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Review of lecture in the last week

Chapter 2 Energy bands, effective mass approximation

Energy band calculation  Nearly free electron approximation
Tight-binding approximation
(empirical) Pseudo-potential calculation method
K-p perturbation method

Energy band measurement Angle-resolved photoemission spectroscopy (ARPES)
Cyclotron resonance

Example of tight-binding approximation: Band structure in graphene
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Envelope function (effective mass approximation)

1 ) 1 02E(k)

Inverse effective mass tensor: ( = W2 ook,

m*

Problem: Non-uniform perturbation potential U (r)

h?V?

2m

Schrdodinger equation {— +V(r)+ U('r')] C(r) = [Ho + U(r)]C(r) = EC(r)

Expand {(r) with Bloch  ¢(r) =) f(n. k)vu(r) =) f(n, k) uar(r)e™”
function Y, (1) = |n, k) n.k n.k

(n',k'| -  [Bo(n.K)—EJf(n' k') +) (0, K|Uln,k)f(n,k) =0
n,k

Fourier transformof U(r)  U(r) = / dqUe~ia

Fourier expansion of uy /g (7)unk(r) Uy (1) Uk () = Z bkt (G)eCT
G



Envelope function (2)

Q,: unit cell space,
vo- unit cell volume

— (27T)3 Z Uk’ k-G bn'k'nk(G)
G

Assumption: U(r) varies little in — Ul is finite only for |q| < 7/a
the scale of the lattice constant

/ T
kK—k~G <

. ) ¢
U(r) IS weaker than the lattice 0 KU k) &~ Urs i
potential: Elements between
kdifferent n are negligible

/ [Bo(K') — Elf(n. k) + ) Up—if(n, k) = 0



Envelope function (3)

Assumption:  Unk = Uno Cn (1) = uno Y F(n, k)€™ ™ = up fr(r)

-+ U] £r) = Ef()
f(r) 2m
U(r) ) Effective mass equation

— — — — — ——— oy, — o - . w— E— E— e




Derivation of effective mass equation with Wannier function

Wannier function (WF): Expansion by Wannier functions
Fourier transform of Bloch function o(r) = Z fn(Rj)wn(r — R;)
1
wp(r — Rj) = ——= exp(—tk - R;)nk(r)
NZ > (|l f +Z (15415 f Ef(R;)
J.v'
n (ik - Rj)w,(r — R .
() = = ST OBlk R)ualr = R) Sl ot R\l - AR
jf
WF tends to localize around the lattice points. (i)"Y = (0|76 —R; + R;) = ho(R,; — R/
WF are orthogonal.
(w*,(r — R |wn(r — Rj)) = ;51 0nn Effective mass equation
Effective mass approximation 72
+H4(r)| f(r) = Ef(r)

2m

A + Hi(r)|o(r) = Eo(r)



Ekimov et al., Nature 428, 542 (2004).
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Chapter 3 Carrier statistics and chemical doping



Density of states

IE) =

-z Number of states per energy (per volume)

1/ L\ dvy(k)
Le (2%) dE
1 dVy(k) dk
(2m)¢ dk dE
1 mo dVd(k)
(2m)e h?  kdk

1 2m0

th\ E
mo




Electrons and holes

vacuum

E(k)

single hole state

E (k)

Electric field E

E
h

Equation of motion of the empty state

Fermi (electron) distribution function

fr(E)

T — 0 Step function
vacuum

LF!

vacuum total current J = (—e)vg =0
k

single empty
state at K In J(k) =) (—e)vp — (—e)vi = evy,
valence band K/

All the electrons in the v.b. move in k-space in this way. So does the
empty state.

dv

L eE
) =

m =(—e)E — (—m”

. dv
dt

felB) = (B = Br)/koT) +

1
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Definition and properties of valence band hole states

/

®

/] Ve
.

|
|
|
Ik
I:
|
|

\e!\

NN () k=K

hole band

Definition: single hole

valence band electrons with a single empty Bloch state

Because Z k. =0 inthe vacuum state.

(ii) en(kn) = —ec(ke) Energy measured from the valence top

(i) vn = v,

o .
. .
X
Rl
I .
*as?

(Iv) mp = —me
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Carrier distribution in intrinsic semiconductors

Hole distribution function

1
1+ exp(Er — E)/ksT)

Numbers of electrons and holes exist between E and E + dE

9.(E)dE = 2.(E)f(E)dE,
gn(E)dE = Z,(F)|1 — f(E)|dE = Zn(E) fr(E)dE

Approximate density of states with those of free particles
\/ 2m*3
7.(E) = W%; VE—E,

\/ 2m23
9n(F) = vV E, — E (valence band)

m2h3

)

(conduction band),
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Carrier distribution in intrinsic semiconductors (2)

Maxwellian approximation

fr(E) < U(E = E)
fn(E) < U(E < Ey)

B /OO (E)E — V/2m3 / VE — E.dE
" 21 Jp 1+ exp(E — Ep)/kpT’
B /E (E)E — V2m;3 / VE, — EdE
. — 0o T2h3 1—|-6Xp EF— )/kBT
fr(E) ~exp(Er — E)/kgT
frn(F) ~exp(E — Eg)/kgT

, (miksT 3/2 Br — B\ _ Er — E,
n = ex = N.ex
2mh B kBT p ]{JBT
mikpT >/ E, — Erp B, — Erp
— 9 h = N,
b ( onh ) PN kT PN kT

. effective density of states

Ne, Ny
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Carrier distribution in intrinsic semiconductors (3)

_ E, — E. E
Mass-action law np = N.N, exp ( T ) = N.N, exp (——g ) =n;
B

: . n;: intrinsic carrier density
The charge neutrality condition 7 =p

E.+ E, kg1 . N, E.+ E, 3kgT . my,
- > T2 "W, Doy
E.+ F,
T—0: Fp — —g
Fr — E; n
= . : E _EZ:k T].n_
n nzexp( T ) F B ,

General expressions
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Doping and carrier distribution

I, 1
® ‘ ®
acceptor
| emits an electron hd emits a hole
4 ] ] ]
Be : Donor concentration is higher: n-type
AMUNDL | ROR . . .
Sz I0SHE Acceptor concentration is higher: p-type
Mg Al
24305 12698753 | Donors and acceptors compensate each other.
2 .
Zn
i
65.38 o
O L ' For silicon ~ Donors: P, As, Sb
ﬂinﬂiﬁif&*"‘" T Acceptors: B, Al, Ga



Impurity levels in Si and GaAs S. M. Sze, Physics of semiconductor devices
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Shallow hydrogen-like impurity states

Conduction mass Is isotropic and unique.

and the dielectric constant.

001
A
] ] h2V? e? >
Effective mass equation {— S 4W€0€r] f(r)=Ef(r)
W 010 We can readily use the results of the hydrogen atom with replacing the mass

100 E”:Ec_iy? (n=1,2,---)
saAs 1s wavefunction P1s(T) = 1*3 exp (_L)
W&B aB
e
e 4 Effective Rydberg constant:  Rry* = e‘'m* _mt1 Ry
- Al B 2(4mweeg)2h? m €27
/ . . Ameegh? m
\/\ Effective Bohr radius: ap = — 5 = —eap
I FANANANI I NAANAN N
AVRVEVAVILVAVAVAYE )




How good Is the approximation

Semiconductor

Binding energy

Experimental binding energy

GaAs

InP

InSb
CdTe
/nSe

from (4.24) [meV]

5.72

7.14

0.6
11.6
25.7

of common donors [meV]

Siga(5.84); Gega(5.88)
Sas(5.87); Seas(5.79)

7.14
Tesp(0.6)
II]Cd (14); A]Cd (14)

Alz,(26.3): Gazy(27.9)
Fse(29.3): Clse(26.9)
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Shallow impurity states in Si
Donor biding energy in Si (meV)

--.--“

Thermal
Measurement
Optical 32.8 45 53.7 43 70.6
2 k2 k2 .
For [001] spheroid P, (k) = f i (k> — ko) ]
2 Tt my

ulﬁl

2 2 2 2 02 2
Effective mass equation {_25 (8 0 ) h* 0 ¢

022 " 3y2) T am 97

] F(r) = Ef(r)

2m; 022  4meger

2 2 2
Variational method ~ f1,(r) = L exp (_J YL 2 )

ma?b a? b?
- E <1S> (meV>

14.2
Ge 64.5 22.7 9.2

Not sufficient agreements.
Need more accurate calculations.
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Doping and carrier distribution

n: excited electrons,
np: captured electrons

Entropy S=rfglnW

Uniform donor concentration Np n+np = Np

!
Helmholtz free energy r =0 — TS = Epnp — kgT'1ln |2"P Np!
TZD!(ND — nD)'
. N i Y
Starling approximation = B — OF _ oo _ kBTln[ (Np nD)]
InN!'~NInN — N on no

D
Donor level

—1
np = Np [1 + lexp (EDkB_TEF>]

Ex—Ep\]™
For acceptors na = Na [1 + 2exp ( T )]

note: the formula is symmetric if we introduce captured hole concentration ~ PA = Na —na



Doping and carrier distribution

Er is given fromnor p as

Ep ~ Ep 4+ kT |In (_) 93/ (_) |

N¢ N¢
(P 50 P\

Fe~ FEv — krT |1 — 2 —
! v _H(NV>+ (NV>_

In the case of n-type semiconductor with compensation  n+ N4 = Np —np

n + Na 1 (ED—EF)

Np— Na—n 2 P\ 7 T

n(n + Na) 1

— ZN, _
Np—Na—-n 2 eXp(

AFp
kT

), AEDEEC—ED
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