyclotron frequency We

Landau quantization

w,. — cyclotron mass m,

Energy surface: ellipsoid

sin” @

( 1 )2 cos? 6
. — - T
Me m?

Electron-hole distinction « circular polarization

My

(24 GHz microwave)

Dresselhaus, Kip, Kittel, Phys. Rev. 98, 368 (1955).
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Cyclotron resonance
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K-p perturbation

2
Crystal Schrodinger equation: HY(r) = [—f—mw +V (r)] V(1) = Ey(r) (1)
Bloch function Ynk(r) = €™ upi(r) (2)
Equation for lattice periodic [_ Vs Vir) + LA V} Unk(1) = Enting(r)  (3)
function 2mg 2mp Mo
R
Perturbation by k-dependent term Hy=H(0) H'(k)=-——i—k-V
0 mo
Good approximation for small k — band edge information
Pl
(a) In the case of no degeneracy [ “ik(T) = wio(7) + > %|_ — gj wio(T) i) = [uio)
gEL
N (|27 15)1°
L Ei(k) = E;(0) + (i|5"}3) +§ EF,

gl 17



k-p approximation (2)

(b) In the case of n-fold degeneracy in ugo(r)  {ubo (G =1i,---,n)} (= {l05)}) orthogonal

n

Approximate the perturbed wavefunction [uor) = Zl A;;(k)|0j)
o

Substitute to the equation for u [ + A — Eo(k)]|udy,) =0
Taking inner product with |0i) ZAij(k?)[(Oﬂ%mj) + (0i|.52105) — (0i| Eo(k)|05)]
j=1

= Eﬂ: Aij (R)[(0i]£107) + (Bo — Eo(K))éi] =0 (4)

For eq.(4) to have non-trivial solution
[ (0¢].527107) + (Eo — Eo(k))dij| =0 ]
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Spin-orbit interaction

Spin-orbit Hamiltonian

spin-operator
From identity

label=a-(bxc)

=—-b-(cxa)

eigenequation

h
4mc?

) (0 1 (0 —i (1 0
0= (03,0y,0) =11 o) %=\; o) ==\o _1

{ p? k2 R h

t7/1'%,0:

o-px(VV)

— +V k -
2m0+ +2m0+m0 7T_|_4m%c2

p-O'XVV] ink) = E,(k)|nk),

o xXVV

T=p-+
v,0) = [v0) ®|o)  |nk) = Z CnpolV 0’

v',o!

4mc?

W2k h v’ vy’
Z E, (0) + Oy Oger + —k - PO.O.I + Ao'o" Cnv'c! — En(k)cm/g
— 2m m

52

4m?2c?

Pg';: = (vo|n|V o), AYY, =

(vo|lp-o x (VV)]|V' a")
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['-band edges of diamond and zinc-blende semiconducto

22
e J unperturbed equation: sz|¢) = [— ZZ +V(r)} ¢) = Ep|¢) E 4
\ 0
& lect
)Ak Diamond, zinc-blende: formed from sp3 orbitals / CIetton
* \) L0 18), 1%, V), 12) 1
(Is); [p2); py), |P2))
: h? h -
perturbatlon W + t%%o = —Zm—ok V — 477’%020. . (p X VV) heavy hole :
{150,1X),1¥),12)} = {IS). |£) = (1X) £4[Y))/v2,12)} 7<
Ev2
non-zero element P = i(S\pw\X) = i(S\gg)yn/) = i(S\pzjz>, light hole
myo | myo ) /‘\
A= _47??@ (X|[VV % pl,|Z) xyz cycling spin-split off Eys
0

(£ 1 |HolE£ 1) = (x| [Hol|E ) =+A/3,
(£a|#o|Za') = (1 — daar)V2A/3  a: Spin coordinate 20



['-band edges of diamond and zinc-blende semiconductors

<SO&‘%|SOJ’> = 5aa’Ec:

H+, Z, —Ya|7B{+, Z, —}a') = bau E,

Hamiltonian .77 expression

1S 1) 1S ) I;? + ) II;kﬂ -4 1zt 1Z])
S E, = 0 __im 0 Pk, 0
. V2 Pk Ve Pk
S 0 E. 0 _ i 0 — 0 Pk,
1S ) . . v 7
-+ —— i 0 0 0 0 0
+ 1) 0 _F \/’%‘ 0 E, — % 0 0 @ 0
P*k A 2A
—1) e 0 0 0 E,— — 0 0 V24
V2 3 3
) 0 Prky 0 0 0 E,+2 o 0
V2 C3
2A
Z1)y | P*k, 0 0 ‘fT 0 0 E, 0
2A
Z ) 0 P*k, 0 0 fT 0 0 E,

21



['-band edges of diamond and zinc-blende semiconducto
Eigenvalue equation

A E1
)\ — E’U —I_ o 9
3 electron
2A A A
AN=E)|(A=E,+=—= ) (AN-E,— =) —|PPK*(AN-E,+ =) =0.
3 3 3 e
C
Ignoring the term |P|?k? we finally obtain: -
R2k?  |PIPk? [ 2 1 heavy hole
Eelk) = B+ o0 | |3 [E TE +A]’ . E
A : 5212 P B, +A/3 7< iy
Eyi(k)=E, + — ,
1( ) * 3 - 2m0 . EV2
A B2 2|P22 lighthole | oA /3
EvQ(k) :Ev+_+ - )
3 2m0 3Eg . . /
spin-split off Eys

C2A K |PPR?

E,=E,—E,—A/3
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(k2K2 + k2k2 + k2k2)
"™y y'vz z™Vx

light hole

+ AR?F |/ B2kt + 2
+ AK?

L2
3

A

heavy hole
3
Ey

E,(k)=FE,+

Summary of k - p second order perturbation
Eysp(k)



Table of band parameters

E- FE;, EAn FEs« m;y m" my Al |B| |C]

(V) (V) (V) (V) (mo) (mo) (mo) (V™))
C 11.67 12.67 545 0.006 1.4 - 0.36 3.61 018 3.76
St 4.08 1.87 1.13 0.044 0.98 : 0.19 4.22 0.78 4.8
Ge 0.89 0.76 096 0.29 1.64 : 0.082 13.35 &.5 13.11
AlAs 295 2.67 216 028 2 - - 4.04 156 4.71
GaP 2.7 2.7 22 0.08 1.12 - 0.22 4.2 1.96 4.65
GaAs 1.42 1.71 1.9 0.34 - 0.067 - 7.65 482 T7.71
Gasb  0.67 1.07 1.3 0.77 - 0.045 - 11.8 8.06 11.71
InP 1.26 2 2.3 0.13 - 0.08 - 6.28 4.16 6.35
InAs 0.35 145 2.14 0.38 : 0.023 - 19.67 16.74 13.96
InSb  0.23 0.98 0.73 0.81 : 0.014 - 35.08 31.28 22.27
CdTe 1.8 34 4.32 0.91 - 0.096 - 529 3.78 5.46

Lundstrom “Fundamentals of Carrier Transport” (Cambridge, 2000).
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Graphene
covalent
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Graphene lattice/reciprocal lattice structure

Atomic orbitals Honeycomb lattice
Qo9 K >
N
3 x sp® AOs
in the plane @

unchanged 2p,



Graphene lattice/reciprocal lattice structure

Lattice: unit cell Reciprocal lattice
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Tight binding model

Sublattice wavefunction ~ ¥a = Y exp(ikr;)o(r —7;), g = Y  exp(ikr;)p(r — ;)
jea jeB

tight-binding (Yao|g) = Nbopg (o, 8= A,B)

Linear combination W= Catha + Cpibp = (CA)

(B
Hap = (¥a|2|Ya), Hps = (YB|H|YB),
tight-binding Hap = Hpp = (Ya||YB)
Hamiltonian equation H o
_ (Haan Hap) [(Ca) B Ca
o=l ) ) -
: 1
Eigenvalues: E=ox (HAA + Hgp + \/(Haa — Hgg)? + 4\HAB|2)
H H
_ Han | Hanl _ o bl

N N



Sublattice transition term

Hap= S explik(r; — m)] {6(r — )| #o(r — 7;)),

leA,jeB

Take the nearest neighbor approximation:

kody =" k-dy=

k,a k. ky
d X o + 5 ]a
N

ke kg
(F) k'dS_(_zx/ﬁ 2)
(p(r —7)|[H)p(r —7j))r = £ :constant

2

3
hagl® =) exp(ik-d;)| &

| Y=
cosz—|—cos2

V3k,a kya ka)£2



Dirac points In k -space

E (unit:y,)

E—hAAﬂ:f\/1+4COS

kr =

E:hAA:tg‘].—l—QCOST

3a

V3k.,a kya

kya

47 \/_a
)%hAA f Kz |

A Dirac point

cos T + 4 cos?

'

A

kya
2



